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Preface

Navigation, which fundamentally provides information on position and direction, is needed in
ocean, iand, air and in space. This information has been sxtremely useful for the growth of
civilisation through the ages. It is guite expected that myriad forms of navigation developed
during this long period leading to current versions which are collectively called modern navigation
or simply ‘navigation’. Navigation for aerospace is a multi-disciplinary area primarily covering
inertial navigation, satellite navigation, radic navigation, stellar navigation and integrated inertial
navigation.

The beok, Fundumenials of Navigation and Inertial Sensors, covers the topics of navigation
primarily aiming for their application in acrospace and has focussed on topics refated to inertial
navigation, inertial sensors, MEMSE based inertial sensors, satellite navigation, integrated inertial
navigation, signal processing of inertial sensors and lastly their applications.

The book has atmed to meet the academic needs of undergraduate course on the subject of
navigation and inertial sensors. The subject is taught in the branch of aerospace engineering as
well as in the specialised branch of Avionics, An emlier version of the book, where the corrent
authors contributed, is being taught at UST, Trivandrom. However, that book is not available
for students other than IIST. The current book is considerably revised and updated considesing
broad range of technical institutes in the country. The content of the book is likely to be
more than what is taught in the undergraduate syllabus. Some of the chaplers have exiended
coverage and could be tavght at postgraduate level where research and design are emphasised.
in particular, Chapter 7 on integrated navigation involving Kalman filter based design, is Hikely
10 have more relevance at the postgraduate Jevel.

The subject of the book is specialised, involves multi-disciplinary branches of science and
engineering, and these basic topics are normally taught at the initial semesters in undergraduate
stady. So, the course will suit the students if taught at the final year, Its utility as a textbook
has been enhanced by incorporating ‘worked exampies’ and problem assignments at the end of
the chapter wherever found to be of relevance,

Chapter 1 deals with furoduction to navigation. It brings out the evolution of navigation
in the last century and outlines the basic principles of modern navigation and inertial sensors.

Chapter 2 dwelis on the working principle, analytical formulations and features of
autonomous strapdown inerflal navigarion that has evolved during the last four decades and

ix



X Preface

expanding in scope and application to include launch vehicles, missiles, aircrafts and host of
iand as well as sea going vehicles. '

Chapters 3 and 4 discuss the principle ‘of operation, features and some aspects of design and
twebnology of macro-sized inertial sensors consisting of gyro and accelerometers respectively.
These sensors constitute the backbone of modern autonomous inertial navigation.

Chapter 5 brings out salieni features of the emerging technology of micro-electromechanical
inertial sensors, popularly known as MEMSE, the technology of which is becoming increasingly
aseful to emerging inertial sensors application where small size and mass along with improved
reliability are considered essential.

~ Chapter 6 deals with satellite navigation, its operating principle, features, determination of
navigation parameters, its error and error reduction schemes. While giobal positioning system
is the primary system that is addressed, deseription also inclades brief features of other satallite
navigation schemes which have emerged.

Chapter 7, introduces the iopic of integrated ipertial navigation, through elaboration of
the process of multi-sensor navigation and use of Kaiman filter as an estimator. The orinciple
of operation of various integrated schemes involving satellite navigation system and inertial
navigation are described.

Chapter 8 deals with the basics of signal processing with particular relevance to inertial
sensors whose output will be sither analog or digital and associated with noise,

Chapter 9, which is the iast chapier of the book, provides some interesting applications of
navigation and inertial sensors to enable readers’ to appreciate the diversity of current usage
of this fascinating and growing iechnology.

Four appendices {A to [3) have been added dealing on laser fundamentals, fibre-optics
features, (Q-factor and mertial sensor noise, which will aid in the understanding of the topic on
gyros dealt in Chapier 3.

The subject of navigation, inertial sensors, MEMS-based inertial sensors and signal
processing has made considerable use of increasing number of specific terminologies. Such
terminologies are explained in the book as and when they appear and in addition these are hsted
in an alphabetical manmer in Glossary.

The book has used certain symbols that carry common definition unless defined differently
at some other place of the book. These common symbols have been presented at the beginning
of the chapters.

The book has made considerable use of certain acronyms that appear at different places in
the bock and find considerable usage within inertial engineering. These acronyms have been
listed alphabetically at the beginning of first chapter.

To the extent possible and needed, each chapter hes been written to provide information on
a common frame. For example, the equations, figores, worked examples and the tables, have
beent numbered fresh and sequentially from the beginning of each chapter. Problems are Hsted
at the end of the chapters. . .

it is hoped that the book will be usefui for the studenis and the faculty and mmulate fuﬁher
growth in this exciting field.

Amitava Bose
KM, Bhat
Thomas Kurian
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Introduction to Navigation

1.3 Navigation Definition

Navigation is the ast and science of manoceuvring safely and efficiently from one point to
another. The word navigation (In Latin ‘navis’ means boat ‘agire’ means guide) traditionaily
meant the art or science of conducting ships or watercrafts from one point to another, MNavigation
has many facets, many definitions and many subsets. Beginning by simply wanting to know
‘where am I’ and then expands upon the simple statement with information desired on how 1o
get from ‘where T am’ to ‘how do I get to my destination’? The question then arises ‘reference
to what’ and the problem becomes more complex, involving co-ordinate systems, space and so,
on. In nutshell, we can define navigation as:

Navigation is the determination of a physical body’s position and velocity and directing
the course of the body, relative to some reference co-ordinate frame such that the destination
is achieved.

The above definition implies three kinds of operations, namely

(a) Determination of the present position and velocity of the vehicle (or body) relative to
a known reference system

(b) Modifying the course of the vehicle to achieve destination

(c) Siabilising the vehicie and staying on track

In the modern world, first operation is referred as ‘Navigation’, the operation of achieving
destination is termed as ‘Guidance’ and the aspects of stabilisation and staying on track are
termed as ‘Control’,

1.2 Types of Navigation and Their Evolution

Celestial navigation is one of the earliest forms of pavigation where the stars define a fxed

1



2 Fundamentals of Navigation and Inertial Sensors

reference frame in space, commonly known as inertisl reference frame. For many centuries,
satlors planned their courses, sailed and recorded their progress all with reference to a single
star called North star or Pole star or Polaris, which ig 300 light vears away from earth, Polaris
is in the same direction as the Morth Pole of the earth. 5o, by moving in the direction of the
Pole star, leads one towards north. s height above the horizon provides for the latitude of the
place. Star sighting along with a plumb bob that provides direction towazds the earth centie were
used for ship’s navigation. In the daytime, when the stars are not visible, the sun was used o
define the direction by observing its rise i the east, sefting in the west and defining the south
at arcund mid-day.

in the modern days, these celestial observations have been instrumented to provide what is
known as Stellar navigation where star sensors and sun sensers provide very accurate direction,
normally called attitude, to multifarions users inciuding satellites and space missions. The star
sensor provides direction when only one star is sighied and by sighting three stars withount
ambiguity, three-axis inertial attivude determination is possible. The distance of stars from earth
or the solar aystem is oo Jarge, as a result, the stay sensor observations can be used for finding
direction only.

Mavigation using X-ray pulsers [Graven et al, 2808] provide an aliernate means for
interplanetary mussions and for spacecratt traciking. The rapidly rotating neutron stars, known as
puisarg, were discovered in the 1260s. These ars called celestial lightbouses snd are becoming
useful for very deep space navigation. Their signals of periods from 1 second to 1000 seconds
are of atomic clock guality. A comparison of the mrival time of their palses at spacecraft and
at the earth via an earth orbiting satellite gives 31 position of the spacecraft. A small on boarg
K-ray detector using one day of data gives posiiion accuracy of 150 ko independent of range
in contrast with techniques measoring angles leading fo dﬁgraﬂaﬁeﬂ in sccuracy with distance,
The Kalman filter fusing the spacecraft dynamics with pulsars signals, and further using inertial
sensors, star irackers, sun and horizon sensors all help astonomous na\fig&fmn in deep space. For
a spacecraft using deep space network tracking, the range and range rate measurements from
earth enhances accwracy and a synergy with pulsar signals is even better and the latter more
attractive for very deep space applications.

in e 17th century, Mewion provided laws of inertia and gravitation that eventually led to
the fundamenta! principle of Mnertial ravigation. But it ook nearly three centuries for the inestial
navigation technologies to develop a viable system encountering envouie tremendous set backs
even in the 1930s when experimental aircraft sorties were undertaken by Joaness Boykow’s o
prove the concept of inertial navigation. Sustained efforis thereafter proved the feasibility of
inertial goidance during the Second World War, when V-2 rockets were guided with inertial
system to hit the targets.

Contrary to other navigational aids, ENS does not rely on external measurements. Instead, it
utilises the inertial properties of sensors (o pmvg{ée self-contained, non-radiating, non-lammabie
and accurate determination of instantaneous navigaton states. Two fypes of measurements are
involved, namely, inertial rotation as measured by the gyros and the specific force as measured
by the accelerometers. The term specific force is used to define acceleration due to inertal
forces that are measured by accelerometers as per Mewton’s faw. Since, Mewtonian gravitational
acceleration 18 not measured by the vehicle bome acceleromeiers; it is modelled and stored in
the navigation compuier. By combining the inertial measurements along with a gravity moded,



Introduction to Navigation &

antonomous determination of position, velocify and direction, also called attitude, are carvied
out and 23 a result such a system is called an Awonomous inertial navigarion svstem. Accurate
modetling of the gravitational acceleration is an Iniegral part of inertial navigation,

Radio nevigation is an invention in the early part of the 20th centwry when electronic
instruments supplemented many centuries old navigailon technologies. In 1904, German
inventor Chyistian Hu'lsmever introduced the first navigation devices that used radar technology.
Radio direction finders were the first form of electronic navigation to come into uss, In 1926,
successful two-way radio air to ground communication began. The first radioc equipped adrpost
control tower was built in Cleveland, Uhlo in 1930, Until World War I1, pilots used the simplest
form of electronic navigation called NIDB (Non Directional Beacon), which relied heavily on
low frequency iransmitiers. After the war, very high frequency transmitters, called the V ery
High Fregquency Omni Directional Range (VOR) and Instrument Landing System (IL5) stations
were developed and put into place. VOR provided azimuth inforination, and Distance Measuring
Eguinment (DM} was reguired for positioning.

Satellite navigarion is the latest addition to the modem navigation where artificial earth
sateilites are vsed to provide comtinuous information on user location and velocity.

The era of artificial sateilites started with the launching of Russian satellite Sputnik in 1957,
which was a significant fechnological breakthrough. Two researchers, Guder and Wieffenbach at
the Johns Hopking Applied Physics Laboratory (APL) determined the entire Sputaik 1 orbit from
Doppler shift data during 2 single pass of the satellite. McClure immediately recognised that this
technigue could be mverted. If the orbit of the satellites were aiready known, a radio receiver’s
wiknown posttion could be determined accurately from the same Doppler measurernents. Thus
the world discoversd that Doppler shift tn the signal could be used in determining precise
position anywhere. This concept was realised in 1960s with the US Mavy’s Mavigation Satellite
Systern, called TRANSIT satellite program.

TRANEIT was composed of six sateilites at 1875 km altitedes in nearly six circular
polar orbits, cireling the carth every 107 minutes, This constellation of orbits formed 2 birdeage
within which the earth rotates. Whenever a sateliite passed above the horizon, the user had the
opporunity o obiain a single horizontal position. TRANSIT satellites broadeast two continuous
signais at 150 MHz ang 400 MHz respectively. Dual freguenciss were used to remove lonospheric
delay. In the operational system, each TRANSIT sateliie provided four to six position updates
per day for every user. But there were two major drawbacks: Inherent system error and the
error introduced by user’s unkaown motion during the satellite pass, TRANSIT system was not
three-dimensional, provided only periodic updates, and had degraded accaracy when used by a
moving user. However, this program proved several important points for satellite navigation.

{a) Satellites could be very reliable with satellite life as long as 5 years or more.
(b) Satellite positions could be predicted very accurately for navigation use.

{c) lonospheric effects could be compensated for dusl frequency signal design.
{dy Highly stable clocks could be uiilised in orbit.

By 1972, another navy satellite system was extending the state of art by orbiting very precise
clocks, known as Timarion. It was based on providing accurate time and three-dimensional
position to users based on the ranging, not on Doppler measuremenis. The ranging requires
stable clocks on the satellite and must be synchronised to a master ground clock. Ranging
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was provided by a method known as Side Tone Ranging (STR) that atlowed users to rescive
phase ambiguities to the satellite. This program developed the first atomic clocks for space that
proved critical for progress i later generation satellite navigation, The final precursor (o cument
generation satellite navigation was the satellite program 6218, which introduced the concept of
Pseudn Random Noise (PRN) codes [Parkinsen and Bradford, 1997] These codes modulate
the signal with a repeatable sequence of ones and zeros. An appropriate family of codes can be
ased to broadcast multiple channels of information at the same carrier frequency since they can
be chosen to be nearly orthogonal, Such technology developments had a profound effect and
resulted in the emergence of Satellite Mavigation System (SN8), providing continuocus global
positioning capability o users all over the world by orbiling sufficient number of satsllites and
also ensuring that at least four were electronically visible round e vear and 24 hours a day,
Global pesitioning system of USA and global orbiting navigation sateilite system of former
USSR were the outcome of this vision.

Integrated navigation is another form of moders navigation where data from complementary
navigation sensors are used to improve the navigation accuracy and when one of the data source
is an inertal system, it is ofien globally referred as inteprated inertial navigation system of
specificatly an aided inertial system. The aim is to eliminate inirinsic time dependent error
growth i INS for flights, which are of long duration. Integration of an INS with radic-based
navigation aids such as LORAN and OMEGA had been used for decades. With-the introduction
of satellite navigation system worldwide, and the availability of cheaper and reliable receivers,
the current trend is to integrate INS with SNS. .

In an integrated inertial navigation system, the unbounded error growth with time in an
autonomous inertial navigation system is corrected with the help of another external measurement.
An external measwrement can be of any guantity that duplicates a navigation parameter such as
velocity, position or instrument arientation. Each extomal measurement is compared to the value
computed by the INS and the difference is used in 2 filtex, typically a Kalman fiter, o reduce
or bound the navigation error growth. Suategies for incorporating exiernal meastrements can
be as simple as executing position or velocity resets to a more elaborate mixing of data. The
integrated navigation system combines the navigation data provided by complementary sensors
to obtain the final navigation solution. Navigaton sensors are Complementary if they meet the
following conditions:

(a) The set of sensors generate ail the information required to compuie a complete
navigation sclution.

(%) The senscrs have complementary error dynamics.

(e} Error dynamics of the sensors are observable.

1.3 Features of Inertial Navigation

The basic features of inertial navigation encompass reference frames, inertial frame, non-
inertial frame, gravitational acceleration and gravity, universal standard titne and inertial systems
inswumented with gyros and accelerometers. These are explained in the subsequent sections.
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1.3.1 Reference Frame and isnertis] Frame

In the different types of navigation working on different principles, a common aspect is the
requirement and choosing a reference co-ordinate frame, The choice comes as several reference
frames have evolved which suit a particular application, In three-dimensional measurements,
all these fiames are orthogonal and right handed. Figure 1.1 shows such an orthogenal frame
KYE with origin at P

Origin P

e Y

¥
b4

Yigare 1.1 Orthogonal co-ordinate frame.

A right handed orthogonal frame in the sequence X, Y, Z can be defined by placing
unit vectors i), b, 1, on these axes X, Y and Z respectively, then these unit vectors satisfy
iyx iy =1 i, x iy = i; i3 X §; = §,. This can be further interpreted by saying if we choose
the direction of first two orthogonal axes, then the third axis direction is governed by the right
handed rule and is no more independent. The direction can also be represented by the convention
of right hand thumb towards the X-axis, the index finger towards the Yeaxis, then the middle
finger points to the direction of the 7-axis.

Thé term ‘Inertial frame’ means a reference frame that is non-rotating and non-accelerating
in inertial space. Mewion's laws of motion are valid in this frame. It is a frame where navigation
accelerometer measures the specific force without reguiring any compensation for Coriolis
as well as centrifugal forces. For a more practical aporeciation, such a frame is considered
stationary with respect to distanced stars. However, for majority of navigation application, the
inertial frame should be earth based, and hence the emergence of Barth Centred Inertial (ECD
frame. Further explanations are provided to show how ECT frame is considered inertial. The
frame orientation is as follows: : :

K: along the direction of the vernal equinox and lying on the equatorial plane

Z: along the earth’s spin axis pointing celestial north

Y: completes the right handed system and lies on the equatorial plane

The origin of the frame is at the centre of earth. Since Newtonian gravitation is considered
zero at the cenire of earth, it is treated as inertial. The time of vernal equinox occurs arcund
March Z11-23 every year. The epoch, when the sun is crossing the equator from southem
hemisphere to northern hemisphere, the direction of the line joining the centre of earth to the
cenire of sun at the time of vernal equinox is the direction of X-axis. The axis is treated as
inertial,
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Barth’s spin axis, N-8 axis, always poinis towards the pole star even though earth is
travelling around the sun and thus the spin axis is treated as inertial. This aspect is shown in
Figure 1.2,

Axis ik 23, 457

e Autumn
L
N - Equator g
Winter
Earth rotation axis~
s N
el Spring

Figare 1.2  Inertial pointing of easth’s spin axis while wavelling around the sun.

Because of this inertial orientation of spin axis, motion of earth around the sun is treated
as displacement and not a rotation. Thus it can be said that ECI-axes can be considersd as non-
rotating with réspect to distanced stars and hence is inertial. Having defined ECI frame in this
manner, it is appropriate to mention that such a frame is considered as quasi-inertial. This arises
as the net gravitational force at the centre of earth is not absolutely zero. The second reason
is that the orientation of the spin axis of earth is not truly inertial. Author [Parvin, 1962] has
illustratively brought out various long-term motions of the spin axis. Bffect of this deviation is
generally neglected even for high accuracy navigation.

1.3.2 Sidereal Barth BEats

Spin rate of earth leads to day and night and is 15°/h taking sun as reference which resulis in
the mean solar day of 24 hours. But taking distanced star as reference, the spin rate valus is
close to 15.04%h. This rate is known as sidereal rate of earth that is considered as the inertial
carth rate and this angular rate leads to sidereal day of 23 h 56 m (4 s. Figure 1.3 shows the
occurrence of the solar day and the sidereal day showing that the latter is slightly shorter. The
sidereal earth rate is a vector. Its magnitude changes with cosine function of latitude on the
horizontal plane of earth and as a sine of latitude along the vertical axis. Knowledge of these
values is important for calibration of gyros and in navigation computation.
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Pigore 1.3 Occuirence of solar day and sidereal day.

1.3.3 Shape of Barth

For all types of navigation in the vicinity of earth, it becomes a necessity to define the shape
of earth., For inertial navigation, the necessity additionally arises for accurately computing
gravitational acceleration which in twm demands a model 1o define the shape of earth. Shape
of earth can be defined as sphere where low accuracy navigation is involved; otherwise it is
normally defined as ellipsoid which is shown in Figure 1.4,

Reference

Folar ellipsoid

radius

Equitorial

radius

Centre of
garth

Figure 1.4 Ellipsoid shape of earth.

Die to rotation of earth about the polar axis, a bulging occurred at the equator resulting
in a non-spherical shape where the cquatorial radius is slightly greater than the polar radivs.
The difference between equatorial radius and the polar radius is around 22 km. However,
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the actual shape of sarth is irregular with hifls and valleys, and for navigation computation a
model is necessary which closely approximates this shape. Ellipsoid shape of earth provides
the mathermatical model as well as the close approximation to the non-spherical shape, Various
paramelers define this shape and universally, the parameters and their values provided in World
(eodetic Burvey (WGE)-84 and their later versions, are accepted for use. Centre of earth is then
the centre of this ellipsoid earth.

1.3.4 Co-ordinated Universal Time (UTC) and Unit of Time

As suxn rises at different times over the globe, sach country tries to follow iis own standard time.
For world wide navigation, it then becomes necessary o adopt 2 time scale that is universaily
accepted and this time is called Co-ordinated Universal Time (UTC). UTC has its historical
origin in Greenwich Mean Time (GMT) where the prime meridian is passing through the
Greenwich and the zero howr starts at midnight,

Barlier, the unit of time, the second, was defined as 1/86400 of a mean solar day as
determined by the rofarion of the earth around its axis. Since the rotation rate is not sufficiently
stable, a correction is required to be made in UTC at certain intervals known as “Leap second’
where 1 5 is either added or subtracted. Later on, with the availabitity of cesium atomic clock,
a more accurate definition of second has emerged. As per this atomic clock, 2 second is defined
by the time for 9,192, 631,770 ticks of the atomic clock. This happens to be the frequency of a
cesizm atom. Located onboard the navigation satellite, such ulira high accuracy clock, provides
accurate time with 10 ns (nano-second) accuracy, and is made available to the SN receiver user
anywhere in the world. This provides a facility of synchronisation of clocks across the globe.

i.3.5 Earth Reference Navigation Frames

Barth Centred Inertial (ECI) frame is not suitable for varieties of earth based navigation
application. This happens as BCI is an inertial reference frame. This means that a stationary
object on earth with zero velative velocity with respect to earth will indicate displacement with
time in ECI frame as earth is spinning. Similarly, as the location of a place on earth is mapped
with latitude and longitade, an aircraft pilot needs o know the comresponding values in the
aircraft navigation system while fiying over a terrain. So, the pilot needs that the navigation
frame used in the aircraft provides this mapped information. As a result guite a few earth based
navigation frames have emerged and are in use. But such a frame is not inertial due 1o rotation
of earth in inertial space. The terminology of inertial navigation is used for all such navigation
systems where the primary sensors are gyros and accelerometers.

Reference Frame Relationship and Co-wordinate Transformation

Mavigation information computed in one reference frame can be expressed in another reference
frame using a mathematical process called co-ordinate wansformation. This is possible as such
mathematical transformations are well defined. This is extremely useful and & widely uvsed
process. This means that a system navigating in ECI frame can provide data in an earth based
frame and vice versa, assuming that the onboard computer has adequate computing capacity. In
the modern time, onboard computer speed is not a Hmitation which was the case three decades
ago,



Introduction to Navigation £

1386 Inertial Navigation System Description

In inertial navigation, the first requirement is the choice of a reference frame for navigation,
The choice of the frame can be inertial or non-inertial as discussed earlier. A brief description
is given below for a system where the choice is made for a reference frate that is considered
as inertial,

The instrumentation of the inertial reference frame is carried out using gyros. How the gyros
provide the reference frame, is explained later in Chapter 3, The second requirernent is to computs
velocity and position information with respect to the inertial reference frame. Accelerometers,
when aligned to this reference frame, measure the inertial forces acting on the vehicle but not the
earth’s gravitational acceleration. In order to compute position, earth’s Bravitational acceleration
© 18 modelled in a computer. Now, there are two schemes for implementing the reference frame
with gyros. The first and the sarlier scheme used gyro stabilised gimbals. Later on, the scheme
uses analytic gimbais, in lieu of the mechanical gimbals, 1o provide the reference frame using
gyros. The analytic scheme is popularty called strapdown system and is explained forther.

In strapdown inertial navigation (refer Figure 1.5), the vehicle, whose velocity and position
are 10 be measured, is rigidly conpected (o an inertial sensing unit consisting of three numbers
each of gyros and accelerometers which are aligned to an orthogonal frame with axes X, Y, Z.
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L 1’ ““““““““““““ . initial position
v : % ; ¥
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! :
1 e v "—E""’ daia converted |y .
ig  Gyros 5 P ) i | to inertial frame 7 Gravitation | Position
‘ P : i maodet
B i t ?
Gravitational Transformation | ol
acceleration mateix

Body rates

Figure 1.5 Principle of Strapdown (analytic) inertial navigaiion.

The vehicle is acted on by inertial forces (e.g. thrust, drag, asrodynamic), the gravitational
force and will have three-axis rotational motions, The acceleromelier measurements (s f;, £
called specific force, are made in body frame. Using the inertial rotation information measured
by the gyros, transformation matrix is computed that is then further used to convert the
accelerometer data to inertial frame. This is equivalent to saying that with the transformation,
three accelerometers are providing specific force (f), f,, /), in the reference inertial frame. Earth’s
gravitational acceleration ;s computed using appropriate gravitation model which resides in the
computer. The resultant vehicle acceleration in inertial frame is then obtained by the algebraic
summation of these two accelerations. Using successive integrations, the velocity and position
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are further computed. As two integrations are invoived, initial values of these parameters are
inserted at the start of navigation. This is the basic process of computing in inertial reference
frame, while there will be several steps to be followed in a seguental manner to exscute the
computations. Attitudes are obtained from the ansformation matrix, while the body rates are
directly available from the gyro measurement.

So, strapdown inertial navigation system {unctions can be summarised as follows:

i. Instrument the reference frame for navigation. This is achieved by measuring the
nertial rate in body frame with the body frame mounted gyros and then computationally
deriving the transformation matrix,

2. Measure specific force using accelerometers in body frame.and transform it to reference
nﬁégaﬁon frame.

3. Mode} gravitational acceleration in 3 computer,

4, Sum the specific force and gravitational acceleration and time integrate the resultant
acceleration information to obiain velocity and position after incorporating appropriate
mitial values of them at the start of integration.

5. Derive attitude information from the computed data on transformation matrix.

6. All the computations 1o be updated at frequencies that depend on the vehicle dynamics.

1.3.7 Havigation Brrors

Like any other instrumented systems, compated navigaton information has errors inn them due
to errors in gyros and accelerometers. The problem is that the navigation errors increase with
time due to integrations involved in the computation. For aircraft flights, the error is often
expressed in MNautical Miles Per Hour (MMPH) and typical specified navigation accuracy is
around 1 MMPH. It means that after one hour of flight, the navigation system is expecied to
indicate position which will He within a radius of one nautical mile (1.852 km) from the true
position. This indicates that the navigation error specification is closely linked to elapsed time
in navigation or flight time.

As a resuit of this integration of exror, it becomes absolutely necessary to reduce the sensor
errors as much as possible. A sensor can be modelled with different types of error and the model
varies from one type of sensor to another. One common error is defined as the bias error. Bias
defines a sensor ontput when input to the sensor is not applied.

In gyro, the term “drift’ is used to describe its error and its unit is expressed in °/h rather
than in the 81 unit of rad/s. In a simplified explanation for error, it means that the gyro is no
more maintaining the inertial orientation and causing the instrumented frame to drift away from
the reference frame. This drifted frame then leads to error in navigation. For a navigation system
with one NMPH performiance, the gyro should have diift rate below (.01°/h and accelerometer
bias below 100 pg and these represent very good measurement precision. Difficulty in such
precision can be appreciated when we realise that the dynamic operating range of such gyros
are greater than 107, and for accelerometer, it is more than 105 A dynamic operating range
is defined as the ratio of maximum operating range o its detectable threshold, Further, such
performance is tc be ensured under hosts of adverse operating eavironments which increase
drastically, the sensor cost,
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1.5.8 Inertizl Sensors

Inertial sensors, consisting of gyros and accelerometers, are the essential nstruments in inertial
navigation where gvro data provide information leading to instrumenting the reference frame,
while the accelerometers provide the measurements of specific force. Besides the use in inertial
navigation, these inertial sensors provide other useful information, o.g., vehicle body rate and
body frame acceleration for stabilising and control of the vehicle. Different concesnts and
branches of physics are involved in their principle of operation, and over the last few decades
technological refinements have replaced the older versions with the new one.

Mot long ago and still in use but declining, successful navigation grade gyros used principle
that is based on conservation of angular momentum. There wers vafious types in them and
* the most widely used types are cailed rate gyro and rate integrating gyro. A view of such &
gyro is shown W Figure 1.6 with various features. Inertial angular rate about the input axis
generates precession about the output axis, and a measurement of precession provides the
desired information on the input angular rate.

Spin axis

(hinbal (Float)

Cutput
axis

Figure 1.6 Oyro based on conservation of angular momentum.

Ancther later version in this group is called dynamically tuned gyro, where, as the name
iunplies, the speed of the gyro is set against some gyro parameters, called tuning, to realise very
gsod pezformancﬁ

Later on, with the advent of laser, Sagnac effect gyros like ng laser gyro and fiber optic
gyro became opemm}nai Collectively, these gyros are also called Gpncm gyros and since no
rotor totation is mvolved, such gyros are also referred as solid state gyros. A view of a ring
laser 0yr9 1‘3 sh@wn in Fagure 1. ’? with various functional feamms in this gyro, which is shown
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to be configured with three-mirror based optical resonator, the inertial rotation ebout the plane
perpendicular to the resonator plane, produces a difference in frequency between the CW and
the CCW laser beams and the readout system detects this frequency shift and then converts it
into an electrical output using the photodiode,
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v COW laser beam
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igare 1.7 Ring laser gyro based on Sagnac effect.

Fibre oplic gyro emerged as it was thought that use of optical fibre would dramatically
reduce the cost of the gyro in comparison 10 ring laser gyro where expensive materials were
used in addition to critical manufacturing process. The view of a fibre optic gyre is shown in
Figure 1.8 displaying some of its functional elements. This gyro is configured as an integration
of these functional elements like laser source, coupler, fibre coll, modulator and detecior. The
coupler splits the laser beam into OW and CCW beams and then recombines, Inartial rate,
perpendicular o the plane defined by the fibre coil, causes 2 phase shift in the recombined laser
beam, and the phase shift is detected by the detector. The functions of the other elements are
required to suppress or eliminate some ervors in this gyro. The laser source being outside, the
gyro is also called passive fibre optic gyro as against the active laser gyro shown in Figure 1.7.

Laser Polariser

Fibre coil

Detector Modulator
Figure 1.8 Fibre optic gyro based on Sagnac effect,

Another gyro concept has emerged that is based on the physics of Coriolis force which was
propounded by the French scientist, GG Corfolis and so named after him, Such gyros, that have
become operational, are known as ‘Coriolis vibratory gyro’ and a schematic of such a gyro is
shown in Figure 1.5, In this gyro, the proof mass is made to resonate at its natural frequency, and
when an inertial rate acts in diréction perpéndicular to the velocity of the proof mass, a Coriofis
force is produced that is perpendicular to both the vibration velocity as well as the inertial rate,
Detection of this oscillating force is then made to measure the input rate.
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Figure 1.9 Hlusiration of a Coriolis vibratery gyro.

The most accurate gyro in this type is called hemispherical resonator gyro. However, much
bigger impact is provided by such type of Coriolis gyros which are produced using MEMS
technology, the technology that enables large scale production under low cost yet the sensors
are highly reliable.

Accelerometers primarily use concept where acceleration acting on a proof mass produces
reaction force, which is detected by varions schemes. The schematic diagram of an accelerometer
is shown in Figure 1.10.
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Figure 1.1  Spring mass accelerometer schematic,

Here, the inertial force on the proof mass due to the nput acceleration is ovposed by the
mass, damper and the spring. The resultant steady state displacement of the proof mass is
then detected by the detector as a measwre of acceleration. Such an accelerometer is normally
called open loop as the detector directly provides a measure of acceleration. However, such
accelerometers, incorporating force feedback, are very accurate where the feedback current is a
measure of acceleration and are normally used in navigation application.

Amnother version of accelerometer, which came out much later, uses change of frequency
of a quartz resonant beam structure when subjected to an acceleration induced force. Such
accelerorneters are called “vibrating beam accelerometer’. The schematic view of this type of
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accelerometer is shown in Figure 1.11. In this scheme, a thin section beam made of high Q
material is attached at one end to proof mass and the other end to a fxed end support. This beam
is made to resonate in lateral direction with electrical forcing at a frequency which is called no
load beam frequency. When acceleration of magnitude g in the direction of the length of the
peam is applied. the no load resonant freguency of the beam changes.

Proof mass Beam under vibration
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Figure 1.11  Accelerometer based on force to frequency conversion,

The detection of the change in the resonant freguency becomes a measure of the acceleration,
Currently, silicon, in lisu of guartz, is preferred due to exponential growth in silicon fabrication
process.

Research on Cold atom interferometry based gyros and sccelerometers is at an advanced
phase of development. Atoms behave like wave and the relationship, between the atom, which is
a matter, and the wave, is governed by ‘De Broglie’ eguation. This wave like behaviour of atom
is further exploited using interferometric scheme after cooling close to absolute zerc, to measure
inertial rotation or acceleraton. A basic scheme depicting an acceleromeler operation with a
Mach-Zehnder type of interferometer is shown in Figure 1.12. In the presence of acceleration,
the recombined atomic wave exhibits a phase shift, that leads to interference fringes which
is @ measure of acceleration. Similaraly, for gyro, 2 Sagnac interferometer is instrumented fo
measure the rotation. These inertial sensors are capable of providing extremely high accuracy
and are targeted for use where satellite aided pavigation is not feasible.

Cold . .
atom beam First beam Mirror Second o o
O O splitter reflection beam |~ Observation of
spitter interference fringes
Laser pulse

Figure 112 Cold atom accelerometer with interferometric detection.

There are other versions of inertial sensors which are under operation, but for application
where precision accuracy is needed, the types described carlier, constitute the majority.

While minimisation of errors like drift in gyro or bias in an accelerometer are essential for
defining a precision inertial sensor, paramster like high dynamic operating range also describes
the characteristic of the precision sensors. A host of terminclogies have evolved over time to
describe the inertial sensor features and all these are listed at the end of the book.
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1.4 MEMS based Inertisl Bensors

The micro-fabrication technology, which has been-the key to the success of microchips and
microelectronics, is now revolutionising the microsystems involving both microelectronics and
micro-mechanical components. The basis for this revolution has been the sxcellent mechanical
properties of silicon and its suitability for batch processing miniaturised mechanical devices
using the already well established processing technigues for microeglectronics devices and a fow
additional processes which are today referred to as micromachining. Etching out portions of
silicon or any other material fo realise the miniaturised mechanical struchire is one of the several
micromachining techniques. Miniature systems involving one or more micromachined microscale
devices are generaily referred to as MEMS which stands for Micro-Elebtro-Mechanical Systems
or simply the microsystems. While MEMS technology based sensors are numerous in types with
ever increasing applications, the technology is used in the realisation of critical inertial sensors
with improvement in performance seen with sustained thrust in R&D. Coriolis vibratory gyro
concept is the backbone to this technology while realising gyros, but accelerometers of all types
have come under this techoology. The current spuwrt in low cost integrated inertial navigation
in aerospace is primarily due fo availability of miniaturised GPS receivers and MEMS based
inertial systems.

1.5 8Satellite Navigation

Sateliite Navigation System (SNS) provides extremely accurate three-dimensional position and
velocity information to users anywhere in the world. By trilateration, position determination
15 based on the measurement of the transit time of RF signals by the spesd of Hght from a2
minimuom of thres satellites, which are orbiting arcund the globe. A receiver is used to measure
this transit time, and when this measurement is multiplied with the velocity of Hght, the range
to the particular sateilite is obtained. A minimum of three such error free range measurements
of three differeat satellites, whose positions are accurately Xnown, can provide a non-ambiguous
position of the receiver. This is explained along in Figure 113,
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Figure 1.13  Satellite ranging and user position determination.
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The three range roeasurements Oy, Dn. P ars actually the eguations of three spheres with
centres at the corresponding satellite Jocations, and they intersect al fwe locations only, One
intersection gives the true user position, while the other intersection, far away from the true, is
eliminated by softwars technique.

Receiver clock is not an accurate clock, unlike the highly accurate stomic clock used in
satellites, as it has bias error. Just imagine that even 10 us clock error will lead to range ervor
of 3000 m. So clock bias leads to ewor in the range measurements and the observed ranges
are then called psendo ranges. The pseudo ranges in turn lead to unceriainty in the position
determination. To circumvent this problem, the clock bias is estimated by taking a fourth
pseudo ronge measurement from a foumrth satellite. Thus visibility of four satellites and range
measurements from these four different satellites become essential in three-dimensional position
determination. Satellite position, called satellite ephemeris, is sent by the satellite to the recsiver.

Sateilite navigation systern has shows very high position accuracy in the range of 30-40m.
‘Typically, the navigation frame used is known as earth centred earth fized frame. and as 2 resuit,
the shape of earth is to be accurately defined. It is important 1o note that the computed position
errot is a random noise and does not grow with time.

1.6 Imtegrated Inertial Navigation

integraied navigation is another form of modern navigation where data from complementary
navigation sensors are used to improve the navigation accuracy, and when one of the data
source s an inertial system, it is often globally referred as integrated inertial navigation system
or specifically an aided inertial system.

in an integrated ipertial navigation system, the unbounded error growth with fime in an
autonomous inertial pavigation system is corrected with the help of another external messtrement.
An external measurement can be of any guantity that duplicates a navigation parameter such as
velocity, position o orientation, often referred ag “states”. Each external measurement, provided
by the Aiding Sysitem, is compared to the value computed by the INS and the difference is need
in an estimator, typically 2 Kalman filter, 1o estimate the error in the INS, which is further used
to provide a corrected INS output. The feature of the scheme is shown in Figure 1.14.
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Figure 1.14 Feature of integrated inertial navigation.

The biggest benefit in an integrated inertial navigation is the emergence of cost effective
systetn withou! compromise on performance and reliability. Hmergence of low cost MEMS
based inertial sensors is generating lots of thrust on integrated navigation,
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1.7 Bignal Processing of Inertial Sensors

Diynamic operating range, for high precision inertial sensors used for navigation, is very high
and touches ten million. Mormally, the sensors operale over a single range and a2z 3 result
extremely low level of signal is encountered at low angular rate and acceleration. The analog
signal defection level is around nano voli, while the capacilance variation to be detected s
around femte Farad In amplitude control, the amplitude variation is maintained to within 2
few paris per million. These gignals are processed fo sull the warious applications for which
they are o be used. These operations include, ﬁiteréﬁg, enhancement, digitisation, compression,
and many other methods. Alihough eshancement and fliering can be camied ouwt in analog
domain, the need for digitising the signal becomes necessary because if provides scope 1o use
-more complex algorithin to improve sigaal-to-noise ratie (3/N), provides compression, provides
omphasis and de-emphasis, all of which can be carried out easily using a digiial signal processor.
Digital Signal Processing (DSP) is the mathematical operation that uses different algorithms
and various other technigues which are necessary to manipulate the signals after they have been
converted to a digital form. Statistics and probsbility play an important role in digital signal
processing applications. Low level signals received from senscrs are normally submerged in
noise or interference. These corrupted signals can be processed, using statistical methods and
probability, to remove the noise components without losing the inteiligible information.

The chapter has introduced various forms of modern navigation and provided an historical
evolution on these gystems. The chapier has also introduced the basics of modern navigation
involving reference frames, shape of earth, gravitation and the time standard. The basic operation
of strapdown navigation system and the navigation ervor propagation with the sensor emors are
introduced. Yarious types of modern gyros and accelerometers are brought out which have
primary application in aercspace. It imiroduces the emerging fisld of MEMSE based inertial
sensors. The basic concept in determining position with satellite navigation is described.
The scheme of sateliite navigation integrated inertial navigation, o reduce time dependent
error in inertial navigaiion, 15 introduced, which is largely exploited towards making low cost
navigation system. The significance of signal processing of inertial sensor to enable it 1o meet
its performance in navigation is brought out.

1.0 Explain the term sidereal earth rate and what i3 its northerly direction magnitude at the
equator and at the north pole? TAns: 15.04%%; 0

1.2 {a) Shape of earth defines its gravitation model, is it true or false? [Amns: True}
{byIn INS as well as in satellite based navigation system, precise knowledge of the shape of
earth as well as the gravitational acceleration is necessary, True or faise? Briefly explain

the correct sngswer, {Ans: For INS: Trus: For satellite based navigation: False]
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1.3 {a)Explain the difference in the characteristics of error between IMS and satellite based
navigation system,
(b)In ap INS, there is only one error in the 2-channel which is the bias in the accelerometer.
If the error magnitude is 1 mg, what will be the velocity error and the position error in
that channel after 100 s of navigation?
TAns: Velocity ervor: 0.98 m/s; Position smror 49 m

P.H,, Collins, 1.T., Sheikh, 51, and Hanson, LE, Spacecraft Navigation using X-ray
Pulsars, 7ih International ESA Conference on Guidance, Navigation and Control Systems,
Tralee, Ireland, 2008,

Parkinson, W. and Bradford, B., Origins, Evaluation and Fulure of Satellite Navigation, Jouwrnal
of Guidance Control and Dynamics, 28(1), 1997,

Parvin, Richard H., frertial Navigazion, . Van Nostrand Company, New York, 1952,



\utonomous Strapdown
Inertial Navigation

Navigation is the determination of a physical body’s position and velocity, and attitude
expressed in some reference co-ordinate frame. To express the above states of a body, a suitable
reference frame is to be chosen where the choice depends on the particular application. In
order to implement an inertial navigation scheme, we need inertial sensors calied gyros and
acceierometers. The word “Autonomous’ has been used 1o describe a navigation system: which
uses only gyros and accelerometers to derive the measurements in order to compute position,
velocity and attitnde. Currently, two types of INS are in operation, and they are called ‘gimbaled
platform navigation’ and ‘strapdown navigation’ respectively, However, majority of modern
navigation systems are strapdown in nature and will be discussed in the subseguent sections,

2.1 Ipertial Acceleration and Gravitational Acceleration

Newton’s laws of motion describe the acceleration of obiects with finite size. The modern
understanding of Newton's first two laws of motion is as follows:

Firat Law

When observed from an imertial reference frame, if the particle moves without any change in
veloeity, then the force acting on the particie is zero.

Becond Law

Observed from an inertial reference frame, the net force on a particle is proportional to the
time rate of change of its linear momentum. Momentum is the product of mass and velocity.
This an is often stated as F=ma {the force om an object is equal to its mass multiplied by its
&rcaierauon)
It is to be noted that both the laws only hold when the observation is made from an inertial
reference frame, Newion aiso formulated the law of gravitational atiraction between the two
i9
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masses and also computed the magnitude of the gravitational acceleration for a freely falling
body on sarth,

fLater on, Binstein in his *Principle of relativity and equivalence principle’ has explained that
an cbsarver on the surface of the parth could not find any difference between the gravitational
atrraction of earth and the inertial force that he feels when he is in & rocket in outer space that
accelerates upwards {from the standpoint of the observer). In other words, he may regard any
inertial force as a gravitational force. The concept of equivalence principle is described further
to derive the principle of inertial navigation using illustration which is known as Binstein Hft
sxperiment.

Consider 2 mass M that is hanging (Figure 2.1} from the roof of an elevaior using a spring
and the mass is at rest. The downward force of gravitation is ME, where g is the gravitations]
acceteration. Under this condition, the spring is in tension,

T

J

Pe—— Hlovator af vest
i
&

Figure 3.1 Spring-mass acoelerometer with elevator at rest,

When the 1ift is accelerating upward with acceleration A, then also the force experienced
by the mass is 2 downward pull so that the spring is again in tension (Figure 2.2).

A
] e Blevator with upward aceeleration 4

]

MA My

Figure 2.2  Blevator under upward acceleration.

Hence, under this condition and assuming upward acceleration as positive, the spring
deflection toeasures the difference between the two forces, which is (MA - Mgy So, the
acceigrometer measurement f is given by

F=A-g (2.1)

Inertial navigation is based on this observation and formulation.

2.2 Iuertial Navigation

In this section, the mathematical formulation on the principle of inertial navigation will be
developed that provides information of position and velocity of 2 vehicle with respect to an
orthogonal co-ordinate frame that is considered as inertial. Figure 2.3 shows an inertial and
orthogonal co-ordinate frame with axes XYZ. At a point of time, an acceferating vehicle s at
a position described by the position vector R from the origin of the frame.
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7 i‘ Accelerating vehicle

X ¥
Figore 2.3 Mavigation in inertial frame.

Noting that acceleration and displacements are vectors, the relationship between the
acceleration A' and the displacement vector B! of the vehicle in inertial frame can be written 25!

Tl

R
: 2.2

di

Accelerometers mounted on the vehicle provide information on specific force vector £F
only. Specific force, that is measured by accelerometer, is defined as the force per unit mass
and consisis of any or combination of inertial forces such as thrusi, drag and asrodynamic,
which act on a fiying vehicle but excludes measurement of Newionian gravitstional acceleration.
Extending the inertial navigation formulation shown in By, (2.1), Ba. (2.2) can be expressed as:

Al s

i
; d'm!
Al =
dt _
where g' is gravitational acceleration vector and the superscript 1 refers to an inertial frame.
The first integral of the equation gives the inertial velocity, and it can be written as;

=f 4 g (2.3)

¢ {
R= [+ | gt + ReO) 2.4)
0 4

where

R = inertial velocity vector

R(0) = inilial velocity at 1 = ¢,

Similarly, the second integral gives the position with appropriate initial condition.

How there are two methods of implementation of 7-frame using gyvros. In earhier days, gyros
implemented the frame using serve driven gimbals to isolate the cluster from vehicle rotationat
motion. Thus acceierometers, which are mounted on the cluster, are actually measuring specific
force in I-frame as shown in Ha. (2.3) Cwrently, Inertial systems dispense with such gimbais
and allow accelerometers w0 measure the specific force in body frame, and it is no more inertial.
Transforming the specific force measured in body frame to inertial frame is done analytically
using information provided by the gyros and the system is called analytic gimbaled system, or
more popularly, called strapdown system, which is discussed Turther in 3ection 2.7,
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Since the vehicle borne accelerometers provide the measurement of specific force £ only, the
gravitational acceleration g’ is modelied and computed. Bauation (2.3} is perfectly zensralised
and 1s implementable in a computer so long as the gravitational acceleration can be modelied
in the vicinity of earth, gravitational field of earth dorninates over the gravitational forces of sun
and moon, and hence their effects are neglected for near sarth inertial navigation. So, modelling
of earth’s gravitational acceleration g' as 2 function of vehicle position bacomes a necessity,
If the vehicle is predominantly in the gravitational field of moon, then appropriate model of ¢!
{moon) is required for moon-based inertial navigation. This brings out the singular importance
of gravitational acceleration model in the context of inertial navigation and is discussed further
in Section 2.3

e

2.3 Geometry of Earth, Gravitation and Gravilty

Hartht's gravitational field at different places on and above earth is closely linked (o the geometry
of the earth. So, it becomes necessary o accurately model the geometrical aspects of the earth.
The assumption of spherical earth model (vefer Figure 2.4) provides the simplest Newtonian
gravitational model that could be used in applications where accuracy requirement is not high.

Spherical earth

Vehicle  ive Acceleration

Figure 2.4 Spherical and homogeneous carth model gravitation,

For a vehicle at a distance R from the centre of 2 homogeneous and spherical earth, the

gravitational acceleration vector g, directed towards the centre of earth is given by
¥
g, = még»ﬁ 2.5)

where i is calied gravitational constant that is defined as the product of earth mass and the
universal gravitational constant. The negative sign is used where, by choice, acceleration away
from earth is considered as positive. The term ‘homogeneous’ is used if the mass distribution
of earth is totally uniform s that it behaves like a homogeneous body.

I, x, y, z are the co-ordinates of the vehicle from the centre of earth as origin, the resolved
components of the gravit tional acceleration components can be expressed as (g)/R, (g)y/R and
(£)/R, where (g) = WR*. On substitation of (g), we get the components as:
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g T — ——‘E—

& =Hs 2.6)
_ zZ

g = };}u

R= \j?z + ‘;Vz +Zz .r 7)

Over mﬁhons of years, due o rofation of earth about the earth’s polar axis, 2 buiging
- had occwrred arcund the eguatorial region whereby the eguatorial adius is ~22 km mors
than the polar radius, and owing fo this shight fattening of the earth 2t the poles, spherical
mode} assumption of earth is not sufficient to meet high accuracy navigation. It is customary
to mathematically model the sarth as a reference sllipsoid, aporoximating closely o the true
gEOmeLry.

in the ellipsoid geometry of earth system, the earth is approximated as an ellipsoid, which
is generated when the ellipse is rotated about its minor axis passing through true north and
south poles. Figure 2.5 shows the planar view of the ellipsoid for a section faken along the
meridian plane. This shape of earth is a complex mathematical model, can be appreciated from
the undalation of the terrain with numerous hills and valleys on the surface of an actual earth,

EBarth's polar axis
and ellipsoid exis

Signatare of ® / P
s&rfice of earth . M"”"“M..,, ~g3, X (o, % B}
B 8, = deflection of vertical angle
B
Centre of Reference
etlipsoid and mass g g, , ellipsoid
centre of earth
L s
Gravity plane

o s A
} OA=a=R,
OB=b=R,
PD = height above ellipsoid
L = geodetic latitude
g = gravitationai acceleration
g, = plumb-bob gravity
@, = inertial earth rate

Normal to
reference ellipsoid

Figure 2.5 Reference eiii?soid, gravitational acceleration and gravity,

Based on enormous amount of experimental observations, the WGS-84 (World Geodetic
System-84) has defined the reference ellipsoid for world wide navigation. Some of the parameters
that define this reference ebiipsoid are as follows:

* Semi-major axis length a (equatorial radius, R}
*  Semi-minor axis length & (polar radius, B}
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= Ellipticity ¢
»  BeeentricHy £
Ellipticity of the ellipsold and scoentricity are definsd as:

2.3.1 Grevitation BEilipsold

Gravitation ellipsoid is a mathematical model of earth’s gravitational acceleration arising out of
ellipsoid geometry mode! of earth, where the gravitation vector does not pass through the centre
of ellipsoid, The gravitation ellipsoid model is complex due to the incorporation of the higher
order terms like second gravitational constant J,. A typical gravitation ellipsoid model [Britting,
1971 with J; term and in component form is shown below at a point with co-ordinates

{x, v, 7 where the co-ordinates are defined in BUCY fame.

I | ( 1

= b ] e . =
g):. Rg e 2( )L ] B (29}

A ;{
&=rgmity J*( )[ B (2.10)

(R SV,

A é CC T B O S-Sl B
&= zjztg){j “’;a) R (2.11)

it is appropriaie to mention here that WGE-84 is the largely used geodstic model for inertial
navigation and Table 2.1 [US Defenze Mapping Agency, World Geodetic System, 1984
provides values of various constants for use in the gravitation ellipsoid model. For the ellipsoid
model, R is measured from the centre of the ellipsoid earth. The position components {x, v, 2) are
defined in earth centred inertal frame. While with J,, an accurate ellipsoid gravitational model
is available, for more navigation accuracy with precision inertial sensors, additional higher order
terms, like Jy and J,, are recommended [Chatfield, 1997].

Table 2.1 WE5-84 Geodetic and Gravitationsl Parameters

Defining parameiers

Equatorial radius Ryl m 6378137.0

Angular velocity w, rad/s 7292115 % 10°7°
Eartl’s gravitational constant M 9 3.98600448 x 0%
Second gravitational constant A m¥/s® 10826268 x 107
Polar radins R b} m 63567523

Devived constants. .

Ellipticity € — 172982572

First eccentricity & - 0.081818190
Gravity at equator 8eq mis®  9.7803267714
Mean value normal gravity 2 m/st 97976446561
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2.3.2 Gravity

Gravity is defined as the combined effect, vector sum, of the gravitational acceleration vector g
of the earth mass and the inward ceniripetal acceleration due to carth’s angular rate vector 3, in
inertial space The direction of the gravity vector is the direction pointed by 2 plumb bob that is
suspended above the earth, and hence it is also termed as plumb-bob gravity g, and is given by:

8, = B~ 00, X {1, X R} (2.12

Gravity g, is shown in Figure 2.5 for a mass suspended at a point P and at a distance R from
the centre of the silipsoid. OUn the wwface of earth, it is the combined effect that is visible.
For an ideat and homogeneous ellipsoid, the gravity vector is consigered perpendicular io the
reference ellipsoid, which means that it has no horizontal componen(s on the ellipsoid surface.
In reality, this is not so and this aspect is discussed further in Section 2.3.3. The line normal
to reference ellipsoid intersects the equatorial plane at point C and the included angle is called
the geodetic latitude £,

‘On the surface of ellipsoid earth and at ses level, gravity mode! is a fonction of latitude L.
This has been accurately modelied by Helmert’s equation {International Gravity Formula] as:

(1) = 9.780326| (1 + 0.0053sin® L — 5.9 x 107 sin® 22 |m/s? (2.1%)

Since gravity decreases with altitude, a correction factor with a negative sign is employed for
height & in metres above the sea and is usually given by -3.086 x 1079 h and Ba. {2.13) to be
used with this correction term where altitude s involved.

For high altitnde, the gravity magnitude g, is expressed as:

- ‘sz i "
Ex T & R.+h | (2.14)

where R, is defined as the average radius of the ellipsoid earth with the accepted magnitude of
6371 km, and g, is the mean value of normal gravity on the surface of earth having the accepted
magnitude of 9.797 m/s® (refer Table 2.1).

EXAMPLE 2.1 To find gravity at the pole and gravitational acceleration at the equator.

Solutiers:  This can be found out using Ba. (2.12), Eq. (2.13) and Table 2.1,

Eguation (£.13) can be used to find out the gravity ai the pole using L = 90°. We get:
Blpotey = 9780 [1 + 0.0053] = 9.8321 m/s?

The gravitational acceleration g at equator can be found out using Eq. (2.12) and Table 2.1.
By doing the vesior multiptication, Bq. (2.12) can be reduced to its component form as:

Ep=8~— we&}egeq
Noting the gravity magsitade at equator and earth rate magnitude @, from Table 7.1, we write
8.780 = g — w,m,R
whete

@, = 7.292 x 1075 rad/s, and
R, =6378 x 10°m
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9780 = g — 7.292 x 7.292 x 10710 % 6,378 » 10°
Solving for the gravitational acceleration at eguator, we get
£ = 9.780 + 0.0339 = 9.813% m/s®

The computation shows that the sea level gravity increases from 9.780 nve? at the equator o
9.832 m/s? at the poles. The increase at the pole is due to absence of centripetal acceleration
and shorter polar radius, both of which increase the gravity magnitude.

EXAMPLE 2.2 To find the earth rate components at the equator and at the pole,

Solution:  The inertial earth rate vector 69, as shown ia Figure 2.5, gan be resolved on an earth
based frame, e.g., north, east and vertical at a point on sarth whose latitude is £, The resolved
carth rate componenis are as follows:

Along notth @ @, cosk

Along east 10

Along vertical ; @, sinl
Therefore, at equator (L = 0) the components along lnorth, east, verticall are [15.04, 0, 0%,
At the pole (L = 90), the similar components ars [0, §, 15.041%h.

2.3.3 Gravity Anomaly

For earth conforming to 2 conceptualised homogeneous ellipsoid model, the plumb-hob gravity
would have been perpendicular to reference ellipsoid. In reality, this is not so, as the deflection
of vertical occurs due to difference between actual shape of earth and the reference ellipsoid
model and due to inhomogeneous distribution of earth mass. The direction of plumb-bob gravity
is iben perpendicular to the gravity equipotential surface, which at mean sea level is termed
as geoid. The angle 8y, (refer Figure 2.5), between the plumb-bob gravity vector and the Hne
normal to reference ¢lipsoid is called deflection of vertical whose value is variable over the
earth and typically lying between 10 arc-secs {0 40 arc-secs. This is called gravity anomaly and
constitutes error in gravity computation as horizontal components of gravity are not accounied
in the reference ellipsoid mode! described earlier,

2.4 Reference Frames

This section will further explore the featares of various types of reference frames which are used
in ineriial navigation. We can primarily categorise the reference frames as under:

. Tnertial reference frame

2. Non inertial reference frame (rotating reference frame)

The navigation in an inertial frame has been discussed earlier, and the relationship between

the derivative of a position vector R in a rotating frame ¥ and the derivative of B in a non
rotating frame 2, is governed by Coriclis formulation. 1t can be stated as:
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Jr'  dr®
dr t
where 3 Is the rotation rate vector of E-frame with respect to frame and the cross (¢
represenis vector cross product. This formulation will be used subsequently for rotating earth

frame navigation.

+ % B {215y

2.4.1 Right Handed Orvthogonal Frame

All the frames of reference, used for navigation, are right handed and orthogonal. The matnix
inversion relationship in orthogonal frame is simple and is given by its transpose. For example,
Cd = [CEY, where Cf is 2 transformation matrix relating I-frame 1o B-frame, while Cf is the
inverse matrix obtained simply by the transpose operation. This usefu! property of orthogonal
matriz will find frequent application in pavigation.

2.4.2 Inertial Reference Frames in Operation

A very imporiant inertial refersnce frame of use is called Barth Centred Inertial {ECD) frame,
which is shown with superscrint (7} in Figore 2.6,

Celestial north
7i

P Polar axis

Prime meridian 7\

-
-

yd

=

Yz‘

e i

Vernal equinox Houitori
ernal eg Houitorial plane

L

Figure 2.6 Barth Centred Inertial frame of reference.

It has its origin at the centre of ellipscidal earth. The frame orientation is as follows:
X' along the direction of the mean vernal equinox at 7 and lying on the equatorial plane.
Z': ajong the earth’s spin axis pointing celestial north at epoch #,.
¥ completes the right handed system and lies on the equitorial plane.
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However, such 3 frame is treated as quasi inertial where the measurement inaccuracy is
within 2 x 107 g in acceleration and § x 107°%h in anguiar rate [Kayton, 19871 This eror is
altributed to certain motions of earth, which include daily rotation about the earth axis, annual
revolution about sun, precession and nutation and wandering of the poles. For strapdown inertial
n&vzgat;on a more convenient form of ECT frame is vsed where X-axis is the direction of the

ine joining earth centre with prime meridian at epoch ¢ = 0. It is known that prime meridian
rotates with earth and not inertial, hence the need for defining the epoch. The frame remains
inertial from this epoch. There is no change with respect to the other axes. The ECI frame
is important for navigation involving satellite launch, interplanetary missions and also for
modelling the gravitation that involves measurement from centre of ecs,rﬁ

There is one more inertial frame of importance, and this is c,dﬂed Launch Point {or Launch
Cemred) Inertial (LPF) frame, which is shown with superscrm%: i It has its origin coinciding
with the focation of the satellite launcher, The frame orientation is as follows (vefer Figure 2.7)

Morth
Launch
poing

Figurz 2.7 Launch Point Inertial frame.

#!: along launch azimuth

7! along local vertical and pointing outward

v completing the right handed system

The frame goes to inertial, at the vehicle 1ift off time 7). At the navigation system level,
the gyros maintain the inertial frame. The origin of the frame is not inherently inertial as in the
case of ECI frame due to earth’s rotation effect reguiring appropriate velocity initialisation at Ty

EXAMPLE 2.3 (on right handed frame): In Figure 2.7, if launch azimuth is 135°, show
the direction of Y17

Solution: Now, X' and Z' are m utually perpendicular as azimuth axis X is defined to lie on
carth’s horizontal surface, and ?’f 15 perpendicular to local horizon. I we define the co-ordinate
axes sequence as XZY, thén using right handed frame property, Y' axis will be horizontal at an
azimuth of 225°. On the other hand, if the sequence of axes is defined as X¥Z, then ¥! axis
will be at an azimuth of 45°.
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EXAMPLE 24 Compute velocity initialisation at 1ift off time in LPI frame.

Selution: The navigation system incorporating LPI frame (refer Figure 2.7}, goss to inertial at
fift off time ¢ = #. Due to inertial rotation of earth, the system fixed to the vehicle body frame
on earth, experiences surface velocity with respect to LPI frame at 1 = ;. The direction of this
velocity is eastward and its magnitede is given by @, cos LE, where R, is the radins of earth
at the launch point, and L is the geodetic latitnde of the launch point,

‘When the launch azimunth (X direction) is g,, the resolved componenis of the surface
velocity at the launch point along the inertial frame anes ave given by

V.=, coslcos{ae, - 90 R,

4

¥, =wm,coslsin{ag, - 90} R,
v, =0

" These equations provide the magniindes of velocities to which the system needs (o be initialised
att = gy

Congidering, a8 an example, L = 12°% @, = 1357 the sorface velocities can be computed
using the constants shown in Table 2.1, The computed velociiies are:

V. =17.29 x 107 x cos 12 x cos (135 ~ 90) x 6.37 x 107% = +321 m/s

Similarty, V), = +321 m/s

These are the magnitudes of velocities which will go as input at the start of navigation
comapuiation in LPL frame. If the navigation system is sitting on earth at this location, it will
indicate displacements of +321 m along ¥-axss and +321 m along Y-axis respectively, at the
end of 1 s of navigation.

2.4.3 Reotating Frame of Reference

There are quite a fow of such rotating reference frame in operation depending on applcation.
A few of them are discussed as follows.

Earth Cemired Earth Fixed (ECEF) frame (E-frame) (refer Figure 2.8), has its origin at the
centre of earth. The Z%-axis is along the earth’s spin axis, while the remaining axes (XF, Y5) are
fixed to the earth on the equatorial plane. Xf-axis intersects the sphere of the earth at O degree
latitude and O degree longitude. Yo-completes the right handed triad,

The axes X¥ and Y rotate at the earth’s spin rate magnitude of 15.041°h with respect
to the ECI frame. Since the axes are fixed o the rotating earth which thus provides the name
of the frame, In Figure 2.8, w2 shows the rotation of the E-frame axis from ECI axis due to
inertial rotation of earth, ECEF frame Is right handed and orthoponal and finds use in saelhite
navigation. :

- Geographic frame (G-frame) is a navigation frame with its origin jocated at the INS location.
its axes (25, Y9, X9 are aligned with the local vertical up (1), direction of north (M} and east
(B} respectively, It is 2 right handed co-ordinate system when defined as ENU. The north
axis ¥ is in the direction of the earth’s angular inertial velocily vector projected on the local
horizontal plane, and being 2 right handed frame, the X% axis also lie on the horizontal plane.
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The frame is often referred as local level north pointing. Another variation to geographic frame
is as north, east and vertical down, in short NED. A third variation is defined as north, west and
vertical (up), in short NWV. All these frames conform to right-handed orthogonal co-ordinate
system, The word geographic is used as the horizontal position components are compuied as
geodetic latitude and longitude and the vertical component as altitude. The turn tate of this
frame with respect to ECEF frame is often called transport rate. In this frame, the velogity is
defined with respect to the earth mode] at the given instant. For an aircraft pilot, the navigation
information in this frame is easy fo understand, and as 2 result, these versions of geographic
frames are widely used for terrestrial navigation involving air, land and sea.

Zi 7E Earth polar axis #
@
(1 YG
G
2
Vehicle "
IME
‘-‘/
Greenwich .. : ' ‘
meridian - -

Vernal @t

equinox 4 5 %
>4 i}

Eguator

: Latitude
: Longimde
¢, : Harth rate about polar axis

$

Figare 2.8 Harth Centred Earth Fixed and geographic navigation frames,

EXAMPLE 2.5 (on geographic frame navigation):
(1) An aircraft is stationary at a latitude of 0° and longitude of 100° east and has a INS
navigating in geographic frame. What will be its indicated velocity?
(i) If the aircraft takes off and flies east at 100 m/s for one hour on a leval fiight, what Is
the horizontal position INS will show?

Solution:

{({} The indicated velocity is relative o earth frame. Hence, it will be zero when stationary
on sarth,

(it} Since velocity is relative to earth frame, INS indicated distance travel will be
100 x 3600 m along equitorial east. Assuming a spherical earth, taking the squatorial
radius from Table 2.1, and neglecting the travel altitude relative to the equitorial earth
radius magnitude 6378 km, longitude covered is 360/6378 rad = 3.23°, Sincs, longitude
is positive in east direction, the indicated longitude will be 100+ 3.23 = 103.23° and the
latitude remains at 0°. Geographic frame navigation is coversd later in Section 2.8.5.
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Z2.4.4 Reference Frame Relationship and Co-ordinate Trapsformation

Navigation information computed in one reference frame can be computed in another reference
frame using a mathematical process calied co-ordinate transformation. The choice of a reference
frame is application driven such as the use of geographic frame in ferrestrial navigation, inertial
frame in space launches and BCEF co-ordinates for safellite navigation. Al these refersnce
frames are related to sach other through suitsble co-ordinsie transformation between the two
frames, so that navigation data available in one frame can be transformed using these relations,
The basis of this ransformation is explained Initially.

Lst a vector V has components, which are known, in an arbitrary reference frarne, called
Iframe, as follows: =

Vz

It is desired to caloulate the vector components in another frame called B-frame.
The B-frame components of vecter [VY is computed from the relationship given by

8 +B ol : o
Vi = [cf]ivi 217
where /7 is the direction cosine matrix that transforms a given physical vector represented in
Iframe 10 the same physical vecior [V] representied in B-frame. The direction cosine matriz
will have a form as follows: _
Cn C G

8 _ 1 :

Cr =iy Cn On _ (2.18)
_ Gy Gy Oy

The element in the #th row and jih column represenis the cosing of the angle between
the i-axis of the B-frame and the j-axis of the fframe, and hence the name direction cosine.
This method is used to generate transformation matrix between two frames. A demonstration

on the use of the methed is shown Iater in Section 2.7.3. Using this method, some useable
transformation mairices are shown below:

{a) Geographic G-frame (EMU) to E-frame (BECEF) wansformation matrix: The wansformation
matrix CF is given by:
~ sin gé. ~ginLoosd cosloosd
CE =] cos¢ —sinLsing cosLsing ‘ (219
g cos f sinl |

Here, L i5 the latitude and ¢ is the longitude.

{(b) ECEF frame (E-frame) to ECI (i-frame) frame transformation matrix Cf relation:
Assuming, §; = 0. where ¢ is the initial longitude, the transformation matrix Cf s
given by '
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cos@! ~sinat O
Cy =isinw,t cosays O (2.20)
O ] i

EXAMPLE 2.6 (on navigation frame transformation): Position of a vehicle in geographic
co-ordinate is on equator and at = longitude of 90° east. Compute the transformation mairix CF.

Selution: The wansformation matrix is given by Bq. {2.19). We have L = 0 and & = 90° east.
The computed C£ is given by

.
[ v B
C;D)—-c:

iH
G

If the vehicle travels along east and the longitude becomes 180°, the new CF matrix becomes:

e

@D
|

.

2.5 Navigation in Rotating Earth Frame

Mavigation in rotating earth frame is widely used for navigation in the vicinity of sarth for
aircrafts, ships and submarines. Using the fundamental navigation equation in inertial frame
along with the Coriolis transformation method to a rotating frame, the derivation of navigation
equation in rotating earth frame is shown hereafter.

The relationship between a vector measured in inertial frame [ and the earth fined rotating
frame E is given by Coriolis equation {refer Eq. (2.15)]. This equation can be expressed as:

4R 1§
i};&"—} =¥ +g xR (225

where V is the velocity with respect (o the earth fixed frame and @, is the angular velocity of
earth about inertial space. Differentiating Eq. (2.21), we get

#RY [avT !
{1 E| T e X (2.22)
di* | Ldi ] dt
Using Coriolis equation, we can further write
a&vT Tav?
) L) e @2

where @0y is the navigation frame angular velocity with respect to inertial space.
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Also,
ml
%"’X?i; =4, XY+ ) {m, xH) 2.24)
Substitating Hgs. (2.23) and (2.24) in Hq. (2.22), we get
4 W
d'R dv
[}?—} :{_&?] iy XY 4@, XV 4+ @, x{@m, xR) (2.25)
Substiteting Hg. (2.3) in Eqg. (2.25) and rearranging gives: =
: o ‘
i};f?} =§+g—@m, x{@m XR)—{gy +@x ¥V (2.26)
Substituting g, from Bg. (2.12) in Eg. {2.26) gives:
<N
dv . r
[‘;};J = § + g? o {z‘s}N “+ ﬂl&e) x Y ' {527}

where { is the specific force transformed to the appropriate navigation frame using the
transformation CJT® where £% is the sensed specific force in body frame in a strapdown system,

Equation (2.27) is a generalised navigation equation in earth fized rotating frame. The third
term, in Eq. (2.27), is called the Coriolis correction term and Hke the gravity modeiling, Corlolis
correction is also modelled in computer. The difference between the inertial frame navigation
represented by Eq. (2.3) and the earth fixed rotating frame navigation becomss clearer when

one notes the following featurés in the rotating frame:
(a) Use of plumb-bob gravity model which reduces Ha. {2.26) to Bq. (2.27).
(b) Implementation of correction for Coriolis acceleration for the specific force that has
been transformed to the navigation frame as needed in a strapdown system,
(c) If the navigation system is fixed to earth and allowed to navigate, ideally, it will
continue to show zero velocity and no further change in position. This matches with
the intitive feeling of a tervestrial observer,

EXAMPLE 2.7 Derive what the vertical accelerometer senses when the navigation systerm is
fixed to earth,

Solution: It is assumed that one accelerometer is in vertical orientation, whereas the remaining
two are on the horizontal planes. Since the system is fixed on an earth rotating frame, Bg, {2.27)
can be used to find out what the vertical accelerometer measures. As the system is siationary
with respect to earth, V = 0 and dV/dr = 0. Equation (2.27) reduces o

O=f+g, o f=-g
Hence the vertical accelerometer senses specific force f whose magnitude is 8- But the
system will not indicate integrated position or altitude, as the gravity model in the computer
provides gravity compensation whose magnitude is same as that of the magnitude of specific
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force sensed by the accelerometer. However, when the system is in flight, the accelerometer
measures only inertial acceleration. Similarly, when the systern is fixed on 2 free falling vehicle,
the accelerometer will not measure the gravitational acceleration,

2.5 Inertial Bystems

So far, the basic aspects of autonomous navigalion involving various types of reference frames
and the modelling of gravitational acceleration and/or gravity have been covered. In order to
“instrument 2 ngvigation system, gyros and accelerometers are necessary. The instrumented
system is quite often termed as inerfial system. Now, there are primarily two types of inertial
systerns defined as:
1. Gimbaled platform system

2. Btrapdowrn sysiem

Historically, gimbaled platform system preceded the development of the strapdown sysiem,
but the majority of modern systemn is strapdown in nature and is described further in the
subseguent sections.

2.6.1 Orthogonal Frames in Inertial System

Various navigation frames have been explained in the sarlier sections. This section will explains
additional co-ordinate frames in the context of fanctioning of strapdown inertial systems.
Inertial system body frame (B-frame} is defined as an orthogonal frame [refer Figure 2.%(a)]
on which the measurement of inertial sensors are defined. Physically, the platform cluster
provides accurate and physical orthogonal reference axes for the gyros and the accel lerometers
with the origin at the cluster centre of gravity. A cluster is an accurately machined three-
dimensional structurs, Hereafter in the book, the cluster frame has been used o define the
strapdown system body frame {B-frame}. R
Vehicle body frame is an orthogonal frame fixed to the vehicle body [refer Figure 2.9(b)],
and the axes convenfionally termed as voll (), piich {‘Y ) and yaw {Z,), with the origin located

at the centre of gravity of the vehicle.
\ M_;fmw

e Roll (,)

Yaw (Z,)
Yy Zy

Pitch (¥
(2} I8 body frame : {b) Vehicle body fraine
Tigure 2.8 Inertial system body frame and vebicle body frame.
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We will assume for further description and analysis that the inertial system body frame axes
are parallel with the vehicle roll, pitch and yaw axes with coincident origin. Bven when the
origins are not coincident, it is possible to mathematically tackle the problem of non coincident
origin with suitable linear transformation that is applicable for a rigid body.

Sensor frame (§-frame) is defined by the input axes {sensitive axes) of the sensors. In reality,
there are two sensor frames: one for the set of three accelerometers and the other for three gyro
set, and none of these are usually orthogonal, The sensor input axes are required to get aligned
with the cluster orthogonal axes either physically or computationally, When the sensor input
axes are truly aligned with the cluster, then it represents the sensor orthogonalised frame with
the origin coinciding with the cluster.

Compuiational frame () is often used in strapdown system to define an orthogonal frame
that is slightly misaligned from the tue navigation frame due to gyro drift errors. The small
misalignment angles between the two frames define the emor in atfitude measurement,

2.6.2 Relationship between the Sensor Frame snd
the System Body Frame

The relationship between the sensor frame and the system body frame 13 2 skew syrametric matrix
that-useaily defines misalignment error between the two frames. For example, the anguiar rates
sensed by the gyros in S-frame are transformed to B-frame, using the following transformation
which assumes small angle approximation:

. .
6l [ 1 a8y 26,76,
éy = AQ}'X t &8}'2 QY
8, Aby AS, 1 U6, (2.28)

Here, "'ﬁﬁxy, ABy,, etc., ate the small misalignment angles. Initially, these misalignment
angles are measured by calibration process and compensated in the navigation sofiware. For
ideal calibration and with proper compensation, two frames gef aligned to each other. In reality,
residual misalignments remain between the two frames, which cause error in navigation,
Figure 2.10 explains the sensor misalignment ervor terms. if (X, Y, Z) co-ordinates define the
orthogonal body frame in which 2 sensor input axis has a composite but small misalignment
angle A8 with respect to the reference 3-axis, then this misalignment can be expressed as the

Zeaxnis

Y-axis

- 1A (input axis)

49 - X (reference axis)

Figure 2.19  Sensor misalignment angles in body frame.
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resuit of two independent rotations abouwt the two orthogonal body axes. The first rotation is
about Z-axis leading to misalignment angle A8y, and then the second rotation is about Y-axis
leading to misalignment angle Afy,. So, two misalignment angles define the input axis (IA) ervor
for one single axis sensor. Thus three sensors will have six misalignment angles as shown in

Eq. (2.28).

2.7 Strapdown Havigation

Strapdown navigation uses inertial sensors, which are mounted on the vehicle body frame and
hence the name. This means accelerometers are experencing the "Qa&tiﬁﬂ effect of the vehicle
and hence they are no more in inertial frame. Punctioning of this system is discussed farther
with respect to pavigation in inertial reference frame.

 When the gyros and the accelerometers are directly mounted on the vehicle body frame, the
gyros measire inertial rotation of the vehicle in vehicle body frame, while the accelerometers
measure the specific force vector in vehicle body frame. It is necessary that the specific force
vector is transformed to the reference inertial frame. This is achieved by pre-multiplying the
specific force vector £% in body frame with the body to inertial frame transformation matrix CJ B
and the strapdown navigation eguation becomss:

2ol
d;; =Cpi% +g': Since £ = ¢} €5
2453
We write, dd}?‘ =t gt 2.29)
Z’

The transiormation matrix is computed using the gyro output, which provides instanianeous
inertial angular rate data sensed in body frame, which is then used to compute the rotation of the
body frame with respect to the inertial frame. Once this incremental rotation angle is computed,
the data is used to compute the transformation matrix C. The transformation of the specific
force £ to ! makes the navigation formulation maiching with Bq. (2.3) which, in the earler
days, was mechanised by gyro-driven gimbaled platform system.

2.7.1 Strapdown System Features

In Figure 2.11, an orthogonal body frame with axes (X, Y. Z) is defined on a sensor block where
three numbers each of gyros and accelerometers are mounted and their input axes are properly
aligned to this frame using calibration and software modelling.

In Figure 2,12, this sensor block is shown to be acted on by inertial acceleration and angular
rate. The orthogonal accelerometer triad measures the body frame specific force components
of £2( £, fr, f7)¥, while the orthogonal triad of gyfos provides body frame inertial angular rate
components (@wy, @y, w,)" of angular rate vector W5 The data is initially processed to remove
the sensor ervors by using the sensor model as appropriate to the senser. The error coefficients
are obtained from the sensor calibration. From the gyro data and using suitabie schems that
is discussed in the subsequent sections later, the transformation matrix €7} is computed. Once
the Cj matrix is available, the specific force components of I* are tram%ormcd to I-frame
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— W

b4
Y g,
Gy / Ay, Ay, Ay Accelerometer 14 %
Ay Gy, Gy, Gy Gyro 1A

Fignre 253 Gyros and acceleromeiers aligned to an orthogonal chster frame.

components of . The gravitation model is used to compuie the gravitationa! acceleration
components in ECKframe and thereafier, transformed them to [-frame. This enables
implementation of Bq. (2.3} and computation of the components of vector Al Thereafier,
using suitable initial values and successive integrations, the inertial velocity and position are
computed. From the elemenis of CJ} matrix, it is possible to compute the Euler angle atitmdes
8, yr. ¢ that is described later, Thus the system outputs the position, the velocity and the attitade
information for further use in flight navigation and guidance. Additional data provided to vehicle
autopilot are body frame vehicle angular rate and acceleration. The data, as mentioned above,
are computed and outputted at certain pericdicity using onboard digital computer. The alignment
block executes the essential preflight function of estimating the angular misalignment between
the B-frame and the navigation frame. These misalignment angles, called initial attitudes, along
with mitial values of velocity and position are needed 1o initiate the navigation computation
from the start of the flight time 7,

Ipitigl  Initial

velocity  position

Accelero- Specific Mavigation
meter _— Al Navieasi cutput
T eB force £ avigation
fnertial Body mounted £ coi?én- —= transfor- iE} cornputation
-2 jaccelerometers * ati +
acceleration sation mation
~ XY, Z) -
i
[Cl,
Angular
rafe B 1
= Body mounted _E'Y_E?,, Gyro L ; ) tH ‘
gyros (X, Y, Z) BFTOr {Cly matrix Gravzig
compen- computation somputation
sation #
0. ¢
Sensor block Tnitial attitudes
Alignment \

Figure 2.2 A strapdowp navigation system schematic implementing inertial frame.
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{uestion may arise on the requitement of minimum sumber of sensors for twee-dimensional
navigation. Three single axis sensors, consisting of three gyros and three accelerometers, are
minimurm needed and theoretically their sensitive axis must not He in one plane. However, there is
an optimal arrangement of $he sensor layout with respect to the body fixed co-ordinates ¥, Y, 2.
The optimal sensor layout, based on navigation performance, has been defined by a terminology
called GDOP {discussed further in Ssction 2.10) and as per this criterion, three orthogonally
moeunied sensors, aligned 1o the body frame, provide the optimal sensor amangement. As a
result, the orthogonal sensor amangement, depicted in Figore 2.11, is normally used as a primary
non-redundant configuration.

e

2.7.2 Co-ordinste Transformation of dccelerometer Dnta

The method adopied, for co-ordinate transformation of accelerometer data from bedy frame to
navigation frame, is vitally important in strapdown system. In the case of strapdown gystem,
the accelerometer transformation matrix requires fast update with time, and as a first step, the
transformation matyix itself is to be computed at equally high speed using gyro data. There ase
three gvolved schemes for the computation of the transformation matrix using gyro data

{a) Euler angle

{b) Direction cosine

(¢c) Quaternion
Principles of each of these schemes are discussed in the subsequent sections.

2.7.3 Euler Angle Transformation

The Euler angle representation of rotation is perhaps one of the simplest techniques in terms of
physical appreciation. A transformation from one co-ordinate frame to another can be carried out
as three successive rotations about certain sequence of axes. For the strapdown system, X0 y8 78
represents one set of orthogonal frame that is called body frame, while X' Y'Z! represents
ancther set of orthogonal frame that is called reference inertial frame, which are shown in
Figure 2.13(a). Measurement of specific force carried out in body frame can be transformed to
inertial frame by using sequential rotations involving Buler angles. The sequential rotations are
not unique and to some exient depend on application. The derivation of transformation matrix
shown below assumes a typical rotation convention that is used in satellits launch vehicle. A
ransformation from reference axes (I-frame} to body B-frame can be executed through the
foliowing sequential positive rotations of magnitudes 8, ¥, ¢, called Fuler angles, assuring that
the {rames are initially aligned 1o each other.

Rotate through angle § about reference Y-axis to obtain the orthogonal set X,V 7,
[Figure 2,13(b)1L

Rotate through angle w about the new X -axis o obtain the orthogonal set ¥, Y, 7,
[Tigure 2.13(0)%

Swmilarly, rotate through angle ¢ about the new Z,-axis fo obiain the desired orthogonal
set X5yHzE
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(a3 & w0

Figure 2.13 Eepresentation of sequential rotstion of two orthogonal frames,

where 8, y and ¢ are referred to as the BEuler rotation angles. The three rotations may be
expressed mathematicaily as three separate direction cosing matrices O, O, and O

The rotation from reference inertial frame to the body frame can be expressed as the product
of three transformations as: '

Cf =[Gy %Gy % G (2.30)
Writing the transformation matrices, we gel
Cg S 01 6 o8 & S8
'ﬁB — s -
=18 C¢ GHG Cyw Syl & 1 ¢ 231)
where 0 0 )0 -5y Cy|ls8 0 (8
{ = cosine
§ = sine

After performing the matrix multiplication, since, O =702 which is valid for orthogona!
pe g Y B I &
frame, Eq. (2.31) can be expressed as:

CHCe + 5pSwS8  CoSySo~546C8 CySo

Cp= SpCy CoCy ~Sy (2.32)
SESYCH - CSE 556 + CpSwC8 CwCH

Vehicle rotation se@uence can be different, and as a result, the {L}{ matrix will be different from
that shown in Eg. (2.32), but the derivation methodology is similar. For small angle rotation,
the trigonometrical torms in Eq. (2.32) can be reduced suitably, which means (sin § = & and
cos 6§ = 1)

Euler angle rate eguation defices iis propagation equation, which can be further used to

derive the Buler angles. Ferpander and Macomber, 1562 have shown that the Euler angle rates

(&, ¥, &) can be related to the body rates (@, @, @) as:
¢ 1 cosgteny singtany || o,

¥ =0  —sing cosg o, (2.33)
81 |0 cospsecy singsecy |l w,
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From Eq. (2.33), the Buler angles can be derived through integration as follows:
b t I
o=t rg y=[Udrry,6=[da+e, (2.34)
8 0 o

Suaitable numerical integration scheme is used 1o solve Eq. (2.34). Once the Buler angies
are computed, these are further used to compute Cf matrix as shown in Eqg. (2.32). Observe
singularity in Eq. (2.33) for y approaching 90° or 270°. This makes the scheme not at all
suitable for all attitade vehicle manoeuvres. This is 2 big limitation on the use of this scheme for
ail attitude strapdown navigation, and as a result, this method of transformation is not currently
used. However, representation of vehicle attitudes with Euler angles is still in vogue.

EXAMPLE 2.8 (on transformation): At 2 time ¢ = 1, two orthogonal frames, the body
frame axes X° YPZP and the reference frame axes X7 Y'Z' are aligned to sach other as shown
in Figure E2.1. Assume coincident origins. After a time, the body frame rotates by an angle &
with respect to reference frame about the commmon Y-axis.
(i} Skeich the rotated frames
{iiy If steady acceleration measured in the body frame axes is 20 m/s® at £ = 0; fnd the
acceleration in the reference frame for a rotation of 30°.

ZI

ZB

XB

3
Figure E2.1 Initia! mutual alignment of the two frames.

Solution: (i) Figure E2.2 shows the skeich of the two co-ordinate systems after a single

otation.
_ _ . .
g
B
NS .
]
x x®

Figure K22 Rotated frame.
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{11y The transformation matrix after rotation is given by

ce o -5
ct=l0 1 o
56 ¢ C8

For orthogonal frares, C; = {C}g 17, and the C é matrix is given by

fce o se
Ch={ 0 1 0
-58 0 C8 ”

We know that iﬁg = ngﬁg, so for 8 = 30° and the acceleration vector ({£15) having
components 20 m/s?, the transformation matrix (o covert 1o reference frame components
will be given by

x| [e0s30 0 sin307[20

=1 ¢ 1 0 ||z
73 —-gin30 O cos3G || 20

g

Solving we get reference frame accelerations as: f{X VEP = { 27.2, 20, 7.27 m/s®

2.7.4 Direction Cosine Matriz Msthod

The direction cosine matrix {DCM) is a 3x3 transformation matriz. When the wranstormation of
the vector is needed from body to inertial, the DUM is written in short form as Cj, the columns
of which represent unit vectors in body axes (B-axes) projected along the reference axes (I-axes)
and is writien in component form as: ‘

Cé“ €31 C;m O3 (2.35)

€33 O O3

The element in the ith row and jth column represents the cosine of the angle between the i-axis
of the reference frame and the j-axis of the body frame.
A vector R® defined in body axes, may be expressed in a reference frame (J-frame) as
follows:
F R 1
RO =R (2.36)
As the C matrix is changing with time, its solution needs evaluation of the time derivative,
also known as propagation of DCM. The propagation of the direction cosine matrix with time
is obtained by differentiation, and this can be expressed as:

I _d
¢l = lim Calt + 81y~ Cp{t)
i—0 St

{2.37)
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where é{a‘) vepresents the DOM at a time instant ¢, and & é{z + 0f) represents the new DM
due to rotation about the body frame. Using malrix methods and small angle approximation, it
has been shown [Britiing, 1971] that Bg. (2.37) finally leads to:

Cp = i | 238
¢ -w, o,
where 05 =| @, 0w, {2.35)

ﬁ% is defined as a skew symmetric matrix. The skew symmetric mairix Q?E is evaluated from
gyro measurements of the angular rate vacior ng ={w,,a,, o, 1 where W is expressed
as the B-frame angular rate relative 0 the reference frame (I-frame) co-ordinatised in hody
frame axes. Substituting Egs. (2.35) and (2.39) in Eq. (2.38), we get the direction cosine rate
squation, and from which the matrix elements can be derived using the integration eguation
shown below.

Sy L2 L3 0 -0,
>
Cp=ien p enjf o 0 -o
31 O3 O3 j| 0, @ Y

i
Cy=[Cydi+Cppy  Forij=1,2,3 (2.40)
0

Equation (2.40) can be expressed in componant form by matrix multiphcation, and then solved
in onboard computer. The DUM scheme does not have singolarity and is suitable for all attitude
manoeuvres, In general, the transformation from body to any navigation frame (N-frame) can
be written as CF'. :

2.7.8 Quaternion and Rotation Vector Method

in the concept of attitude quaternion and rotation wvector, the attitude gquaternion is a four-
parameter representation such that any transformation from one co-ordinate frame to another
may be effected by a single rotation of magnitude ¢ about a suitably chosen axis whose unit
vector is &. This is shown in Figore 2.14, The figure shows the reference frame (X, ¥', 71 that
has been rotated to a new frame (X5, Y, ZP) and u = Ju,, u,, u,J7 is the unit vector that defines
the axis of rotation and ¢ is the rotation magnitude about the axis of u.

The quaternion vector ¢ is a four-parameter entity containing a scalar and a 3D vector part,
which are functions of ¢ and wu, and defined as:

@] [ oos9/D)
g |_| sin(@/2)
@ | | G)sin(9/2)
o] |@)sin/2)

g= {241
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7? 2!
1

B
a3

5! u =
% B

Figuwre 2.14  (Quaternion and rotation vector concent.

The vector part [g; g, g,]” still represents the axis of rotation (multiplying u,, u, and u,
with common factor sin {¢/2) will not change the direction of the vector which is the axis of
rotation). In principle, the scalar must contain the angle information dirsctly or as a convenient
function of the angle. Here cos {(§/2) is chosen for convenience. Once cos (9/2) is chosen for
the scaiar part, attomatically the common factor, sin (¢/2) is used to multiply the vector part in
particular for forcing the norm of the gquaternion egual to 1.

The magnitude ¢ and direction (axis} v are defined in order that the reference frame
(KI17ZH may be rotated into coincidence with the new frame (X Y5 25 by the single rotation
¢ about axis .

In the rotation vector concept, vector § can be defined as:

e | e
Q=|ugi=|9 (2.42)
w0 |4

Se, guaternion elements can also be expressed in terms of rolation vecior & as:

)

o L sin (@)

& - I 2
@l ¢ Gin (;;ﬂ) (2.43)
g3 fcd 2

¢ sin (@)

¢! 2

where |¢] = /67 + 9] + 4]



44 Fundamentals of Navigation and Inertial Sensors

The quaternion can also be viewed as an extension of the more usual iwo-paramseier
complex number form with one real component and three imaginary components. With this
representation, the quaternion vector g is defined as hyper-complex number {Salychev, 20841 as:

g =gy +ig; + jg, + ke, (2.44)
where (4o, 91, 44, 95) are real numbers sud (1, §, i k) constitute the vector space.

Properties of guaternions
(uaternions exhibit some typical properties for executing mathematical operations such as
additions, rultiplications and inverse operation. "
The multiplication of two quaternions (g = g, + ig, + jg, + kg and (p=py+ i, + jp, +
kp;) are defined by the following rules on complex numbers:
P=f=%=-1
where i == K= /-1
=b=-j jk=i=-ki k=j=-%
where the order of unit vector is preserved.
1t may be noted that the quaternion multiplication is not commutative. The product can be
expressed using the vector dot and cross products as:
A*Pp=Gep+Pod g p+gxp (2.45)
Alternatively, the quaternion product may be expressed in matrix form as:

o —h —¢ 1| P
Gt do T4z @By (2.46)
2 9 Fo G Py
9 fr f GoilSs

The addition and scalar multiplication are defined component wise as for usual four-dimensional
vectors. Quaternion propagation with time, also called quaternion rate equation, is given by
1 y
g = E}@ * 45y {2.47

where @ = [0, @, @, ).
With the quaternion multiplication shown in Eg. (2.46), the quaternion rate equation can

be expressed in component form as:
9o o ~4 9 -4 O
q :f:_l_:t & do G @ || D
&) L2l & 9 -a)e (248)
5 B 9 G o L%
Using suitable quaternion rate integration scheme, the four elements of the quaternioh can be

derived from the gyro data. Once the guaternion elements are obtained, the iransformation
matrix Cyf can be expressed as:
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1-2g; +93) Haiqs —4093) 29195 +909)
Cf; =\ gy T qoqs) 1~ 2{?12 + 4332) a3 ~ G941} (2.49)
Havas — quga) 2Ugogs + q0q) 1 2{%2 + sz}

; 2 2 2 2,12 P — 3 el
It is to be noted that {gy +¢7 +g7 +43)' " =1 is defined as the norm of guaternion, and this

is used for quaternion normalisation. Also, guaternion is free from singularity.

Autitude, if required to be expressed in Buler angles, can also be computed by noting the
equivaience of the ransformation matrix elements given by BEgs. (2.32) and (2.49).

For example, attitude angle ¢ can be computed using the relation:

, .
¢:§m~l§_@_}“:mﬁwl (%’1?2;%5{;_}_ (2.50)
Cop 1-2(q] +q31) '

2.7.6 Comparison between the Three Transformation Schemes

Parameters: Euler angle scheme has three parameters only as against nine paramsters in
direction cosine and four in guaternion.

Singularity: Euler angle scheme suffers from singularity at 90° and 270° for the middle
angle (), making all attitude navigation not possible. Other two schemes are frec from this
singularity.

Rate equations:  In Enler angle scheme, the rate eguations are cumbersome due to handling of
wrigonometric functions. In other two schemes, it is not so but yequire periodic correction for
orthogonality and normalisation.

Transformation matrix:  Both in the Eoler angle scheme as well as in the guaternion scheme,
it is pecessary to compute the direction cosine matrix. It is not necessary in direction cosine
scheme.” ' o

Attitude computation: When attitude information is needed in Euler angle terins, 0o sgparste
Euler angle wansformation is needed in the Euler angle scheme. Other two schemes nesed
separate Euler angle transforration.

2.7.7 Principle of Self Alignment

in the navigation equation described earlier in the text, it is implied that the orientation of
the orthogonal body frame to which the inertial sensors are aligned, is sccurately known with
respect to the reference navigation frame prior to initiation of navigation. Usually, in the service
condition of an INS, the relative orientation between the two frames is unknown and the process
of measurernent of this unknown parameter is called initial alignment. Self alignment is a
process that uses inertial sensors, meant for navigation, to determine the unknown orientation,
In a strapdown systern, the scheme is called analytic, as the process involves determination of
mitial attitudes, either int guaternion or in direction cosine, to enable computation of the initial
transformation matrix between the body frame and the reference frame at the start of navigation.

Self alignment normally uses an earth fixed reference frame, such as, sast, north and
vertical up (acronym ENU). Even where the navigation frame is non geographic such as ECl or
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1P, it is convenient to choose for seif alignment an sarth fixed frame as it permiis realisation
of an sutonomeus alignment process for navigaiion initiated from the parth fixed location.

We can define the two orthogonal frames, the sarth fixed navigation frame (ENLT) called
G-frame {refer Figure 2.15(a)], and the cluster frame or the B-frame {refer Bigure 2.15(b)]. It is
required that the orientation between these frames is to be determined by self alignment process.

Yertical up z,
Ay, Ay, Ao 1 Accelerometers
Morth Gy, Gy, Gy Gyros
G, Az G\f X Ny Mg
AY
East
(a) Harth fixed navigation frame (EMNTD (b) Cluster frame {(B-frame)

Figure 2.15 Principle of self alignment.

In the self alignment process, we chooss two non-collinear and independent vectors that are
known as local gravity vector g, and the earth angnlar rate vector (), whose components can be
resolved in both the frames. 31351 recall from our cartier discussion that in the earth fixed frame,
g, is along ihe vertical axis and (9, is along north axis.

The resolved components of these veciors in the ENU frame, defined as G-frame, are as
follows:

m[{) 8 mgpf;mf:{{} @, c08L o, sinl}

Thus the components of these two vectors are well defined in ihe earth fized frame and only
latitude L, where the self alignment is to take place, should be known. But in the B-frame, the
components of g, and (0, are measured by the inertial sensors where the measurements will
depend on the orientation of the B-frame axes (3, Y,7Z) relative to g, and O3, In this case, for
simplicity, it is assumed that the input axis of the gyros and the accelerometers are truly aligned,
7o residual errors, with the corresponding B-frame axes XYZ, which is shown in Figure 2.15(b).

However, we need to have a third vector besides the two known vectors. Using the local
gravity vector and the earth angular rate vector, a third vector p can be created by their cross
product relation, which is p = g, x @,. Only thing to be noted that p, thus generated, is not an
independent vector.

The components of the ¢ross product vector p° in G-frame can be written as:

= {gpwe cosl 0 i}]T

HNow, the vectsrs in the body frame [g,, o, pl® and the corx‘aspondfng earth reference
frame vectors [g,, ®,, p}G can be related using a co-ordinate transformation mairix. This
transformation matrix C5 between the two frames can be written as follows:
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B G
gp ——ng?
o =it (2.51)
B 8,6
po=lgh

Using these derived relations, the vectors gf , ®©F, and p can be expressed in their component
form as:
-1

r{gf T {} {} ‘I i
@71 = 0 w,cosl @, sink | - (2.52)
®%Y 8,0, cos L I |

—

Stmilarly, gf ad ©F can be measured along the body axes X, ¥ and Z as:

B T, OB T
B =18y & &1, ® ={0,. B Oun}

From these measurements, components of p° are chbiained.

Usmg these information, it will be possible to compute the nine @zﬂmﬁ"ﬁi’: of the transformation
matrix CF and also its inverse that provides for the slements of CF. This method of alignment
iz called strapdown. self afignment principle. The method wm’%s 50 iong the matrix inverse
operation to compute €5 exists and the inverse computation exists so long the idependent
vectors g, and 03, are not collinear. Only, at the poles, this non-coliinearity condition is viclated
a?{i self aﬁ g‘lment scheme is not possible, '

- At the end of the analytic self alignment process and using the elements of the Cf matrix,
three computed misalignment angles in the form of Buler angles &, g, and &, will be available
where the first two are normally termed as the Jevel misalignmens anples and the third one is
tevnedt as azimuth misalignment angle. When the desired navigation frame is different from the
G-frame, then these angles can be transformed o the needed frame, The method, just described,
is suitable when the navigation sysiem i stationary with respect to the earth fixed frame,

Error in alignment

The inertial sensors are not error free and the sensor errors lead to error in alignment nowmally
termed as the level errors and the azimuth ervor. In the presence of these ervors, the compuied
misalignment angles will also be in error. If we consider the simplest type of srror, (Af, 4y
L@, called bias error in the sensors, the magnitude of the alignment errors can be expressed

for small errors as:
Af, +gpiiey =D

Af, - gphey =0 . (2.5%)

Aw, — @, cos LAg, =0
whers

Af. 4Af, = bias error in the accelerometers in X-axis and Y-axis respectively
4, = uncompensated drift in X-azis gyro {ﬂ@minaﬂy_ gast gyro; )
A&y, L&y, Agy = error in alignment about north, east and vertical respectively
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The first two squations define level errors, and the third eguation defines the azimurh
errov. Now, azimuth srror due to bias gyro drift Ag, depends on the deilt characteristic. Oyro
eahibiting random walk (efer Appendin 1Y) type of noise, has emor that depends on the squars
roct of alignment dme and Is expressed as:

RW
@, cos Laft

3,7/2

(2.54;

where
g, = standard deviation of error in azimuth alighment
R, = gyro anguiar random walk in °AJp
f = afignment Hme

=

Eguation (2.54) conveys that if the allowed alignment time is short, then the azimuth alignment
accuracy will be dominated by K.

EXAMPLE 2.9 (on aligonment errery  Suppose the two-level accelerometers have bias error
of .1 mg and the east gyro has uncompensaied drift of 0.01%h and the INS is operating at
tatitude of 30°, What is the level efror and the azimuth error?

Splution: We have Af,, 4f,= 0.1 mg, 4w, =001, g,=1

Level érror magnitude Agy, &gy = (0.1 % 107%1) rad = 0.1 x 107 rad = 20 arc-second
Azirauth error Agy, = 0.01/15.04 x ¢os 30} = 0.00076 rad = 158.6 arc-second.

For gyro exhibiting random walk type of noise of mageitude 0.002°/ /% , if the requirement
is to limit the error to 1 m-rad at a latitude of 45°, then the estimated alighment time needed
would be (from Eg. 2.54).

' 0.002

1x107% =
PA.04 x oosds X \/37

Solving forf, we get 1 = 00333 h = 127 s

The example shows that precizion azimuth alignment determination with self alignment
scheme, needs very accurate gyro. o

For situation where the INE experiences base level vibration due to wind and gust acting
on the vehicle as well as noise in the sensor output, optimeal filiering technigues have been ussd
to improve opon the accuracy. in such scheme, the analytic scheme provides for the coarse
estimate of the C matrix, followed by a refinsd estimate using Kalman flter,

There are applications when the vehicle will be in relative motion, where differsnt schemes
need 10 be applied other than self alignment. Velocity matching and transfer aligament from
another INS are some typical schemes which are under nse. In certain applicaton, where
the spacecraft in orbif is 1o be brought back fo earth, sighting of stars is used to derive the
misalignment angles prior to initiating the retum manouevre operations,

2.7.8 Optical Azimuth Alignment

As very accurate gyros are nesded o meet high accuracy azimuth alignment using self aligniment
scheme, often optical azimuth alignment has been used in missions that need high accuracy and
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where optical alipnment is feasible to implement. A scheme is described below which is foasible
in 2 satsliite Iaunch vehicle.

Arirouth is normatly defined as the clockwise rotation from the true north, In this defivdtion,
af axis pointing along the east divection has an azimuth of 80°. In LPI reference frame navigation,
the reference frame axis X' (refer Figure 2.7), is chosen to point towards the desired azimuth
direction, and the angle is specified by the mission requirement.

We need to find out what is the angular relation between the TNS body frame axis X° and
X! axis of the refersnce frame. it should be noted that both the frames are orthogonal,

In the principle of operation of optical alignment, refer Figure 2,14, the orientation of the
body frame XB-axis of the strapdown system from the true north is optically measured using
auto collimating laser theodolite. -

Porro prism

Equipinent
b. crrer LI
v Morth landmark.

1L

Laser
theodolite

Figure 216 Optical azimuth determination af launch pad.

To facilitate the measurement of XP.axis, a potro prism is mounted on the Xo-axis of the
systern. The porre prism provides an advantage where the incident and the reflected laser beams
are parallel to each other thereby permitting easier sighting. A true north landmark is separately
established at 2 nearby location of the laser theodolite benchmark. Sighting the poro prism
with the laser theodolite from 2 bench mark location and then sighting the north landmark from
the same theodolite bench mark location, the azimuth of the XP-axis can be determined. The
method also has some ervors, such as #lt of prism roof edge if any and that should be calibrated
and compensated for azimuth error. However, the method consumes considerable time and the
preferable sighting Yme is after sunset and-whea wind distrbance is low. Level alignment
conttnues with the accelerometers in self alignment mode.
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2.8 Error Propagation in Strapdown IHB

The output of an INS is erroneous primarily doe to senmsor errors. These sensor £iors ave
normally categorised as systematic and random. While the systematic part is modeliad and
normaily compensated, the random ewor part leads to INS ervor. The other source of emor is in
modelling the gravity, although in general, it is of lesser magnimude, IMS erver is not steady, but
propagates with time due 1o successive integrations involved in compuiing velocity and position.

Working from the first principle, it is possible to derive analytically the error propagation
in navigation outputs defined in terms of position, velocity and attitude, Such a derivation is
described in the following paragraphs for a strapdown sysiem operating in inertial reference
frame. ®

Eguation {2.29) describes the strapdown navigation where, if the error in graviiation is
neglected, the vector form of ersor eguation can be written a8 follows:

St1 = L8P + SCLER (2.55)

Hquation (2.35) shows that the error in specific force S8 in Iframe results from the combination
of error 85 in the accelerometer output along with transformation matrix error &) . The
error in C} is caused due to combination of error in initial alignment and gyro drift. These
errors alone on further integrations result in velocity as well as position error propagation.
The transformation matrix C} coupies accelerometer error of one axis onto the other axis. This
aspest of coupling and error propagation can be explained further for a shimple case of strapdown
navigation where thers is single rotation of § about Y-axis.

Initially, at the start of navigation, the body frame axes X®, Y%, Z® is aligned with the
corresponding inertial frame axes X', Y', 2! using alignment process, and such aligned frames
arg shown in Figure 2.17(a). Thereafter, during fiight, the body frame rotates relative to the
inertial frame. Figure 2.17(b) shows the single rotation of the body fixed co-ordinates about
the originally aligned Y-axis for an angle 8 The specific force sensed in body frame can then
be resolved in inertial frame. The resolved sqauations of the specific force in body frame to the
ineriial frame are given as:

fi=fEeos8+ ff sind

f3 =—f% sin@ + f7 cos® (2.56)

A

+
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VU b4
{a} o {b)
Figure 2.17 Rotation of body fixed {rame relative tw the ineviial frame.
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In matrix form, Ha. (2.58) can be rewritten as:

i l: cos®  singl] S
T sing B

i sinf cosd || 7

For 2 single rotation, the transformation matrix C} is thus a 2 % 2 matrix.

Hquation {2.55) can be redefined by considering errors which will cause errors in the sensed
specific force and in the rotation angle 6 For example, accelerometer bias causes ervor in
specific force, while gyro bias drift causes error in €. Thus combining Eqgs. {2.55) and (2.565,
and sitaplifying, the error equations can be written as:

Aff = 208 + BEcos8 + BE sing
x=Jz X ] .
A = —fia0 - BE sin 6 + BS cos 8

{2.5Ty

(2.58)

wheie .
A ]‘;}I = error in specific force componenis in inertial frame
o j‘;}" = spectfic force components resoived along X and 7 axes respectively in inertial
frame o
8 = rotation about Y-axis
48 = erTor in measuring vehicle rotation, which is contributed due o Y-gyro drift
(By, By)® = accelerometer measurement ervors, such as bias, in body frame
Agyb = Y-gyro drift in body frame
The propagated errer in position, assuming one error at & time, is tabulated in Table 2.2
iTitterton and Weston, 20041
Table 2.2 MNavigation Heror Sensitivity in Inertial Reference Frame

Accelerometer bias error, Bf BE cos H1712 B3 sin 872
87 BE sin 872 Bf cos 8142
Y gyro drifi, AmE A FAO16 ~Aenl f{176

Tabie 2.2 shows that the navigation error in pesition due to accelerometer bias error
propagates as £, whereas navigation position error due to the gyro drift error propagaies as
. This happens as gyro senses angular tate; and additional integration is necessary to derive
the rotation angle for transformation matrix computation. Such a propagation characteristic in
navigation error means that the listed error sources ust be controlled to their low values which
will be commensurate with the specified navigation error at the end of the flight time. ¥ the
individual error sources are considered independent and random, one method of computing the
total navigation ervor is to use root sum square of the individual errors. However, the situation
gets complicated if the error sources have acceleration sensitivity and/or rotation sensitivity.
A realistic error propagation estimate for a three-axes INS with sensor error model, is
an involved exercise and normally carried out with techniques such as Monte Carlo and
- statistical covariance analysis (Bose et al., 28608). In an INS, the deterministic part of the ervor
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is compensated {refer Figure 2.12), which allows only the nncomected part, normally considered
random, to contribute to navigation errovs. This permits use of statistical tools for navigation
error sstimation.

EXAMPLE 2.10 (on error propagefion): An INS is mounted on a vehicle in 2 manner as
shown in Figure 2.17. 100 s after take off, the vehicle turns quickly about Y-axis by 10° If ail
‘the seccelerometers have bias error of 200 x 107° g, caleulate the position error along navigation
“axes for the two cases. Assume g = 9.8 m/e?,

(i) Dhuring take off o 100 =

{ii} 100 s to 1000 s of fight duration

=

Selution: We can uss the derivation shown in Tabie: 2.2 o calculate the position errors.

Gy Dw 60
The position ervor aieng the X. Y, Z axes (navigation) = 200 x 1075 % 9.8 x 100%2 =
38 m

(i) 10010 1000 s
The votation of vehicle is at 100th second of the flight. So, we can use Table 2.2 1o
compiie the errors.
Breor AX, due 1o bias eiror

-5 2
E}f_Z{}{}xm ><982><cm 19 %500 T O m

Hrror AKX, due to bias srroy
5 200 107° x 9.8 xsin 10 x 900°
By = -
2
_ = [AX + (A% = 7885 m
Similarly, AZ. can be caleulated and due to identical formulation, AZ = AX = 7835 m

] )
Ay = ZOOXIOT XOBXGO0” oo 4

2

=1345m

So,

2.2 Btrapdown System Technology

2.9.1 System Counfigurstion and Functional Description

A Strapdowﬁ navigation system configuration depends on several interlinked factors like type
of sensors used, choice of pavigation co-ordinate frame, sigorithms, performance, interfaces
ang environmental specification. F}gu{e 2.18 shows the functional block schematic of a basic
strapdown system which is described further, '

" Three single axis inertial sensors are mounted on an accurately machined orthogonal chuster
that 18 wfmaliy defined as the body frame. The cluster may have vibration isolption sysiem o
protect the sensors from environmental stresses and also an active temperature control for the
sensor cluster. Currently, in lieu of the temperature control, sensor thermal model is used to
compensate forf the temperature related shift.
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Figure 238 Typical sirapdown sysiem configuration.

The accelerometer output is in the form of velocity increment in body frame (AV®) as it
saves one integration in the computer. Same is true for gyro also, where the output is in the
form of incrementsl angle in body frame (AS%). This also means that the subsequent software
is formulated taking note of this feature of sénsor output. The sensor output puises are counted
in up-down counters and stored in the registers. Under the control of an ioput-cutput (H0)
controller, increment of sensed velocity (integral of specific force) AV and increment of sensed
rotation A8 are accessed in a given sample time. The data is then used by the navigation
computer 1o execute the lsted tasks.

The software task strochwre is of particular imporiance in & strapdown system as it operates
at two or more update frequencies. This 18 shown in Figure 2,19

i
¥ - L]
H Accelerometer Accelerometer Yelocity ;
i deta sampling  H— error transformation > Navigation
1 sand sccamuiation compensation and update ! | computation
: ; with
: ¢ gravity model
i !
£ 1
;
3
L {1k e £, 1 8
{,yrq? dam Gyro error Attm,u{;e Tiansmn}zanoﬂ i
sampling ahd —= compensation| guaternion —» TRatrix :
accurmulation ) compuiation computation ;
]
| : |
i Buler angle ;
; atiitude !
E compuiation E
? . ; _ :
Minor cycle high frequency task Major cycle lower

frequency tasks

Figure 2.3% Strapdown software with multifrequency tasks.

‘The first major task is to transform the body frame AV® to the desived reference inertial
frame. This iask, or rather a set of associated tagks, is performed at a high frequency which
is sometimes cailed minor cyele update rate. Thereafter, the computed incremental velocity in
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inertial frame, AV/, is farther used to compute the navigation parameters, which are often done
at a lower frequency called the major cvele update rate. Initially, the navigation parametor
lower frequency update rate is decided based on application. Overall, the decision is linked
o the bandwidth of the asrospace vehicle guidance and steering loop where navigation ouiput
is directly used. Navigation update frequency between 2 Hz and 20 Hz is seen to cover large
number of aerospace applications. Normally, major cycle frequency to minor cycle frequency
ratio 15 an integral multiple number £ This means there are &k minor cycles in one major cycle.
Once the navigation update frequency is fixed by the appiication requirement, factor & is decided
and that goes as ong of the inputs to fix up the minor ¢ycle task frequency, Typically, this update
frequency is around 50 Hz to 100 Hz and in some critical application, it is much Righer. One
factor that decides is the pavigation computsr speed. In some specific sensor choice, a separate
processor handles the high speed data,

The compuied attitude and the body rate are reguired by the vehicle control loop and
normally executed as a winor oyele task. Self alignment rask i3 completed before ¢ = 4, which
provides the initial value of the wansformation matrix.

2.8.2 ﬁéﬁg{aﬁ@n Bguation with Update

The analytical formulations froply use of contintions integration process. But the implementation
scheme of the analytical formulations in 8 compuier is discrete in nature and is normally
executed with an npdate formulation, whick is described further.

The velocity transformed to the inertial navigation frame in the interval 1, — 7 is given by
the anaiytic relation in the continuous time domain as:

{
Iy = [l oy,
Vi =[Gt d (2,59
T
The approximeate solution of Eq. (2.59), when expressed in iterative form, can be written as:

&y +udt
Vi=Vi, +Chlty+ndt [ Pa (2.60)
fyF (1258

On further reduction, the squation becomes:

Vif = ijl + {:gn §‘§73

{2.61)
where
SVE = velocity increment vector measured by acceleromsters in body axes during the
nth update cycle
CL, = ath update cycle transformation matvix
v 9!, = transformed sensed velocity vectors in inertial {rame a3t mh cycle and (n-13h

cycie respectively
Equation (2.61) is computed at the high frequency minor cycle update rate for k number of
cycles when the data is used for major cycle navigation computation. The major cycle navigation
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equation computes for inertial velocity and position and in iterative form, the equations can be
expressed as:

where

Vi= Vi + AV, £ AV, (2.62)

At
Ri:ﬁivi%{V§Ai+V§}—éﬁ o (2.63}

V! = inertial velocity after n major cycles

=7k
Vvsaml

= inertial velocly after n—1 major cycles w

AV} = incremental component of velocity, from minor cycle task, in the ath cycle

Q‘Vén = incremental component of velocity due to gravitational acceleration in the nth cycle

R = inertial position after n major eycles

R}, = inertia! positien after n—1 major cycles

At = é.megraiién siep size

Eguation (2.63) shows a trapezoidal form of integration. Depending on accuracy requirement,
higher order integration can be used.

2.92.3

Strapdown Inertial Navigation Fuanctional Summary

Functioning of strapdown navigation system has been discussed at length. It can be summarised
as follows:

Y
(&}

(b}
(<)

&
(h)

g

Choose an appropriate reference frame for navigation.

Minimum three single axis gyros and three single axis accelerometers are negded in
orthogonal configuration.

Accelerometer measurements, termed as specific force, are in body frame and needed
to be wansformed 1o reference frame.

Gyros provide the information to compute the transformation matrix that will enable
the transformation from body frame to reference frame.

Various mathematical schemes are available for generating transformation rmairix
where quaternion method is currently a preferred option.

Accelerometer measurements are transformed to reference frame when transformation
maatrix is realised with the data from gyros,

These transformation matrices are required to be updated at high update rate.
Wehicle attitudes are computed from the direction cosine slements or the gquaternion
elements of the transformation matrix.

Mavigation error grows with time. Since gyro and accelerometer errors coniribute to
error in navigation, it becomes absolutely necessary to reduce the sensor errors throngh
appropriate model and through compensation in software.
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;> Gyro and accelerometer are also used for implementation of self alignment. In launch
vehicle application, optical method of azimuth angle determination can be used to

meet high accoracy. ‘
(k) Appropriate gravitation model is used to maintain accuracy in navigation.

2.9.4 Specific Strapdown Brrors

There are certain errors seen in a strapdown system due to vehicle dynamics and typical of such
strapdown errors are as follows:

{ay Coning motion induced error _ -

{b) Sculling ervor

{c) Size sffect error
Coning motlon induced error :
Coning is characterised by certain typical rotation of the angular rotation vector wheare the axis
of rotation is itself moving in space. In this motion, the axes of body trace a cone and a gyro,
whose input axis is aligned to this axis, senses an average angular rate equal to the solid angle
swept per unit time even though there is no net rotation-taking place about that axis.

Coning motion originates when there are angular oscillations at freguency f = @/2% also

called coning frequency, about two perpendicular axes with phase difference ¢ that leads to 2
coming motion about the third axis as shown in Figure 2.20.

ZFaxis describes a cone

Z 1
| ™ .
yi 4
8, sin (af + &)
8y sin we

Figure 228 Coning motion ilustration,

The oscillating angular motion about the X-axis and the Y-axis can be expressed as:
About X-axis: 6 sip ot
About Y-axis: @y sin (wr + §)

The average value of the motion about the third axis 7 is then given as:

’f.;; 8.8y sing (2.64)
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Since the third axis describes a cone whenever the oscillating motions are out of phase, this
kinematical phenomenon is called coning. The gyro aligned to the third axis will then respond
1o this average angular motion. In a strapdown system, the methodology by which such anguiay
oscillation results in drift ervor is briefly explained. Under a typical situation when there is no
coning motion and the angular rate @ is sieady during the gyro update interval, the incremental
angles, measured by the gyroscopes, are used to solve the attitude increment using the following
approsimaie eguation

i
Ap=s8= | mdr L 288)
. . Lo B .o I—J.'EJ

In the presence of oscillation in the other two anes ﬁavmg a phass éiffeveﬁce the above
approximation leads to error in the computation of attitude update equation. This happens since
the angular rate integration takes place at a finite computer sampling frequency, the oscillatory
components in X-axis and Y-axis will not be faithfully reproduced, particularly if the coning
frequency approaches or exceeds the computer sampling frequency, and a net error will be
generated. This attitude computation error depends on coning frequency f, computer updats
vate interval Af, coning motion angle magnitudes 8y, 8, and phase difference ¢. It is given by

{Kayvion and Fried, 1997]

sin 2 A
T {2.66)

Twifterror = 8 f 8.0, sing| 1 —-
: SEy0y s ‘F{ n At

A siraightforward approach may lis in increasing the transformation matrix update frequency,
but this may not be always acceptable from high computer throughput requirement and instead
preprocessing algorithios, known as coning algorithms [Salychew, 2004] have evolved which
attempts to follow the rotation by acquiring and preprocessing the gyro data at higher rate.

The origin of such coning motion arises from ‘8’ turn manceuvres in military aircrafts or
locally from airframe vibration and also from rocking motion of the vibration isolator. Dither
correction can also lead to coning error. Coning drift may require compensation to reduce the
resuliing drift within the acceptable level,

EXAMPLE 2,14 (on coning drift): Assume the coning motion frequency [ is 50 Hz, the
anguiar motion has an amplitude of 0.05° and a phase difference of $0°, and the attitude update
mte 50028
Saiwtwm- G‘Nﬁ!’i _ o

Coning frequeﬁcy (fy=30Hz Phass difference (¢ = 90°

#, = @, =005 =005 % /380 rad, - Update rate (4 =002 s
The cem;}g cinff as ti‘erz ccm;mied using Bq. (2.66) as follows:

f&r =50 %002 = 1.0 implies sin {ZFf,skt) = { and sin ¢ =

So, coning drift error = 7 x 50 x (085 x 7/ 1ROY {1 ~ ©) rad/s
Simplifying and converting to °f, we get
Coning deift error = 24.71%/h



B8 Fundamentals of Navigation and Inertial Sensors

The effect of high frequency attitude update rate can be visualised, if we change the update
interval to $.002 s with other parameters remaining same:
_ far= 50 x 0002 = 0.1 mplies sin (27f4r) = 0.587
Solving the bracketed ferm, we get
1 -SEM2« 314 =001 =11 - 09351 = Q064
Therefore, the coning drift reduces by the factor 0.064, and the drift error becomes 1.58°.

Seulling ereoy

Scuolling phenomenon (refer Figure 2.21), is described when the strapdown system is experiencing
a sinusoidal angular metion 8, sin Zafr about an axis-¥Xy in conjunciion with 2 synchronised
but linear oscillating acceleration A, sin 22f7 along a perpendiculer axis-Yy. Here f is called
seuiling freguency.

Zy

A

Seulting effect acceleration
4

Ag sin 2ot
Yy

g, sin 27t
X
Figure 221 Sculiiag error illustration.

This situation can lead to an ervor that is characterised as a steady acceleration along the third
axis-Zg that is orthogonal o both rotation as well as acceleration. If the acceleration measured
in body frame is transformed to the desired navigation frame continnously and integrated to
velocity, no error is introduced and this is equivalent to analog mechanisation of specific force
wransformation equation. However, in an actual practice of an iterative form of typical digital
computer mechanisation where integration and fransformation are done at discrete intervals,
the process can lead to error in the presence of sinusoidal rotation that is synchronised with an
osciilating acceleration and when the rotation is not sampled at adequate frequency.

The discrete form of transformation mechanisation uses A8% as gyro data and AV? as
accelerometer data respectively (refer Figure 2.18). We further note that oscillating body rate
about Xg-axis can be expressed as:

O () = -5;{(90)3 (O] ={2% /8, cos2n /1]



Antonomous Strapdown Inertial Navigation 59

These sensors data can be expressed in the update interval A as:
ABB Xy ={2n f8, cos 2m fildi

AVE(YY = 4, sin 2 fils (26T

Since the effect of these motions is found on the Zg-axis, the sculling effect acceleration can
be represented [Kayton, 19977 as:
(268}

. i i
fx?f;@)ﬁgﬁg#ﬁg (Z B st;‘z:f&rJ

27 f i

where AV,{Z)is the average sculling effect acceleration error along Zy-axis.

Reduction of this error is achieved through much higher frequency computation of velocity
transformation matrix relative to the sculling frequency, which is further szplained through
Exampie 2.12.

Example 2.12 {on sculling error reduction):  Assume that amplitude 4, = Zg along the axis-
Yy, for a sinuscidal acceleration of frequency 50 Hz which is in phase with an osciliating angular
motion §, of magnitude 500 x 10 rad about Xg-axis. Compuie the sculling error when the
velocity transformation is done at
{i} five times the sculling frequency
{ii} twice the sculling frequency
Solution: Given Ay = 2g, 8, = 500 x 1078 rad; = 50 Hz
1) At 5 x 50 = 250 Hz wansformation update frequency, Af = .04 5
Sculling error AV,{Z) is sstimated as:
sin(2x 3,314 x50 x 574 % a(i}{}mmj
(2% 3.14 x 50 x 0.004/2}

AV Ty = é—see x 1078 xz(z

0.588
50011~ ( )]
{: . B.61280 HE

318 ug

H

i

(i1) At 2 x 50 = 100 Hz update frequency, 4r = 0.01 ¢
The computed sculling ervor is:

80.732
=51 -] —
{ (2.57 )] He
- 266 pg

The example clearly brings out the benefit of high freguency updaie rate in reducing
the sculling error. Some special purpose sculling algorithms have also been developed
[Bavage, 1999] with the objective of reducing the Ioad on computer,
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&8lse gffect srrov

Al the three single axis accelerometers in a strapdown system cannot be collocated on the
cluster, In the presence of anguiar motion, sach accelerometer will sense centripetal and/or
tangential aceeleration. The magnitude of error due to centripetal acceleration is proportional to
%, whereas the error due 1o tangential acceleration is proportional o £/ where ! is the lever
arin distance of accelerometer proof mass from the axis of rotation, 1 is the vehicle angulas
rate and £ is the vehicle anguiar acceleration. Bince, sach accelerometer will have a different
lever arm distance; the three accelerometer ocutputs will be different from each other for a
given anguolar rate. Also, the angular rate vector can be resolved along the vehicle principal
aies, and this in turn can be used to compute the magnitude of cenwipetal aoceleration on each
accelerometer, For a constant vehicle rate, the effect on navigation can average out to zero if
adequate transformation update rate is chosen. However, when the vehicle rate is oscillatory, 2
constant bias is introduced due to rectification effect. Most of these ervors dus to size effect can
be taken care in software design. In a gimbaled platform system, this error does not manifest,
as the cluster iz isolated from vehicle motion.

%.9.5 Strapdown Navigation in Geographic Frame

Earlier, Eq. (2.27} has defined the fundamental navigation equation in earth frame and where
Geographic Frame, G-frame, is a subset of such earth-based frames, which finds considerable
application in aircraft navigation. There are a few types of such G-frame which were discussed
sarlier in Section 2.4.3. Eguation (2.27) can be expressed in the G-frame ag

dVﬂ

- = CPP g, ~ (g + a2,y x VO

{2.59)
BEguation (2.69) conveys the following information:

{8} G-frame is ensuring a local vertical frame for a spherical carth or an ellipsoidal earth
model. This means that g, remains perpendicular to the surface of earth with no horizontal
components,

(b} One navigation axis is always pointing to trne north.

(¢} O indicates G-frame angular vate vector relative to inertial space which incorporates
the correction term due to motion of the vehicle over the earth.

(d) Sensed body frame acceleration vector T8 needs to be transformed to G-frame, and then
compensated for the effect of Coriolis acceleration that is shown by the third term.

In component form, Mg = | @y @y @,], and these components can be expressed as;

¥
Wy = -t
_ R, + &
Wy =@, 008 L + —F—
I
&, = si'=3’+—————~gf'¥ tan £ ”
Z T Mg it R 4 25 L {47{}}

7
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where
¥y .

Y

» = porth and east position angular rates respectively with respect 1o sarth
R +A R +h . | :
g r frame and these terms are commonly Xnown as transport raie

Vy = east velocity of the vehicle

Vy = north velocity of the vehicle

R, = radius of curvature of earth in meridional plane

R, = radius of curvature of earth in the vertical east-west plane
i = vehicle ahtttude from the defined surface of the earth

k-2

L = geodetic latitude

After exsouting the vector cross product operation, the Coriolis acceleration compensation terms
for the accelerometers can be expressed as:

For X accelerometer: {oy + @, cos LYV, ~{wy +w, siz L}y {278
For ¥ accelerometer (w, +@, stn L}V —{@y¥7) (2.7
For ¥ accelerometer: @Yy —(Wy + @, cos L)V (2.73)

After incorporating the gravity compensation and the Corfolis acceleration corection, the
navigation frame acceleration V¥ =[V, ¥y 7,1 is integrated to give velocity components
vy {east velocity), Vy (north velocity) and V), (vertical velocity). Since horizontal position
components are expressed in geodetic latitude £ and longitude ¢, these are obtained from the
following expressions:

I
[y -
L= ‘;R —H%d@-%-i{) (2774
9
1oy ¥y 4
gg_cesi;};}%?-kh L (2.75)

The radius of curvature ¥, is defined as the radius of the best fitting circle with respect fo

the reference ellipsoid meridian section. Similarly, K, s defined as the radins of the best fitting

ircle with respect to reference ellipsoid vertical east-west section. These are approximated
[Ksyion, 1997} as:

Em =R [i + & [% sin® L — E)j} : (2.76)
2 .1,
e sin” L

RP =R, (§ "?'“—"Em] (2770

Eguations (2.76) and (2.77) can also express these coefficients for a spherical earth model
by putting e = 0.

Alritude is normaliy referenced io the mean sea level. The inertial computation of aitimde
involves use of specific force in G-frame, use of gravity model and comrection for Coriolis
acceleration component, all for Z-axis. This eguation can be expressed using Eq. (2.6%) i
compenent form for Z-axis as follows:
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78 = 1F + g% — (Coriolis terms) 2.78)

it has been shown by {Salychey, 2004], that neglecting the Coriolis term and computing
aititude A with the veriical accelerometer data in the presence of vertical accelerometer constant
bias ervor By, leads to an undamped error. This can be explained by assuming the gravity model,
{Eg. (2.14)], in the form:

2
R
- eq
&
Hxpressing 8¢, as 8z, = -2, 5k and then rewriting BEq. (2.78) with an altitude error term 84,
results in
. ey B
Gh-2w;6k=8f, = B, (2.79)
where, ®; =g, /R,, the Schuler frequency.

The solution of Eq. (2.79) leads to an expression for & that has an exponential fime growing
property. As a result of this error growth with time, inertial computation of altitude needs to
be suitably damped before any use. Prior to satellite navigation, the most convenient form of
damping ‘and altitude correction has been by baro-altimeter data that is still in use. Feanes

of such a strapdown navigation system with Baro-damped altitude chasnel, are showsn in
Figure 2,22,

Initial positionfvelocity
b

i [~ hs. Baro
z Accelero- i o | Gravity model
A Body mounted ) meter A;Zf}i:gl:;)n L Coriotis model
3 3“8?‘?”5?6 i error model Vi Vi model
.Y, ng £., ¢, h model
Alignment | &, ¥ g&i}g}ﬁ;
model % mpatrix
: a2, B,
B
¥ 3
W Body mounted Wia Gyro mode
E— gyros (X, Y, 7) error model . ol
g
4 : Inertial acceleration
W : Angular rate
% ¢ Specific force sensed in body frame
F7 1 Bpecific force transform {o G-frame
[e]

B ¢ Transport rate sorquing in G-frame
By, 9ty ¢ Initial attitudes _
" L, ¢k : Latitude, Longitnde, Altitade

Figure 2.22 Stfapdowzz system schematic implementing geographic frame navigation.
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The first block on the lefi side is the sensor cluster where the sensors provide the information
on specific force in body frame as well as inertial apgular rate in body frame. Al other blocks
represent the tasks carried out in the navigalion computer at least in two computational
frequencies which have been shown earlier I Figure 2.1%. The co-ordinate transformation
matrix CF is computed using the gyro data as well as the computed torquing data shown in
Figure 2.22, where, 6 = [®y @y @;). The horizontal position componenis are computed o
provide the latitude and longitmde of the vehicle, while velocity componenis are cOmputed as
north velocity and east velocity.

" The inerdal altbiude is provided as suitably baro sliitude damped, which in turn results
in accuracy, adequate bandwidth and low noise. This feature of altitude outpui is advantageous
in quite 2 few airborne applications for the computation of inertal altifude, where the vertical
- gravity model can be avoided snd replaced by a constant gravity. :

| 2.8.8 Siasgolarities and Thelr Aveldance

In the navigation system, described in Section 2.9.5, a few sinpulariiies are observed af
L= 90° andd a1 270°, which are known as polar crossing zones, where the system cannot compute
iongitude ¢ or provide the trapsport rate comection Irefer Bgs. (2.70) and (27531

Figure 2.23 describes the problem,

Porih pointing
TN after crossing

north pole .
~s-—— Noith pole
- ! crossing trajectory

Nosth pole

Approaching /

rosth trajectory Circles at constant latitade

Morth poiating INS

Figure 223  Geographic reference frame singularity near pole crossing.

A rapid change of longitude near the pole leads to high torguing rate and the direction of
instrumented north suddenly changes by 180° as the pole is crossed. Alternate navigation frames
have emerged towards solution to this problem, and a typical of such frames is called wonder
azimuth. 1 wasder azimuth scheme, the azimuth axis is torqued at 2 rate & 50 that the second

term in BEq. (2.70) is cancelled. This means that the sign and magnitude of & is given by

a=m«-f§wm5 2.80
R,+h (2.80)
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The azimuoth axis torguing eguation becomes:
@) =6+, sin .o
Z f (2.81}

with this implementation, singularity in the torquing equation over the poles is avoided.

2.10 Redundant Inertial Systems

Reliability in inertial system is essential to the success of any aerospace mission. Redundant
inertial systems are in operation for various critical applications where the mission reliability
needs to be enhanced by tolerating one or more random failures iy the system. Typically, such
redundant systems are considered for the following reasons:

i, When human beings are involved in the vehicle as in airerafis or in reusable manned
faunch vehicles

2. Long duration mission like orbital satefiites

3. When cost of the vehicle and the missions are high as in satellite iaunch vehicle and

© interplanetary missions

Such redundant systems can be inactive or active spare. In inactive scheme, the redundant
hardware is activated only when the primary hardware starts malfunctioning. Active redundant
systerms are needed in applications where very little time is available to diagnose the faulty
element, isolate the failed element and proceed with the critical mission functions. The
engineering design of such active redundant systems has evolved over a long time undergoing
considerable changes due to availability of improved algorithms, faster onboard computers and
change over fromy gimbaled system to strapdown system. The challenge to the inertial system
redundancy design has put emphasis in providing reliable and active redundancy schemes, which
will work in minimum tme during the time the system is in distress, Such active redundancy
is further discussed.

However, redundancy is not a solution for improving reliability if there are weak clements in
the sysiem design, In the event of distress, the weak elements in both the main and redundantareas
are most likely 1o fail together, This means that the redundancy management assumes that the
nominal design of the sensors and the relevant electronics is sound and the failure in these can
be treated as random.

2.40.1 Fallure Detection and Isciztion

Fajjure detection and isolation (FDI), is a method incorporated in the inertial system design by
which the failed sensor element is identified, isolated automatically if necessary and reconfigure
itself to maintain the continuity of system operation. The primary choice in steandown inertial
system FDI design is in the incorporation of algorithmic process and supported by the provision
of adequate redundant hardware. In the context of redundancy in imertial systems, it means
computer processing of the sensor output, The redundancy architecture ensures that all the
sensor outputs, along with their associated electronics, are available up to the computer.
Generalised requirement for such software FDI scheme stipulates that the number of

instrumments must exceed the dimensions of the measured quantity by at ieast two, This means
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that at least three sensors are needed in one-Cimensional space or at least five non-collinear
sensors in three-dimensional space. 1t should be noted that inerial navigation deals with three-
dirnensional space.

Figure 2,24 depicts the configuration of an assumed inertial system scheme with nine single
axis gyros and accelerometers which are mounted on an orthogonal cluster frame X, Y, 7.

Power supply

. o All sensor
Gyros DENSOT data
S electronics o Prime

e
e
.
0y

e

=

ol

22
#

Y computer

7 —
e

$3vros

X

Redundant
Agcs: accelerometers computer

Figure 2.24 Cnhogonal cluster frame with nine gyros and accelerometers.

The scheme ensures that there are three instruments, three each of gyros and accelerometers,
along each of the body frame axes. It is assumed that each sensor is associated with its own
elecironics and powering scheme, and there is no electrical coupling between the sensor chains.

HDI schemes have been developed with different blends of complexity to provide efficient
redundancy management coverage. Sorse such schemes are described along with the Figure 224

Mid value selection provides the simplest of algorithmic FDI scheme. In the mid value
selection scheme, each sensor output data, aligned to a common axis, is arranged in ascending
order of magnitude and then its mid value is selected for further use. The theoretical understanding
is that, with any one failure, the mid value will be that of the healthy sensor only and the data
can be used without the need to identify the failed sensor. Thus uninterrupted system operation
is ensured. The scheme tolerates any one random faflure of gyro and accelerometer from the
available nine sensors in each. The scheme can tolerate two more sequential failures if they
happen in the un-failed axes. But in FDI sense, these failures are iermed as conditional fuilures.

Wiile the scheme is algorithmically simple, it is 2 costly scheme as nine sensors along with
their associated electronics are required in the system for any one random failure tolerance.

FU using parity eguations is another scheme which can be used for the configuration
shown in Figure 2.24 and is discussed further as it can provide much better capability in the
design as compared to mid value selection scheme. The output of the set of three gyros, aligned
to X-axis, for example, can be written as follows when 2 common angelar rate input @, is acting
on them.
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Gx! = ﬁ}}: + &

Gp=0, e .
O e {288
EZ e

whers
. Do, (G q = gyro measurements
25, £y, £4 = MEASUrSmMent errors in the gyros
Since, sll the gyro measyrements are directly made about the X-axis, the following thras pasity
pguations ¢an be formed:

e
Gy — s =g — &, = parity residug
G,, — G,q = e, = 2y = parity residue

; ' (2.3%

(4~ G,y =€ — ¢ = panity residue

When 2l the three gyro outpuls are ervor free, then all the three parity residues will be ideally
zero indicating fault free operation. In the event one gyro is not emor free, the parity residues,
contailning the faulty gyro, will not be zero, whereas i will be zero for the panty equation
formed with the other two heaithy gyros. From this, the failed gyro can be upiguely identified
and isolated. This method of forming parity equations for the purpose of FDM indicaies that 1t
iz necessary to have minimum three measurements along all the three axes of the orthogonal
sensor body frame. The process of isolation is associated with reconfiguration as hereafier therg
wiil be only two healthy sensors to carry on the systermn operation. it is interesting 1o note that
only measurement error, not the absolute valoe of vehicle rate, appears in the parity eguations.
Further, when two healthy sensors are only operating and if 2 problem develops in one of these
two, the residue will be changed indicating the problem, but the sensor cannot be isolated as it
ts not clear which of the two is baving the problem.

in reality, even a healthy sensor will have a pernussible error associated with s normal
output. To prevent such a henlthy sensor getting declared as faulty and then isolated, the parity
equations are redefined as follows:

2, — ¢, > Threshold

€, — &, > Threshold
. (2.843
ey ¢ > Threshold
In this formulation, the parity residue has 10 exceed a finite threshold value to declare that a
sensor has failed. The threshold value is selscted from the permissible perfotmance statistics of
the sensors. Bxactly, in 4 similar marmer, the accelerometer parity equations can be formulated.
In the case of accelerometers, acceleration will be the physical input. In mathernatical sense, @
can be treated a5 a physical vector.

2.10.2 Hard and Seft Fallure

Failure modes in ineriial sensors have shown both ‘hard’ and ‘soft” mode of failures. A “hard’
type of failure indicates gross performance change, which will reflect in large residus and
comparatively easy 1o detect snd isolate. A ‘soft’ failure is defined as a performance shift that
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is just bevond the permissible specification, and its real time detection and isolation become
difficult, The soft failure detection poses interesting software design problem due {o prasence
of noise in the sensor ouipug, changing vehicle dynamics snd for ascertaining if the degradation
is temporary of permanent.

2.10.3 PO with Optimael Beewed Configuration

Skewed sensor configuration, rather than orthogonal configuration, provides optimality betweer
the number of sensofs used and the failure tolérance it can provide. The earlier example o
Figure 2.22 with nine sensors is not at all optimal because what is needed for parity eguation
formudation is mindroum three measarements along each of the thige orthogonal body frame axes
and pot necessarily three instruments along a particular axis. This means that proper geomeirica
skewing of the semsor input axis with respect to the orthogonal body frame can implement the
parity sguations with much less number of sensors. As a result, considerable research has gone
in generating the most efficient geomesivical sensor arrangemenis, and the study has shown tha

-

the efficient amangements [Pejas, 19717 fall in one of the following wo categories:

3
{

ot L3

L

{2} Those with an odd number of single axis sensors with thelr input axes unjformly
distributed around the surface of a cone.

(&} Those with an sven number of single axis sensors with inpuf axss uniformily distributed
sround a coue surface with one sensor inpot axis lving along the cenmral s of the
cope.

The cone angle is selected to egualise the estimation error in all directions. For n odd
numbered sensors, the cone angle is found {o be 54.74°, while for the even category, the cons
angle is given by '

a3 o
cos” ¢ = —— {2.85)
; " In-3
when # = 6, o = §3.43°%
With five single axis sensors, Figure 2.25 shows a fypical conical arrangement along with

3
the orthogonal body frame axes X, Y, 7.

Come axis

¥igure 2.25 Five single axis inertial sensors arrangad over conical configaraiion.
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The skewing arrangement is 5o selected that even with any two sensor failure; the rerpaining
three healthy sensors will not e in a plane, which is required for three-dimensional navigation,
For optimal skewing, GDOP is computed and should be low enough.

For s skewed srray sensor configuration, Table 2.3 shows the FDI capability with different
number of sensors,

Table 2.3 Skewed Acray Sensors FDI Capability

o

3 — — - —
4 Iy - - [ —
5 BIR o — —
& DIR DR D e
7 DIR DR DR b

13 = detected only, DIR = detected, isolated and reconfigured.

Table 2.3 shows that with four sensors, detection is possible but no isolation, with fiv
sensors, one random failure can be tolerated and with six sensors, two random failures can
be tolerated. Thus we see that from the redundancy point of view, five sensors in skewed
configuration is same 2s 1o that of nine sensors in orthogonal confi guratzon whers both provides
only one failure tolerance.

The navigation performance, however, degrades from the un-failed sensor geometry o
reconfigured geometry afier failure. This is due to increase in GDOP (Geometrical Dilution OF
Precision) associated with the sensor arrangement geometry change, The standard deviation of
error in the sensor output data to be used in navigation computation increases by a factor given
by the GDOP of the sensor geometry,

The optimality of sensor arrangement on a cluster can be mathematically defined with
GDOP, which is expressed as:

o

GDOP = Square oot of the Trace of [H' M7 (2.86)
Here, # matrix provides the geometrical arrangement of the sensor input axis on the cluster
relative 1o the orthogonal body frame, so that we can write the messurement equation as:
fm] ={H{w] (2.87)
where
im] = sensor meassuremeni marix

i#] = sensor geometrical arvangement matrix relative to body frame
{w] = physical input vector (raie or acceleration) acting on the orthogonal body frame

Minimising GDOP, minimises the INS ervor, hence & matrix plays an important role in INS
performance.

For skewed sensor ch ier geometry starting with six un-failed sensors, the change in GDOP
and its impact on navigation accuracy [Vanderwerf ef al., 1983] with the operating sensors is
shown in Table 2.4.
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Table 24  Sensor Geometry Effect on GDROP and Navigation

& 1.22 i3 No failure
3 1.4] i.6 Omne failure
4 1.73 2.0 Two failure

£ matrix is defined from the sensor geometry and it s a 7 X 3 matrix where n is the number

of single axis sensors and using the H watrix, GDOP can be worked out using Bq. (2.86). From

this A matrix, the sensor measurements can be resolved on the orthogoual frame and from these

resolved components parity equations are formed axis wise. When & failure occurs and the
sensor gets isolated, & is recomputed and along with it the GDOP.

EKAM?LE 2.13 {on FDI):  Figure E23 shows an orthogonal body frame where three single
" axis gyros (G, Gy ,Gy) are mounted with their input axis as shown. This scheme is normally
calied orthogonal sensor layous. Will this configuration provide algorithmic redundancy?

Z

Gz

v;ma;#. W

4

Gx

A
Figure ¥2.3  Orthogonal sensor layout.

Solution:  As per the requirement of algorithmic redundancy, the number of minimum sensors
needed is 3 + 2 = 5. So, the scheme cannot provide algorithmic redundancy.

How many more sensots are needed to provide one failure tolerance and in which way they
should be mounted?

Now, the method of moﬁmng shouid be such that there are three measurements possible
in each of three axes. If the 4th gyro is mounted at 45° to X-axis and to ¥-axis as well as 45°
out of XY plane and iﬁward% Z~axis, this gyro will have resolved components on all the three
axes, The a arrangement of 4th gyro is shown in Figure EZ.4. Similarly, not shown in the figure,
if the fifth gyro is mounted 45° to Y and Z-axes as well 45° out of Y7 plane, then this gyro will
also have resolved components on all three axes. Hence, such arrangement will provide three
mensurements in each of three axes X, Y, Z. Forming parity equations, any one sensor failure
can be uniquely identified. Figure E2.4 is normally called an ortho-skewed layout,
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®

Flgure E2.4  Ortho-skewed sensor layout,
EXAMPLE 2.14 (on GDOP of sensor with orthogonal meunting):  Theoretically, three-
dimnensional navigation is possible with any conbination of sensor srrangement with a stipulation
that the sensor input axes are not coplanar. In the case of three single axis sensors mounted in
the orthogonal manner, as shown in Figure B2.3, compute the GDOD

Sefution:  H magix, in this case, turns out to be 2 unil matriz and can be written as:

109D
H=l0 1 0
16 ¢ 1

Executing the matrix compuiation tHT BT we get the result as A

This means that the square 1oot of trace of the matrix 18 /{1 + I + 1) which is 1.73 and
is the GDOP value Tor such type of sensor arrangement. Any other sensor arrangement with
three sensors only increases the GDOP w prove that the orthogonal layoul is optimum from
performance point of view.

2.10.4 Use of Built In Test Bguipment (BITE;

Algorithmic FDI, based on sensor outputs, has been found to give an efficient and cost effective
sirapdown redundant gvstem, The schome is nonmally based upon a configuration whereby sach
sensor has s individual power and relevant electronics up to the compauter. This is normally
called & sensor chain, and for the skewed configuration of Figure 225, there will be five
such chains. However, the algorithinic scheme has a drawback, as even with four operating
sensor chains; detection is possible for another fatlwre {can be called second fatlure) owt of
these four, but the failéd senmsor chain cannot be isolated. With the failed senmsor remaining
in camputation, gavigatic v degrades and may lead fo serious problem. 1t is also known that a
three-axis measurement niseds sensor geometry with only three non-coplanar sensors and that is
provided by the skewed array even with any three operating sensor chains. In such a sifuation,
a system designer looks for cerain additional measurements, which can assist in identifving
the failed sensor, second failute, when fowr sensors have been in operation prior 1o the fathwe,
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Inclusion of such measuremenss provides the basis for BITE. The preciss nature of measurement
that can be additionally included depend on the Failure Mode Effect and Lritical Analysis
(FMECA). For example, 2 gyro with rotaiing whee! configuration, where the wheel has 2 higher '
probability of failure, the wheel synchronism status {Bose o1 al, 2008] can be included as an
additional measurement. Tt is necessary that the electronics for BITE be of high reliability, as a
failure in this area will create additional decision-making problem.

2.10.5 Mavigation Computation with Redundant Sensors

In redundant system, since additional sensor measurements are avaﬁabia all the sensor
measurements are normally nsed using least square estimation, Least Square Estimation (LSE)
transformation, given by the matnx | LT HYY HN, computes the best esiimates of three resolved
components along the body frame from the available m number of sensor measurernents. This
improves performance as shown in Table 2.4 due to GDOP improvement. So, pavigation, with
redundant ssasors, typically follows the following sequence of compuiations:

Sensor output — Sensor ervor compensafion — P implementation — LSE — Data in body frame

However, the primary aim with additional sensors s to provide efficient redundancy management,
while the additional benefit on performance is considered as secondary.

The chapter has initially brought out the principle of strapdown inertial navigation explaining the
terminologies tike transformation matrix, ellipsoid shape of earth, gravitational acceleration and
gravity. Frames of reference for navigation including inertial frames as well as non inertial sarth-
based frames were described as well as additional strapdown frames needed for operation of the
system were explained. Strapdown equativns were developed for operaiion in inertial as well
as non inertial earth-based rotating navigation frame, Method of computing the transformsation
matrix using various schemes as well as self alignment scheme was explained. Srvor propagation
in strapdown navigation and the importance of strapdown software with multi-frequency update
scherne were brought out. Lastly, in-flight redundancy management scheme, with emphasis in
software technique, was explained at length.

2.1 A satellite is imjected into space over the equator fo a height of 400 km circular orbit
to conduct zero gravity experiments. What is the gravitational acceleration acting on the
satellite?

(i) ¢ (i) Some non zero value, if so what is the value?
[Ans: (i) Some non zero value; 8.665 m/s’]

2.2 A satellite is injected into a circular orbit of 700 km altitnde with a velocity of 7.4 km/s.
Which type of onboard system can be used to know the sateilite position in the orbit?
(i) INS (i) GPS R . {Ans: (i) GPEI
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in a homogeneous ellipsoidal earth model, gravitational acceleration passes through the
centre of the silipsoidal earth.

{1) True (i) False [Ans: {i1) Falss]
An inertiel navigation system, mechanising local level geographic frame, measures the
altitude information using the vertical acoslerometer data which is steble and accurate.

(1) True (i) False TAms: (i) False]
In an INS with high GDOP is an indication of high navigation performance.
{1} True {ii) False ' [Ama: (i) Palse]
Yector form of inertial navigation ls expressed as: .
4R}
Ai - - g-i + g}
di*

where gravitation is computed using position information.
Write the above equation in component form and represent it in block schematic
diagram and from it briefly explain inertial navigation operation.
A train travels from eguator {o MNorth pole at uniform spéed Vrelative to earth, Determine
the Coriolis acceleration as a fanction of latitude L. If V = 40 m/s, determine the Coriolis
acceleration at the equator and at the pole. Assume earth rate @, as 15.04%h,
{Ans: 2o, sin LV, 0, 5.83 x 1Y mis?

The error propagation characteristic of an INS in inertial frame can be expressed as:
&8 = CLEEE + SOp®

For a two-dimensional navigation and assuming that the error is only in rotation sensing,

derive the navigation error equations when there is rotation of & about the Y-axis. Initially,

both the frames were coincident. If the Y-anis gyro is having a drift of 0.1%h, caleuiate

the position error components at the end of 200 5?7 Assume initial rotation of 10° ané a

sustained acceleration in body frame components as 10 m/s®
fAxe: X-axis = 1065 m, YV-axis = 746 m}

Given the following information: Velocity measured in i-frame (ECT-frame) as V, = Ve
= Vz = 50 m/s and the transtormation matrix G-frame (NED) to i-frame as: _
—ginfcosg -~ sin ¢ —cos Leos ¢
’E‘ra, s*formatmn matﬁx E,G w —Sind, sm¢ o8 cesi smgi%

cos L 90 Tsing

where, L = ¢ = 30°

Compute the vefoutzes in G-frame identifying which are their sreog;a;}hm dzﬁecmons |
{Ans: Vi, = 2.0 m/s, Vp = 18 wfs, ¥V = -83.48 m/s]

What is meant by active FDI? In a two-dimensional navigation, such as on surface of
earth, how many single axis sensors are minimum required for providing algorithmic
FI37 Sketch a possible arrangement of these sensors and explain FDI operation. Wit
down the & matrix also.

Briefly explain the significance of the term GDOP with respest to sensor arrangement on
the cluster?
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in an INS with three sensors, what is thelr arrangement with the body frame that gives
the best GDOP? Compute the GDOP value, When the number of sensors is increased o
six, will the performance improve and if so why? {Ang: GDOP = 1.73)

%12 The orthogonal transformation matrix between G-frame (ENU) to E-frame is given as:
~sing -sinfioosd coslcosd
cosg -—sinlsing coslaing
0 cos L 8in L

where L is the Iatitude and ¢ is the longiude. Initial position of the vehicle is at zer
iatitnde and longitude. A

{i) Compuie the initial transformation matriz C EG .

(ii) If the vehicle moves along north-east so that L = ¢ = 45°, compute the new CF,

—5ing cos it 9 1 0
[Ang: () OF = | —sinLcos¢g —sinlsing cosZ | G0 0 1))
coslLcos$ coslsing sinl | 1 ¢ 9
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Gyros

Gyro is an insiramnent, which senses inertial angular motion about its ingput axis without external
reference. While all giros sense inertial angular motion about its inpat axis, there are two broad
usage classifications. The frst one rglates (o providing inertal reference, while the second
one relates to providing angular rate information. It is the gyro of the first usage tvpe that
had provided and continues fo provide significant ressarch and development for bmproved
performoance and reliability in association with the reduction of comt, power consumption and
weight.

There are several applications of gyros where the performance is closely related to the
targeted application. These applications span from asrospace to land and to ships and submarines.
The gyros covered in this chapter are primarily meant for nse in aerospace where providing
inertial reference is primarily targeted, while the angnlar rate information is obtained either from
the inertial reference gyros or from another set of gyros,

Over the last five decades, a host of physical laws were uillised o develop operational
gyros. The typical physical laws are as follows:

¢ Gyros based on conservaiion of angular momentum of 2 spinndng rotor

= (Gyros based on Coriolis effect on a vibrating mass

= Optical gyros based on Sagnac effect

Cuirent resgarch is active on a new type of gyro based on cold atom interferomeiry,
Subsequent sections will provide some detailed aspects on these gyros.

3.1 Spinning Rotor Gyro Principle of Operation

Assume a rotor with inertia J is spinning with angular rate 0 to produce an angular momentum
vector H as shown in Figure 3.1, If a torque vector T acts on this rotor perpendicular o H,
it causes the spin axis to precess by an angle df and vectoriaily, the change in momentum is:

dH = Hd6
T4
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The precession happens as the magnitude of M is meaintained constant; as a result, the
applied torgue causes a rotation of the spin axis. Dirsction of precession is such that the spin
axiz moves jowards the torgus axis.

Torgue vector T

Angolar momentam B = S

Figure 3.1 Principle of spinning rotor gymo.

Using Newton's law, the rate of change of angular momentum can be expressed as:

T = 48 (3.1}
ot
Since Hd@ = JH, substitating for dH in Eq. (3.1), we get
7= Hd9 (.25
df

where {2 = (d8/di} is the rate of precession of the rolor spin axis about an axis that is perpendicular
to both H and T. So, torgue T is expressed as a vector cross product of inertial angular rate and
angular momentum as follows:

T=8xH 3.3}

Equation (3.3} also implies that if an inertial angular rate L2 acts on the rotor, a torgue i3
produced that is perpendicular to both H and £ and is known as gyroscopic torque. Measurament
of this torque by a suitable scheme instrumnented within the gyro constitutes determination of
the input inertial rate, as the magnitmde of H is a known design constant. '

The principle can be utilised to measure inertial angular rate of a vehicle, and can also be
utilised to provide inertial reference as needed by inertial navigation. The vector cross product
representation of gyroscopic Bg. (3.3) is normally converted to a scalar form using standard
mathematical technique, and then Eg. (3.3) is written as:

T, =4§3H (343
where
7, = forque about gyro output axis
{3, = inertial angular rate about gyro input axis {sensitive axis)
H = spin axis angular momentum '
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The input axis (1A), the spin axis (SA) and the output axis (OA) are mutually orthogonal
and right handed in the sequence (14, SA, OA), and this feature is shown in Figure 3.2.

Oitput axis
T
[ed
Spin axis
7

E3

£2, Input axis

Figore 3.2  Spianing rofor gyro axes,

Precession
The unique phenomenon of precession of a spinning rotor is further srplained.

Consider Figure 3.3 where a rotor is spun at a constant speed @ and supporied lightly at
the end of a horizontal shaft on a pivot. Question arises as o what happens 1o the rotor under
this type of suspension.

Axis of precession

Torgue axis  Rotor

@ . .
_Mi.;-- Spin axis
s

Figure 3.3 Example of precession.

Even though the rotor is puiled down by the gravitational force, it will not opple. On the
contrary, the rotor wili precess. It can be explained in the following manner. _

The gravitational force will produce a torque, due to lever arm effect, at the pIvol point
whose axis will be perpendicular to the spin axis such that the torgue axis will also be horizontal,
This torque, being perpendicular to spin axis, will then act on the spinning rotor to cause
precession of the rotor about an axis that will pass through the pivot point and the axis will be
perpendicuiar to torque producing axis. This means the axis of precession will be vertical. So,
the rotor will precess horizontally. Spin axis, torque axis and precession axis will form right
handed system.

3.1.1 Torgue Producing Wheel

If angular speed is not maintained constant in a spinning rotor, then a torgue is prodoced as
per Newton’s law about the axis that is same as that of the momentum vector H. This torque
T, is given by

T, =9 (3.5)
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This feature of a gyroscopic wheel, called reaction wheel, is often used in torguing a
spacecraft in order to chapge or correct its orientation with respeci o earth or sun, Nommally
these torgue producing wheels are large in size. It is also possible to control a spacecraft using
the combination of Bgs. (3.4) and (3.5). Por such operation, the peperalised form of vector
torgue equation is useful that is given by

iz
T=2 i axHE )
{ﬁ} (3.6)

But for use as a gyro, Bg. (3.3} is important as the speed and the rotor direction are maintained
constant so that {45/ is zero.

FS

3.2 Types of Bpinning Rotor Gyro

Spinning rotor gyros are classified into two types based on degree of rotational freedom of the
spin axis:

I. Single degree of fresdom gyro

2. Two degrees of freedom gyro

it is seen in Figure 3.4 that the rotor spin axis has freedom of rotation about one axis that is
provided by the gimbal on which the rotor is suspended. This axis is known 2s the gyro output
axis. Such a gyro, with suspension that provides freedom of rotation about one axis, is called
single degree of freedom gyro.

Sﬁm a}us Spring
{ Rotar Gimbat
e ‘ (Floaty

Input axis

Cutput
axis

Figure 3.4  Schematic of a single degree of freedom gyro.
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Higure 3.5 shows a spinping volor gyvro suspended with two ghobals which allow the
spianing rotor 1o have rolational freedom abowt the remaining two perpendicular axes, In this
configuration, the spin axis can remaln pointing to inertial space even in the presence of rotation
of the gyro about the two axes which are perpendicular o the spin vector. A3 a resaif, such
gyros ave also called free gyro or two degrees of freedom gyro. If we consider the spin vector a5
horizontal in Pigure 3.5, then the two girobals will provide votational froedom sbout the vertical
axis (Axis 1) and about the horizontal axis (Axis 2) that is perpendicular o the spen axis.

Axis i
4

S

{uter gimbal

Inner gimbal

* Axis 2

Spin
VEcior

Spining rotor

Figare 3.5 Two degrees of freedom gy,

3.2.1 Huiation Freguency

Two degrees of freedom gyro exhibits nutation freauency in addition to the gyroscopic precession,
A spinning top, with its two degrees of freedom of motion, s ssed 10 explain the phenomenon,
A top Is spioning with angular rate of magnitude £, about the spin axis se that its angular
momentum is H, = J {2, We assume that the spinning top is symmeiric about the spin axis,
and this means that the ransverse moment of inertias J, and J, are same and is J. The force
of gravity mg with a lever arm distance L acts on the spinning top and produces a gyroscopic
motion that can be termed as precession (Figure 3.6). The magnitnde of the rate of precession
will be given by T/H, where T = mglL. Mormally, the motion is not & simple precession, but a
combination of nutation along with precession, and this complex motion is shown in Figure 3.7,
Here the higher frequency component moving in and out of the plane of precession constitutes
the putation freguency.

The motion of the top can be derived using the generalised form of vector torgue Bg. (3.6).
in the component form, the motion can be expressed as:

Pie)
T, = J[ﬁ:! + L H, (3.7)

g
z;mfi 83, H, (3.8

dr
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A . Spin anguiar

, Direction of
H=J1 % momentum

precession

Direction
of spin

Gravitational
torque mgl.
produces precession

X
Figure 3.6 Precession of a spinning top.

Precession
T Mutation

x*
Figore 3.7 MNutation and precession of a spinning top.

The solutions of these pair of equations are given by

T,
§2, =4, sinw,? + 4, cosw, - }}L

z

79

(3.9)
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. T,
£, = —4 cosm,l + 4 sin B, + E%L (3.10)

Wherse
H, o . ,
i, = —i = nutation frequency 3.1
o
A, and A, = constants (foand from the initial conditions)
The third terms in Egs. (3.9} and (3.10) describe precessional motion, Understanding of nutation
frequency is important for designing a two-axis gyro.

3.2.2 Funectional Clessification of Gyros

Design and apphication of gyros have given rise to certain functional classification as follows:
{a} Single degree of freedom rate gyro for sensing vehicle body angular rate
{b) Single degree of freedom rate integrating gyro for sensing vehicle body angular rotation
and providing inertial reference as needed for inertial navigation
(c) Free gyros, vertical and directional for sensing vehicle direction with respect to local
vertical and horizontal
{d) Two degrees of freedom dynamically tuned gyro for sensing angular rate and for
providing inestial reference
There have been other types of spinming rotor gvros also and interested readers can refer the
excelient book of [Lawrence, 19981

3.3 Single Degree of Freedom Rate Gyro

A single degree of freedom rate gyro essentially measures angunlar vate of an object with respect
to inertial space. If the gvro 15 strapped o sarth, then it will measure rotation rate of earth at the
point with respect {o inertial space. If the gyro is mounted on a table that can rotate relative
earth, then it will measure algebraic sum of the tahle rate and the earth rate. This characteristic
of a gyro is very important. If we mount a tachometer on the table, it will only measure the
tabie rate relative to earth. When the gyro is connected to the body of the vehicle, its ouiput is
often described with the term 5, which is defined as angular body rate with respect o inertial
space as measured in body co-ordinates,

3.3.1 Gyro Description

The rotor is driven electrically with hysteresis synchronous motor 1o establish the constant
angular momentum. The rotor is suspended in a gimbal using low friction bearings and accurately
defines the spin axis. The gimbal surrounds the rotor and the gimbal is suspended to the gyro
case with torsional spring. often called torsion bar, on the right, while on the left side, the gimbal
is suspended on a very low friction bearing. This suspension axis is called output axis, while the
input axis is perpendicular to both spin and output axis. On the output axis, a signal generator,
quite often called pick-off, is mounted for measuring the precessional moticn of the gyro.
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The schematic of single degree of freedom rate gyro is shown in Figure 3.8

{yro case

L0y i
Rotor Torsion bar

npat axis
Q Gimbal Cutput axis

#

Very low friction Pick-off Spin axis
bearing support

¥igure 3.8 Single degree of freedom rate gyro schematic,

3.3.2 Gyro Sensitivity

The transfer function and the sensitivity of the gyre can be derived in the following manner.
Consider '

J = {loat inertia about the output axis

C = damping coefficient about the cutpat axis

H = rotor angular momentem

K, = pick-off scale factor

K = stiffness of the torsion bar
When an inertial angular rate £2; is applied o the gyro about s input axis (sensitive axis), the
effect of the inertial angular rate results in the generation of gyroscopic torque T, about the
output axis. Under steady state, this precession torque is balanced by the torsicnal stiffness of
the torsion bar about the output axis that introduces a deflection angle 8, of the torsion bar. This
is converted to an electrical output 8, by the pick-off with gain K, (refer Figure 3.9).

%, T, N L 4
i E 7 14 A
2/

I+ Cs+ K i ¢

Figure 3.9 Rate gyro open Joop block diagram.
The dynamic equation of motion can be represented in Laplace form as:
(Js* +Cs + K)8, = HQ,

: 3.1
Under steady state condition, we get:

O =g (3.13)
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Since K and H are design constants, measurement of §, by a pick-off with gain X, thus
provides the slectrical output 8, which is the measursment of £,

Quite ofien the natura! frequency and damping ratic terms are important design paramsters
in rate gyro.

The undamped natural frequency @, is given by

@, = e {3.14)
The demping ratic £ is given by

3.3.5 Eate Gyro Features

Spin motor i typicaily a hysteresis synchronous motor running at & high speed of around
24,000 rpm. High speed is necessary to produce high angular momentum in a small inertia of
the rotor. A synchronous motor 1s necessary to maintain a constand speed.

The torsion bar is typically made of a low hysteresis material such as Beryliium copper of
Eigiloy. The pick-off should have high rotational sensitivity and microsyn type of detector has
been successfully used. Damping to the gimbal is normally provided by some form of fluid that
has low change in viscosity with temperature. Silicon oil has this property and is widely used.
In some rate gyros, a low capacity torgue generator is additionally provided to get a self-test
feature and for response characteristic evaluation.

The critical performance parameters of a rate gyro are usually defined with the following
parameters:

{s) L.ow bias
(b} Low bias shift with temperature
{c) Low hystercsis
{dy High linearity
{e) Suitable response in time and frequency domain
Bias is an error in 8 gyvro as it manifests as an outpat even when input to the gyro is zero,

Houte gyro usage
A rate gyro is used for
» Moeasurement of inertial angular rate about a body tixed axis.
* Providing damping to control systems in aircrafis, launch vehicles, spacecratis, missiles
and ships.

3.4 Bingle Degree of Freedom Rate Integrating Gwvro

Single degree of freedom Rate Integrating Gyro (RIG) was a prime mover in the development
of inertial navigation system technology five decades ago. The principle of working of RIG has
some similarity with rate gyro, but its technology is guite compiex. This is because the RIG
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has to instrumeni the inertial veference frame that should ideaily not rotate (drift) at-all in an
inertial navigation system.

3.4.1 Opersting Priuciple

In a RIG, the rotor is electrically diiven at a constant speed to establish a constant angular
momenium. The rotor is supported on a gimbal using high precision ball bearings which define
the spin axis. The gimbal, in turn, is then mounted on a pair of bearings with practically
negligible friction to define what is known as the gyro output axis. On this axis, a signal
generator, quite often called pick-off, is mounted for measuring the precessional motion of the
- gyro. These features are shown in Figure 3.10, *

Input axis

Torque generator

T Outpt axis
. Gyro case

-Gimbal float

Signal generator {pick-off)

Figure 318  Single degree of freedom rate integrating gyro schematic.
RIG transfer function is explained with the gyro loop block diagram shown in Figure 3.11
where
J = gimbal float inertia about the output axis
C = gimba! float damping coefficient about the output axis
H = rotor anguiar momenium
K, = pick-off scale factor

£2; + & .
o E;\ m,:?,,ém_m_ o ’KP e Qg
i+ s T
i |
; FrTTTITTTTT -
L ; Gyro e
o torque ~

¥Figore 3.31 RIG block diagram.
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Motice the absence of stiffpess term X in the gyro model. When an inertial angular rate
£2; is applied to the gyro aboui its input axis, the effect of the gyroscopic torque is to cause a
rotation &, of the gimbal float about the output axis.

The Laplace equation describing the output motion can be written as:

(Js + €38, (s) = HQy(s)  Gis
S0 8,(s) = %};% Qs | (3.17)
For a step angular rate input,
o5 =% (3.18)
Time domain solution of Bq. (3.17) becomes:
8,(n= g- Qf1 -7 (3.19)

For a time approaching infinity, Hg, (3.19) reduces to
o H
6,(0=" {Qyar (3.20)

Hence it is seen that when the gyro is mechanised with no output axis restraming torque
(& = 0), the output is proportional to the integral of the applied angular rate and hence the name
rate integrating gyro. Since gyro output grows with time due to integration of the input angular
rate, it is necessary that the magnitude of cutput angle 8, is resiricted. From various design
considerations, typically, it is kepi well below =1 degree. This is realised at the sensor level by
closing the loop through the gyro torque generator, as shown by the dotted line in Figure 3.11,
50 that the rotation is nulled. Such a gyro with the loop when closed as shown by dotted line,
is called a rate gyro, a feature that is needed in a strapdown systern.

Since RIG was primarily used for providing inertial reference, the gyro drift needed to be
made as low as possible and was a formidable technological challenge as there were several
mechanisms to cause significant amount of drift in a gyro. For example, if the friction torgue
.on the gyro float suspension bearings is not completely eliminated, then the residual effect can
be calculated in the following manner.

EXAMPLE 3.1 {(on RIG output axis friction effect: For a typical RIC. assume,
Output axis bearing friction torque value = 1 x 107 kg-m, H = 1 x 107 kg-m™fs, gravitational
acceleration g = 9.80 /s, Compute the gyro drift.

Solution: The gyro drift is calculated using the gyroscopic Hq. (3.4). Putting the values and
solving, we get:

1x107 % 9.80

{4 = — C— rad/s
INgHE

i

Since, | rad/s = 57.4 x 3600%h
in the more familiar drift unit, £, = 2.02%h
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The error is interpreted by saying thal only when the inertial input axis angular rate excesds
2.02%M, the gyro will be able to detect the rotation. So, even such an insignificant amount of
friction torque is not accepiable for autonomous inertial navigation,

3.5 Two-axis Gyro

Two-axis gyre feature, shown in Figure 3.5, was not good enough to provide inertial reference
due to friction in the gimbal bearings, unwanied torgue produced by the flex leads feeding
electrical power to the motor and gimbal unbalance. All these torgues gave rise to high drift, and
further they were not stable also., As s resnlt such gyros could not be nsed for maintaining inertial
reference in a navigation system, but were primarily used for providing vehicle attitude with
respect {0 vertical or horizontal where larger drift could be tolerated. Alternative technologies
were explored and continved research for navigation applicaiion led to the emergence of & gyro
that is known as Dynamically Tuned Gyro (DTG

2.6 Dypamically Tuned Gyro

Ta the vear 1963, Howe of American Bosch Arma received a patent of a gyro, which used
dynamical inertial effect to cancel flexure-generated torgue. The flexure spring stiffness is
independent of the rotor spin magnitude, but the negative dynamic inertial spring stiffness
depends on the rotor spin rate, and this enables mutual canceliation of the two at a particuiar
speed called tuned speed. The gyro, which became a reality with this concept, was named
dynamically runed gyro.

3.6.1 Operating Principie

The operating princinle of a DTG is explained with Figure 3.12. The figwre shows a rotor
connected to a shaft driven by an electric synchronous motor thiough 2 single gimbal fexure
systern. There is a pair of flexures connecting the shaft with the gimbal and another flexure pair
connacting the gimbal with the rotor bui orthogonal to the first pair. Observe that the rotor is
cutside the gimbal which is another significant difference to this configuration.

Rotor

Orthogonal

flexnre ez

Shaft
Figure 3.2 Dynamical parameters in a DTG rotor.



B6 Fundamentals of Navigation and Inertial Sensors

The open loop motions are given by the following two egualions which are adapted from
[Howe and Savet, 1964}

AN .
(A + 5"1) B, +(C+AINS, +[K, ~(4, ~ C,/DN"I8, =0 (3.21)

B .. .
{B + -5%)@}, —{C+BINO, +[K, — (B, —C,/AN"18, =0 (3.22)

where
A, B = transverse inertias of the rotor
{ = polar inertia of the rotor
A,, B, = transverse inertias of the gimbal
(', = polar inertia of the gimbal
K. K, = torsional stiffnesses of the flexures
@, 8, = rotor deflections with respect to the shaft, about X and Y axes respectively
N = spin speed of the shaft
There are certain higher order terms, which consist of viscous damping terms, terms
involving cos 2NV, sin 2Nt and cross axis rotor shaft torques. Initially, the effect of these torgues
on the rotor is neglected and not considered in Bgs. (3.21) and (3.22). The third term in both
the equations, consists of a positive spring torque, K, or X, and a dynamic negative spring
term, ~(A, — C,/2) N or ~(B, - Cng)J\:’2 A free gyro c,omimon can be realised if the rotor is
decoupled from the shaft. Tins is achieved by cancelling the positive spring torgue with the
dynarmnic negative spring torque. There is a speed N, when the positive flexure stiffness equals
the dynamic spring stiffness. The equality conditions are given by

.é -G,

. 5 £ NG 325
B -C
_ g e a2 o
K, = : N (3.24)
Solving for the tuned speed N, we get
po K tE (3.25)
A, +8B, -, o
Normally, by design, K, = X, = K and A, = B,. So Eq. (3.25) reduces to:
K
Ny = o | (3.26)
A, - C,/2

This tuning condition in a DTG is shown graphically in Figure 3.13.
Under tuned condition, DTG equation of motion under open loop condition becomes:

A4
2

£6, +(C+ AINB, =0 (3.27)
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Figure 3.13 Tuning condition in a PTG

B+3B,

8, ~(C+ AN,8, =0 (3.28)

when A = B and C »> 4, the equations are further reduced to:

J6, + HE, =0 (3.29)
G, ~ HE, =0 (3.30)

where
J = rotor transverse ineitia
H = anguiar momentum of the rotor = CN
it will be noted that Eqgs. (3.21) and (3.22) have neglected damping and some other terms.
Considering these factors also, three important design conditions for a2 DTG to make it an ideal
free gyro are:
{a) Spin speed should be equal to the tuned speed Ny
{(b) Damping torque on the rotor should he zero
{c) Torque at twice the spin frequency (2/), should be zero
The tuned speed N, should be precisely controlled to achieve the free gyro condition. Operation
away from tuned speed leads to bias torque, which in turn produces bias drift.
Damping torque on the rotor arises from flexure hysteresis, gas drag on the rotor and the

leakage of the magnetic field of the torquer magnets.
- From the design peint of view, DTG figure of merit £, is given by [Craig, 1972]

C

. — ,
" A, +B, -C {331
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Maximisation of F,, needs minimisation of the denominator. Since the value of C is
decided to achieve certain angular momentum &, maximisation of ¥, is normally achieved by
proportioning the gimbal inertias and by making the gimbal small. Both, high time constant as
well as high figure of merit, lead to high performance DTG with siable drifis and constituie
important aspects of the gyro design. For a navigation grade DTG, F,, typically lies between
75 and 200, while time constant is between 50 s and 100 5.

In an idealised free gyro DTG, torque on the rotor is always zero, and the vehicle
rotation angle with respect to inertial space, say ¢, can be directly read by the DTG pick-off
(Figure 3.14).

o H-axis Heaxis [
o+ _ ny N
#. é\—b pick-off {— ] torquer = z w?} ?t;?mé
Sxp L (P ] ‘ Kl |t e
Js A
-1 - i
e E E .
Hs * ¥ Hs
F
2 L
. . Js
Disturbing ] Y-axis Y-axis 2 -
tarqg_ei{z torquer e - pick-off E?\ -,
* K0 (£) *

Figure 3.4 DTG closed loop block diagram.

However, Hg. {3.30) shows that the open loop gyro response is oscillatory in nature due to
the presence of nutation frequency reguiring appropriate closed loop stabilisation. As a result,
the pick-off output is always nuiled, This rebalance operation is depicted in Figure 3.14 where
the rebalance torque generated by the gyro forguer counterbalances the vehicle rafe induced
gyroscopic torgue. Thus the X-axis pickoff output feeds to Y-axis torguer to counterbalance
nertial angular rate about X-axis and vice versa. & measurement of gyro torguer rebalance
current can then be interpreied to know the vehicle rotation rate. Thus a IDUG becomes a rate
gyro in an actual operation and not a free gyro.

3.6.2 Descriptive Features

Typical features of a DTG are brought out in Figure 3.15, while its typical engineering
mechanisation is shown in Figure 3.16. The spin motor is normally a hysteresis synchronous
motor, which is designed to run at a speed that gives optimal deift performance as well as lifa.
Hven though, the motor is a synchronous motor, its speed is changed to approach the tuning
speed by changing the frequency of the motor excitation voltage. After tuning is realised, the
frequency is locked and the motor runs at a constant speed called the tuned rotor speed. Residual
small amount of mistuning leads to bias driff which is calibrated.
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Figure 3.36 Engineering view of a culaway DTG,

There are two pick-offs to measure case rotation angles relative to the inertially stable rotor
axes. Each pick-off consists of a primary coil and a secondary coil. Two such pick-offs are
positioned 180 degrees apart for X-X axis and similar pick-off arrangement for V-Y axis (refer
Figure 3.17). The outputs of these paired pick-offs, are differentially connected. In the presence
of a case rotation, air-gap reduces for one pick-off, while it increases for the other pick-off,
producing a net ouiput from the paired pick-offs proportional to the rotation. The advantage of
a& differential connection is that it reduces certain common mode pick-off sensitivities such as
temperature. Typical frequency of excitation for the pick-off is »15 kHz, while the voltage is
4-6 ¥,
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Figure 3.37 DTG pick-offs

Torguers
In a strapdown system, torguers are needed for rebalance operation of & DTG, As the angular
rate capability needed is high, powerful torquers are needed. The torguer magnets are fixed on
the rotor and forcer coils on the stator case as shown in Figure 3.15. To generate torgues arcund
the defined gyro axes, X-axis and Y-axis, four forcer coils are used each spanning nearly one
guadrant with the opposite pairs connected so that their torques are additive. The torque 7, which
18 required to be produced in each axls to counterbalance the input angular rate £, is given by
the gyroscopic Bqg. (3.3},

Typical magnets currently used are the Rare Earth Samariom Cobalt magnets, which provide
very high-energy product {(product of flux density and magnet field intensity) and excelient
linearity in the operating second guadrant of the magnet.

EXAMPLE 3.2 {(on DT{ rebalance ftorguey A DTG with angular momentum of
1 % 107 kg-m’/s experiences a rate of 100%s at an angle of 30° to X-sensitive axis in the
X-Y plane. Find the rebalance torque to be provided by the torquers. If the gyro torgue constant
is 500°s/A, find the rebalance currents required. Assumne value of gravitational acceleration,
g = 9.80 m/s”

Solution: The resclved angular rates are:
About X-axis: 100 cos 30 = 86.6%s; About Y-axis: 100 sin 30 = 30%
The Y-axis torquer will be activated to counterbalance the X-axis angular rate, Tts magnitude is

éaicuiated from gyroscope eguation as:
T, =80H

¥ £y

Putting the values and solving, we get:
-2
T, = Beox1x10 ™ kg-m = 1.50 x 107 kg-m
T 5T 4A%4x980

Y-axis rebalance current = %gz A=0173 A
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Mow, the Z-axuis torguer will be activated to counterbalance the ¥Y-axis angular rate. We
write

T,=0H
Putting the values and sclving, we get:
1107
To= 2 X = 086%107 kem
’ 57.4%9.80

¥-axis rebalance current = 55-5?; A =810 A

CHmbal flexures

DTG gimbal flexures play the most important role I gyro operation o provide its inertial
grade performance. Materials with fow hysteresis and high strength, such as maraging steel, are
typicat choice for gimbal flexures. Operating stress level in the flexure is to be checked against
mechanical shock load and ensure adequate margin, Limif stops are nsed 1o restrict rotor angular
excursions on gither side, and thus protect the flexures against over siressing.

£

2.6.3 Frrore and Thelr Model Repressuniation

There are several error sofrces which contribute to drift in DTG, Some of these drift errors are
discussed as follows: )

Blas drift due to mistuning and damping

Mistuning, which is DTG operation away from the tuned speed, results in bias drift. It can
happen if the flexure stiffness changes due to change in DTG temperature as most flexure
materials exhibit change in elastic constants under varying temperature. This change will be
more pronounced when DTG temperature is not controlled. At system level, the rotor speed of
two gyros are set shightly away from each other 1o reduce 1N axial vibration effect, and this
often leads to mistuned operation of at least one gyro. 1N axial vibration refers to an apphed
vibration whose frequency is same as the first nutation freguency of the gyro. In the case of
damping, the rotor damping torque produces bias drift. As a result, DTG rotor Is operated under
partial vacnom,

Bpin axis mass unbalance drifi

it is caused when the rotor centre of mass is shified along the spin axis away from the fexure-
defined plane. Acceleration acting perpendicular to spin axis then causes drift due fo this
unbalance.

Quadrature mass unbalonce drift

It occurs due to certain imperfection in a flexure or in Bexures, This happens when a defective
fiexure, axially loaded with acceleration, twists. This twisting then resuits in a drift.
Thermal sensitivity

IXYG thermal sensitivity manifesis both in scale factor as well as in drift. In scale factor, this
is due to change in magnet gap flux density, such as samarium cobalt, with temperature. For
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a typical samarium cobait magnet (Sm{Os), the scale factor change is around 480 ppm/°C. A
possible solution is 1o use magnetic shunt made of temperature compensating nickel-iron alioy.
Alternately, very low terperature sensitivity samarium cobalt magnets are now available for
use.

Drift change with temperature s addressed either by controlting DTG temperature or by a
thermal model which can be of first or second order.

Thus it is clear that DTG output consists of a combination of true and erronsous information,
By understanding the errors as discussed earlier, it has been possible to model these error terms
along with the true output. Such a modet is shown in Bq. (3.32). As DTG is a two-axis gyro,
there are two eguations to represent the gyro model. The mode} shows that the input axes
(sensitive axes) are defined by X-axis and Y-axis respectively and about which inertial angular
rates £, and £, are acting.

S K =@ +B +D.a, - D,al

2
SK, =180, + B, + Dya, - D,a (3.32)
where
Jp 4, = output measured in milli-ampere (mA), for X-axis and Y-axis respectively
&, £, = gyro torquer scale factor in */R/mA for X-axis and Y-axis respectively
{2, Q = input angular rate about the reference ¥+ and Y-axes respectively in °/h
a,, a} = acceleration acting along X-axis and Y-axis respectively in units of g
B, B, = bias dvift in °/h for X-axis and Y-axis respectively
., Sy;, = spin axis unbalance in */h/g for X-axis and Y-axis respectively
D D:H = quadraiure axis unbalance in °h/g for X-axis and Y-axis respectively

Now, various unknown coefficients in the model are found out using series of tests and all
these require a well instrumented test set up, This is called calibration. The model shown is a
truncated version and depending on application, the model becomes larger with more unknown
parameters. Readers can refer to the book of [Bose ef al., 280681 to learn more about DTG model
and calibration.

3.7 Corlolis Vibratory Gyros

‘the vibrating gyros which are based on the Corielis force are termed as Coriolis Vibratory
Gyros (CVG). These gyros are termed as solid state gyros as no rotating paris and/or hoarings
are involved. Such gyros have considerably reduced number of paris in comparison with the
classical or ihe other forms of solid state gyros, and some of these vibratory gyros are amenable
to fabrication by micromachining technology. All these factors put together indicate that CVGs
in general exhibit considerable improvement in reliability, low power consumption and lower
mass. These gyros are being developed to measure vehicle body rate as well as to provide
inertial reference in a navigation system for application spanning land, air and space usages.

32.7.1 Coriclis Force

Coriolis force manifests on a moving mass in a rotating frame of reference. It can be described
in the following manner. Consider a ball of mass M is moving outward with a velocity ¥ from
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the centre of a table which rofates at angular rate £3. When the motion of the ball is viewed
from an inertial frame of reference, it shows a straight line path (Figure 3.18).

Rotating table

Figure 308 Motion of the ball viewed from inertial frame.

When the motion of the ball is observed from the rotating table, it shows a curved trajectory
{Figure 3,19},

Rotating table

,ﬂ\\
\ 2D

L#]

N

Figure 3.19  Motion of the ball viewed from the rotating table frame.

This apparent shift of the trajectory in a rotating frame of reference is caused by a force
calle¢ Coriolis force ¥, which in vector notation, is expressed as:

F, =20V, x ) (3.33)
where
¥, = veloeity vector relative to the rotating frame
£ = angular rate vecior perpendicular to velocity
The relationship reveals that the Coriolis force is perpendicular to velocity vector ¥V, and the
angular rate vector £2. In scalar form, the magnitude of the force can be expressed as:
F. =28V, sin 9
where € is the angle between the two vectors. This feature of Coriolis acceleration shows that
if the velocity is parallel to the rotation axis, the Coriolis acceleration is zero.
The phenomena of Coriolis force is widespread in natural science to explain tidal wave
behaviour, deflection of winds moving along the surface of the earth to the right of the direction
of trave! in the Northern hemzsphere and to the left of the direction of travel in the Southern

hemisphere. In the year 1852, French scientist, Leon Foucault demonsirated the rotation of earth
using an instrument that is known as Foucault's pendulum. The plane of the pendulum orbit
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changes due to the earth rate acting perpendicuiarly on the pendulum velocity. This is also an
example of Coriolis force.

3.7.2 Corielis Vibralory Gyroe Concept

in this section, it will be explained how the Coriolis foree can be utilised to realise a conceptual
gyro. Figure 3.20 shows a resonating proof mass that is supported on a frame by means of four
springs. The velocity direction is +ve when the proof mass moves away from the table centre
of rotation. The structure is kept on 2 table which is then rotated with angular rate magnifude
£2 in the counter clockwise direction. The rate axis is perpendiculag to velocity and the +ve axis
direction is looking out of the paper.

Rotation direction ) Rotation direction
T Resonating T

proof mass
__,_ -

¢
i

e

Rotating table
{a) {b)
~Outer frame
g | ; | I i ! {aner frame
A
!r Proof mass
o -t T
Outer springs ib Resonating direction
§ § Suspension springs
H ! ; i ;5____1_._$:Zj Capacitive detection
(e

Figure 3.28  Coriolis vibratory gyro concept.

During the first half cycle of proof mass velocity V, the upper two springs are compressed
as the ?roof mass moves away from the centre [refer Figure 3.20(a)]. As per right hand rule,
the Coriolis force F, is to the right and the corresponding reaction force on the frame is towards
the left. In the next half cycle [refer Figure 3.20(b)], when the proof mass moves towards the
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cenite, the Coriolis force F. is to the left and the corresponding reaction force on the frame is
towards the right. As per right hand rule, F_lies on the plane of the paper. The reaction force
can then be measured by symmetrically suspending this frame onto an outer frame by means
of springs with equal stiffness and the resuitant compression and expansion of the springs can
be detecied by suitable electrical sensors such as capacitors. If the outer springs have stiffness
K, then the displacement resulting from the reaction force can be writien as:

VM
&

By measuring the displacement with capacitors, the inertial rate £2 can be measured as other
parameters are known design constants. It should be appreciated that % i sinusoidaly changing
its amplitude, the displacement will also be oscillating requiring suitable processing to extract
the rate signal. The conceptual gvro schematic is shown in Figure 3.20(c).

The above demonsiration of a Coviolis gyro can be utilised to bring out a more general
working principle of a Coriolis gyro. In a Coriolis vibratory gyro, one of the resonant modes
of an elastic body is excited to designed amplitude. When the device rotates about a particular
body fixed axis, the resulting Coriolis force acting on the vibrating mass element of the siructure
excite a second resonant mode. The magnitude of vibration in this second moede is directly
proportional to the applied inertial angular rate.

2

{3.34)

EXAMPLE 3.3 (on Coriolis gyre}: A proof mass of 0.1 x 1073 kg is made 1o resonate with
a peak amplimde of 0.0% x 107 m at a freguency of 2 kHz. Find the Coriolis force when the
mass is rotated at 57.4%s

(i) Perpendicular to the axis of oscillation

(ity Parallel 1o the axis of oscillation

Solution:
(i) Coriolis force F, = 2MV £} sin 8; where 8§ = 907, V,; = 2 x 3.14 x 2,107 x 0.01 x
107 m/s and £ = 57.4/57.4 = 1 rad/s.
Putting the values and solving, we get:
Fiphy=2x01x 107 x 2x 314 x 2107 x 001 x 107 x 1 x | N =251 x i07°N
() 8=0,5cF, =0
This example highlights that the Coriolis force is quite small even when the rate is as

high as 37.4%s. 8o, detection of rates of the order of 0.1%/h is a serious technological
issue for such type of gyvros.

3.7.3 Coriolis Vibratory Gyro Structures

Currently the configurations of large nunber of Corielis vibratory gyro structures have svolved,
and these configurations can be categorised under the following:

= Beam structures, e.g. prismatic, triangular

= Tuning fork structures, e.g. single tine, dual tines

= Shell structures, e.g. hemispherical, ring, cylindrical
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Some of these structures are shown in Figure 3.21.

Vibrating beams Tuning forks

Prismatic Triangular Single
{a) i) (5}
Vibrating shells
Hemispherical Cylindrical
Ring i 1 g
& B (2}

Figare 3.1  Corlolis vibrating gyro structural configurations.

These structures fall into two groups depending on the nature of the vibration modes involved,
In the first group, the driven mode and the sensed mode are different. The singie as well as dual
tine tuning fork comes under this category. In the second group, the two modes are identical.
The axis symmetric shell structures comprising hemispherical, ring and cylindrical come under
this category. The second group, where the modes are identical, has demonsirated improved
gyro performance, and within this group, the hemispherical configuration has demonstrated
navigation grade gyro performance.

3. 7.4 Toning Fork Structure Gyro

Tuning fork structure gyro is a gyro which has two operational modes. Its operation is explained
with Figure 3.72. We fix orthogonal body co-ordinates X, ¥, Z on the device with centre 2t mass
centre of the two tines. In this way, vector cross product equation can be reduced mathematically
to a scalar form, and we can idenlify the sensor axes as follows:

Z — Input axis

Y — Drive axis

X — Sense or ouipnt axis

The nuning fork structure has two identical limbs which are called tine 1 and 2. The two
tines are excited to their resonance along Y-axis lying on the plane of the paper. The method
of excitation can be either piezoeleciric or electrostatic. In Figare 3.22, the black colour drive
and sense pattern deposited on the tines indicate piezoelectric means and the tine material is
piezoelectric quartz. In the exciation scheme, tiné 1 is made to vibiaté in phase opposition to
tine 2, which means that the directions of tine velocities are opposite to each other. This is 1o
ensure that the stracture has a vibration node at the mass centre of the tines. The first mode
frequency o, also called driven mode, is given by
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Frame XY7Z is rotating

with respect to F, = Coriolis force
inertial frame v, = Tine velocity Input rotation
Z F, § £,

»V!
A

Rotation rate v, ¢
£,
Tine 1
Y Drive patiern
Ting 2o w Sense paftern
X Wwee oo [ Torsional flexure

7 Anchor

Figure 3.22 Tuning fork structure Coriolis vibratory gyro operation.

W, = -2 (3.35)

where

k, = tine stiffness along Y direction

M = mass of the tine
When both the tines vibrate, the scheme results in sinusoidal tine velocities V, in phase opposition,
but equal in magnitude. The sensitive axis for the gyro structure is along Z-axis lying on the
plane of the paper. When an inertial angular rate of magnitude is £2, applied about Z-axis, anti-
parallel Coriolis forces F, of equal magnitude and perpendicular to the plane of the paper, are
generated as shown in Pigure 3.22. The Coriolis force acting on each tine is given by

Fo=2MVQ, (3.36)

Since the tine velocity is osciliating, the Coriolis force is aisc oscillating but in phase
opposition. The forees, being away from the centre of rotation, will form a couple which in tum
will result in a torsional frequency @, which is the second mode or the sensed mode frequency.

The torsional frequency is given by
[k
g = (3.37

A
where

I, = device moment of inertia abowt Z-axis
ky = torsional stiffness of the flexure

The magnitude of the torsional rotation is directly proportional to the applied input rate. Sensing
this torsional rotation using suitable detection means enable detection of the applied input rate.
Thus we see that the sensed mode frequency is different from the driven mode frequency for
this type of structure, and effectiveness of the structure as a gyro depends on the sensitivity.
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Tuning fork gyro sensitivity
The sensitivity of the tuning fork gyro, under certain simplified assumptions, can be worked out
from the drive axis motion and the sensed mode motion.

Assume thet the tuning fork tine structure is elastic about Y-axis only, which s the drive
axis, while the tine is guite stiff about the remaining axes and that the mass # is concentrated at
the top of the tine. Also, the elastic tne defiection is guite small. The force-deflection eguation
can be written as:

My +Cy+ kyy=Fy = F, cos{wyt) (3.38)

where
Fy = Fyeos {wy) = sinusoidal tine drive force with drive frequency o,

= o ssoctated with int mping of the tine as wel
C, = damping constant associated with internal damping of the tine ag well
as surrounding air or gas
y = elastic tine deflection

Hauation (3.38) represents a mechanical oscillator excited by elecirical force. The eguation of
motion can be writien as;

_ F,
W = — e COS {0,F — O}
where M\/{mz . &‘% 3+ 45"3:{452 (3.39)
6= Cy
T M
2
o= tan” % (3.40)
({'gy - a}d}

when an inertial angular rate £, is applied to this structure along Z-axis, Coriolis forcs on ons
tine is given by

Fx) = 2MV 0, (3.41)

The Coriotis force on the other tine is anti-paraliel, and these two forces form a couple with
radius arm of y,, and the net torque T is given by

T = 4MV, 0y, (3.42)

where V, can be obtained from Eq. (3.39) by differentiation as follows:

: : Fots,
V=M=~ = Lhac sin {4 — o) P
M\/{w; ~ @)+ dan B 45
substituting V, in Eq. (3.42) gives:
: 4F,0m, 83y, .
T o= Al B {wdf“a} (3‘44)

J(@? - o)) + 4}p’



Gryros 99

The oscillating torgue causes rotational motion of the flexure support at the base, and
assuming no damping torgue, the torgue balance equation is:

T o izé + kaﬁ (3.45)

where
f, = device moment of inertia about Z-axis
8 = torsional rotation magnilude
kg = torsional stiffness of the flexure

The torsional frequency of this suspension is:

W
ky
g = T (3.46)
Combining Hags. {3.43), (3.44) and (3.43) and rearranging gives solution of # as;
() A2, in (w0, — ¢}
L} = e & -
L (L — ) o , (3.47;
where :
e AR,
J i)+ s a9
Therefore, sensitivity of tuning fork structure is given by
Cutput & A .
1 LI (/- I :
'mpu‘i Qz ‘\/ﬂ}g __ &}2} ( d ¢) (35@9}

¥
From the above derivations, we find that the sensitivity can be increased by
{(a) Matching the torsional frequency with the tine drive frequency
{b) Matching the tine mode frequency with the drive frequency
{c) Minimising the damping to improve the & factor
(d) Maximising drive amplitude v, which is possible by exciting the resonant mode
The above sensitivity improvement criteria are generally applicable to broad range of CVG
with different types of structures where the modes are different.

3.7.5 &Eam%gﬁmri@aﬁ Resonator i}‘éyx*@

in this section, the operation of hémispherical resonator structure gyro wiil be explained where
the driven mode and the serised mode are identical. This gyro is of particular relevance as it has
demonstrated navigation grade performance as well as providing very long lhife.

B?:yeén’s discovery

Research for an inertial grade sclid state gyro looked back to a very interesting discovery made
by Bryan in the year 1890 Bryan wrote

“If we select a wine glass when struck gives, under ordinary circumstances, a pure and
continuous tone, we shall on twisting it around hear beats, thus showing that the nodal
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meridians do not remain fixed in space. And if the observer will turn himself rapidly
round, holding the vibrating glass all the time, beats will again be heard, showing
that the nodal meridians do not rotate with the same angular velocity as the glass and
observer”,

Bryan concluded that the nodal angular velocity was about three-fifths that on the body.

Loper and Lynch, working for Delco Blectronics Division of General Motors, USA, published
a paper in the early eighties of the last century reporting the development of an inertial grade
gyro for rotation sensing using Bryan's discovery. The gyro is called Hemispherical Resonator
Gyro (HRG),

e

Dperating principle of HRG

Consider that a thin section hemispherical shell, whose typical physical appearance is shown
in Figure 3.23, is made o vibrate in its fundamental fiexural mode, hereafter referred as
n =2 mode (aiso called lowest inexiensional mode), by a suitable forcing scheme. This mode
pattern of the resonator defines that in the first half cyele, the resonator deforms to its greatesi
etlipsoidal geometry and then returns to its hemispherical shape, In the next half cycle, a similar
deformation takes place but spatially shifted by 90° in azimuth. This mode of vibration leads
to four antinodes (A, C, E, G) and four nodes {(H, B, D, F), as shown in Figure 3.24{(a). The
directions of the velocity (V|, V,, Vs, V,, etc) are such that they are radial at the antinodes
and tangential at the nodes. Assume that this principal wave Hes on the plane of the paper. We
can assume that initially the node axis Y-Y' is aligned with a caze fixed axis XX’ as shown
in Figure 3.24(b).

Hemispherical
shelt

!

Support

Figure 3.23 Hemispherical resonator configuration.

The shell is subjected to an angolar rate £2 about its sensitive axis, which is along the axis
of the stem, with +ve direction pointing perpendicularly otit of the paper. Assume that the stem
is mounted on a turn table which provides the rotation. Coriolis forces are generated which are
proportional to V x £ and the direction of these forces, being perpendicular to both ¥ and 42,
The resultant of these forces excites another standing wave whose antinodes are now shifted to
the original wave nodal points and the nodal points coincident with the original wave antinodal
points. As a result, this new wave is called orthogonal wave.

. The superposition of the original wave and the new orthogonal wave results in a phenomeaon,
where the resultant wave rotates relative to its own casing and to inertial space through an angle
8 which is proportional to the inertial rotation 8, of the case as shown in Figure 3.24(c),
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Figure 3.24 Operating principle of hemispherical resonator gyro.

The precession angle £, which resulls in new patiern node axis (Y-Y"), is related to the
appiied inertial case rotation 8, by an angular gain factor X, given by [Bryan, 1860] as:

8= -K8, (3.50)

The negative sign indicates that the pattern nodal axis rotation lags {moved UW) with respect
to the COW inertial rotation direction of the gyro case. The angular gain factor ¥ is found to
depend not on the size of the resopator, but on its shape and for the smooth hemispherical
shape, it 18 §.277 and for cylindrical, it is 0.4, the shape used by Brvan. 5o, by measuring the
pattern node axis rotation angle, it is thus possible to determine the inertial rotation of the case.

EXAMPLE 34 (on HRG rotation detection):  Asswme Initially, the gyro case axis and the
patiern node axis are aligned as shown in Figure 3.24(b). A {CW inertial rotation is applied
to the gyro case which results in the node axis to rotate in the same divection by 27°, Find the
mertial rotation of the gyro case and the pattern rotation §7

Solution: From Figure 3.24(c}, it is clear that the pattern node axis has moved by

(8, -8 =27
R (8. - K8)=27°
For hemisphere K = 0.27, solving for 8, gives
A
b--0.27

Pattern rotation angle & = —0.27 % 3698 = --9.98°,

Rezonator modes

The ineviial property of the pattern is preserved only when fundamental fliexural mode of the
hemisphere is excited, e.g. # = 2 or n = 3. These two flexural modes are shown in Figure 3.25(a)
and Higure 3.25(b) respectively for better clarity. Even though, no gyro is currently operational
in 7 = 3 mode, this mode has certain advantages relative o the already operational n = 2 mode.
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But there are other nearby modes of the hemisphere, which, i get excited, will not work as
gyro. These modes are not flexural and are called n = 0 and n = 1. The n = 1 is basically the
bending mode and is so called because the part of it results from the compliance of the stem.
At lower latitudes of the rescnator, nearer to the open end, it is primarily a rigid body rotation
about an axis that is perpendicular to stem axis [Lynch, 1987]. The n = 0 mode represenis
contraction and expansion of the resonator. It is important that both these lower modes are
suppressed through appropriate resonator design.

{a) # = 2 mode of flexing {2} n =3 mode of flexing

Figors 3.25  HRG resonator flexural operating modes.

Configuration of hemispherical resonator gyro

A typical HRG with three principal paris is shown in Figure 3.26. The top one is the outer
enclosure containing the forcer electrodes. the middie one is the hemispherical resonator with
tines and support stem and the bottom enclosure contains the pick-off electrodes. The assembly
is enclosed in a metal housing with getter under an evacuated environment,

e Hih vacum
enciosure

Forcer
electrodes
Hemispherical
resonafor
(fused quartz} —

Figure 3.26 Features of a hemispherical resonator gyro.
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The electrostatic forcing is provided by two sets of elecirodes, in which one is a ring shaped
electrode located between typical latitudes of 25° and 45° and facing the resonator. The ring
electrode and the resonator form a part of a spherical design. The other forcer is a set of discrete
electrodes, typically 16 in number, symmetrically placed between latitudes of §° and 23°. The
material used for the forcer housing is also fused quartz to provide a material compatibility
with the resonator, ‘

Discrete forcer electrodes are utilised for initiating resonator vibration. Using a ring forcer,
there will be no net force on the resonator if gap remains uniform alf around. This is the reason
why the ring electrode is not suitable for initiating the vibration when the resonator is undeformed
at the start. However, once the vibration is imliated, the function 0% the ring electrode is to
accurately control the vibration amplitude and sustain the vibration by compensating the energy
fosses due to damping as the rate at which the amplitude a of the standing wave diminishes due
to damping is propoztional 0 a/T.

The hemispherical resongior, the most critical part of the gyro, is made from fused
guartz, which has extremely low internal damping and provides very high O factor (-5 x 107,
This enables resonator @ exceeding five million in an inertial grade gyro using appropriate
manufacturing technology. The @ factor is further boosted electronically with parametric
resonator drive, The figure of merit for the resonator is the time constant ¢, which is a measwe
of its ability to sustain the free vibration when forcing is withdrawn. The time constant ¢ (for
derivation refer Appendix C} is given by the relation:

£}

r=£ (3.51)
w
where @ is resonator vibration frequency. Typical 7 value reaches around 500 s for navigation
grade gyro.
Pick-offs provide the measurement of rotation & of the precessed node axis using a set of
capacitive electrodes which are typically 8 in numbers as shown in Figure 3.27.

, Precessed patiern
t 8 r—

node axis

4 COR

Figure 3.27 HRG rofation detection scheme.



104 Fundamentals of Navigation and Inertial Sensors

Considering the direction of movement of the precessed angle in n = 2 mode, the group of
four elecirodes (1, 3, 5, 7) constitute one channel of information. If this channel is designated
as cosine channel, then electrodes group (2, 4, 6, 8) can be designated as sine chaanel by
aoting that electrode group (2, 4, 6, 8) is 90° slectrical away from electrode group (1, 3,
3, 7). The amplitude-modulated outputs of the two channels, with resonator frequency © as the
carrier, can be written as:

£, = output of cosine channel =1 -3+ 57
£, = ootput of sine channel = 2 -4 + 6~ 8
After phase sensitive demodulation of £, and £, angle 8§ can be gbtained by

= ltan“’ “E,
2 *E,
*E, and *E  ave demodulated outputs of cosine and sine channel respectively, However, it
may be noted that Bq. (3.52) is compuiationally unstable when 8 approaches 90°, so additional
processing is involved fo tackle this problem. The computed angles are called electrical angles
and t5 be divided by 2 to obtain the mechanical precession of the nodal axis. The most suecessfid
pattern precession angle detection method is called whole angle racking mode which can
provide large angular rate range and low angular resolution. Suitable high input impedance
electronics, closely located, are necessary for processing the capacitive outputs o improve npon
signal-io-noise ratio,
HRG can also be operated in rebalance mode when the precession angle 8 is nulled, and
the force necessary to make & zero becomes a measure of the input inertial rate. However, the
angular rate range is limited to around 10°/s due to capscitive nature of torguing.

(3.52)

HRE errors

There are several ervors in HRG to contribute to drift, and it becomes necessary to take care of
them in design as well as in assembly process. A dominant ervor source has been found on non
uniform mass distribution along the circumference of the resonator shell geometry arising out
of non uniform shell thickness. This aspect is shown in Figure 3.28.

i

Resonator rim

Figure 3.28 Resonator with non uniform mass distribution,
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A resonator is shown to have a non uniformity so that the shell thickness is slightly more
at four points, which is eguivalent to added mass at those four equispaced points. This icads
to two distinct flexing mode natural frequencies @, and @, where @ is less than ¢, dve o
heavier mass at these points. The resultant of these two flexing mode natuwral frequencies, each
corresponding to a defimite standing wave location, gives rise to fravelling wave components
which canno! provide inertial reference. Another valid description is that a secondary wave ig
created due to the non uniform ass distribution, having its antinodes coinciding with the nodes
of the initial wave, and oscillating in phase quadrature with the initial wave.

The guadrature wave has a time growing property and as a resufl, a time is reached when
the gyro cannot detect inertial rotation. Methods have been devised to control the quadratare
- drift well within an acceptable limit using mechanical means ag well as electrical method. In
the mechanical method, a series of tines, refer Figure 3.26, are made at the hemisphere lip
and material is physically removed by polishing techmique so as o appreciably reduce the non
" oniform mass distribution. This is followed by closed loop electrical forcing using discrete
electrodes which never allow the guadrature drift to grow. Lynch and Loper, 19%8 have
made picneering contributions in solving the quadrature problem and readers can refer o their
publication listed in the references at the end of this chapter.

HRG with newer fechnology

{Congiderable research during the last decade has enabled evolution of new configuration with
the aim to reduce size and manufacturing cost. Currently, the resonators are dispensing with the
tines as well as the ring electrode which means, currently, all are discrete electrodes of adequate
nomber. in another development {Rosellind et al, 2008], the longitudinal vibration component
along the stem is detected with flat capacitive plates in leu of curved plates described earfier,
The resonator size has been brought down to Z0-mm diameter vet providing inertial grade
performance.

3.8 Basic Principle and Theory of Operation of Optical Gyros
3.8.1 Bagnac Effect Gyre Principle

All modern optical gyros use the principle of Sagnac effect in detecting inertial rotation
{Figure 3.29),

If two counter-propagating light beams travel in a closed cireular path afier entering at point
P in inevtial space, then, in the absence of an inertial rotation perpendicular to the plane of the
circular path, the travel time for both the beams are same as the beams traverse the same optical
path length and exiting at the same point P in inertial space. The travel time 1, is given by

R (3.53)
-

When the closed optical path is rotated at angular rate £, then the travel time for beth
the beams are not same as the beams have entered at P but leaving from another point P, in
inertial space. This means that the rotation has created a path lengih difference AL between the
counigr-propagating beams in the closed optical path. This phenomenon is called Sagnac effect.
The difference in the beam travel time A, due o path length difference and to a first order of
approximation, is given by (Ruadioff, 1999) as:

fy =
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i st
R -

N Light beam
L LF AL P g - gating
Light i counter-propagating
beam exit

Light beam entry

Figure 3.2% Sagnac effect gyro principle.

2
_ AR fi*i o) (3.54)
C' C'

At =

where
A = area enclosed by the closed optical path 7R*
¢ = veloeity of light (3 x 10° m/s)
{2 = ipput angular rate about inertial space

il

Detection of the time difference At by a measuzement scheme, which can be instrumented,
provides information on the input rate as area 4 is a design constant. Equation (3.54) can also
be formulated as path length difference AL where AL is given by cAfl.

in order to measure the rofation raie, the direct measurement of the time delay or the path
fength change, provides an impracticable solution {0 an engineered optical gyro. This can be
undersiood when we notice that the time difference As is only around 2 x 107 second for a gyro
of area 100 em® and which is to detect an inertial angular rate of 0.01°/Mh (a typical sensitivity
needed for autonomous navigation). This time difference is much smaller even compared to
the resolution of an atomic clock. The corresponding optical path length difference AL is also
exiremely smail, around 2 x 107" metre, which is much smaller than even hydrogen atom whose
diameter is around 107" metre.

Alternative to timeé measurement considered was phase measurement. For a beam of
frequency f, the change in phase Ad between the clockwise and counterclockwise beams is
given by

A= A2TF

Substituting for 4z, for a ring shaped Sagnac setup, the phase change becomes:

A = 2 (3 {3.55)
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This is a scheme that is buplemented in a passive fibre-optic gyro with an ingenuity that
increases area A4 manifold io increase the sensitivity, and the gyro is described later ip
Section 3.8.3,

Working further for another scheme and using interferometer principle, the phase shift
change of the recombined waves is seen ag 2 relative shift (A7) of the interference fringe patiorn
given by

az=20 3
2 *

Further, since f = ¢/A where A is the free space light wavelength. On rearranging we get:

&

AZ:i{Ag}} {3.56)
ch

This tvpe of passive Sagnac ring interferometer for detection of angular rate is shown in
Figure 3.30. It is to be noted that the axis defining the plane of the optical area is paraliel to the
rofation rate for maximum sensitivity. Eelative fringe shift is defined as the ratio of the absoluie
fringe shift 10 the distance between two neighbouring fringes.

Reflecior

Light source

Figure 338 Passive Bagnac ring interferometer.

I we consider A = (.63 um and compuie the telative fringe shift, AZ becomes 1 x 1071,
which is also extremely low. While Figure 3.29 depicts a scheme where the light souice is
passive, such a scheme has been aciually and successinily implemenied using active laser
resonator, and the gvro 15 called ring laser gyro.

Further, it has been shown [Armenia et al., 2618] that the Sagnac effect is same if the
homogeneous light medium is having a refractive index in lieu of vacuum.

3.8.2 Ring Laser Gyro

The principle of laser is covered in various publications and for a clearer appreciation on
the topic of laser gyro resonator where various phenomena and terminologies are involved,
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Appendix A attempis to provide some descriptive details. The important part of ring laser gyro
operation is to create an active ring type laser resonalor which can detect the rotation induced
Sagnac path length difference.

Frinciple of operation
‘Fwo operating conditions to be fulfilled to achieve a resonator, either a linear or ring, are similar.
They are given as under:

(1) In a resonator, the gain provided by the amplifying medium must exceed the losses in
the cavity due to scaitering, transmission and absorption.

(1) The resonator oscillation is determined by the condition that the optical path length I
for the beam to return to itself, is an integral number m of vacuum wavelength 4, so
that the relation L = mA is ensured.

in a linear resonator, the oppositely directed travelling waves with equal amplitude and
frequency constitute the standing wave. In the case of ring laser interferometer, the COW beam
and the CW beam can be independent so thai each can oscillate with different amplitade and
frequency. Noting this aspect as the ring resonator characteristic, the second condition, L = md
can then be writlen by substituting A as:

. e

fo= ?: (3.57a)
. e

= z*"‘ (3.57%)

where f, represents CCW beam frequency and L, represents corresponding optical path length,
Similarly, £ and L represent frequency and optical path length respectively for the CW beam.
The relative frequency difference can then be written as:

Af 4L
rL
In the ring laser gyro, rotation induced Sagnac effect creates the optical path length difference

AL, which then can be measured by measuring the frequency shift. This can be deduced from
Hag. (3.54) as follows;

{3.572)

&Lzaﬁfrﬁ-ﬁ (3.57d)
¢
Substituting AL from Eq. (3.57¢) in Eq. (3.57d) and after further simplification, Sagnac effect
can be finally expressed as shift in frequency given by

44 (3.57¢)

4
Af =
Under resonating conditions inside the ring laser caviiy? the clockwise and the counterclockwise
laser beams are created (vefer Figure 3.31) that wravel with identical frequency in the resonator
cavity.
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Figure 3.31 A basic ring laser gyro operation.

When the ning laser cavity is rotated, Sagnac effect causes a change in the optical path
length of one beam relative to the other, which in turn results in the two beams to have different
oscillation frequency. In this way, the optical path length difference is transformed to 2 much
better instrumentable optical frequency difference measurement, and thereby provides an elegant
scheme that forms the basis of RLC rate detection. The laser resonator being an istegral part of
the gyro makes RLG to be defined as an active gyro.

The output power of the resonator is available through a partially transmissive mirror known
as read out mirror. This power output is optimised through a single longitudinal mode that is
wned so as to align with the centre of the gain line, also called peak power point, which is
shown in Figure 3.32,

intensity

(Gain curve

A

Figure 3,32 Resonator operations with single mode.

m“‘g Cavity losses

Frequency

Readout of rotation _

The principle of sensing the rotation in RLG is through the observation of the fringe pattern
movement (Figare 3.33). The cobierent combination of CW and COW beams is carried out
through a combination of dielectric mirfor, which is a part of the résonator, and a combining
prism of refractive index n outside the resonator. This combination results in an interference
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pattern whose amplitade can be described as a co-sinusoidal function with high and low intensity
points known as fringes. The time and space dependent interference patiern cen be expressed
by the equation:

1
Ix, 1) =1, [z + cos(2EAE + Zﬂ%x "*%U (3.58)

where
I, = average beam intensity
Af = frequency difference due to Sagnac effect
y = angie between the output beams
x = spatial co-ordinate measured along detecior array
¢, = constant phase difference between the beams
When the input angular rate is zerc, &F will be zero. Eq. (3.58) shows that the fringe is
stationary in space with fringe spacing 4 which is a design constant. The photodiodes measure
the intensity of the interference fringes. As the fringes pass by the diodes, sinusoidal elecirical
output signals are generated, with each cvele of the sine wave corresponding o the movement
of one fringe over the diodes. Two photodiode detectors are used, which are separated by A/4.
This is sqnivalent to 90° in fringe space, and they are used to detect the divection of rotation
by cbserving which diode cutput 1s leading the other.

COW beam CW beam

e DHeleiric misror

- {ymbining prism

of index #
; " Beam divergence
A angle
I
Y
‘\ZL»A.. Interference
~ —x pattern

d=Aly

et &
mLt:;hotoéetector 1

- Photodetector 2
Figare 3.33 RLG rotation readout scheme.

Rate sensitivity derivaiion from geometry
Ring laser gyro configuration may h_i_m#g: sqngﬁe block geometry or equilateral triangular geometry.
The rate sensitivity can also be derived from the geometry aspect as shown below,
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It is assumed in this derivation that the RLG is a square block having four equal sides of
length /4, and the rotation rate £} is acting about point O which is the cenire of square block
RLG as shown in Figure 3.34.

R
\\.
N
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. ,
S e)
.
s Beam path
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o S w
. .
: L/4 E

Figure 3.34 RLG geometry.

in the absence of rotation, the transit tme of light beam, starting at peint B and returning
to the same point has been stated earlier, and is given as:

When rate €2 is imparted to RLG, point R moves to R, through a distance d in the light transit

fime, where d is given by
4= =FE (3.59)
L ¢
For the square block r = —=
42

Projecting d on the beam path, we get shift in path length as:

&f;:dcoséﬁzi

J2

On substitution of d and 7, we have:

2
2L/4) O
c

AL =

Area A of the square block is (Z/4)%, so path length shift can be expressed as:

AL= 24 (3.60)

. ¢
Since L = mA, to satisfy the resonator path length change to wavelength change, we can write:

AL AL (3.61)
m L
We can now express the clockwise beam frequency change as:
Hew 21 _AL (3.62)

Jfow AL
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The shift in the CCW beam frequency magnitude is same as thai of CW frequency. Hence the
total shift in frequency Af between the two beams is:

A = 2oy = (Eﬁi) 7 (3.63)

Substituting AL from Eqg. (3.60) in Hg. (3.63), and simplifying by noting that f = ¢/4, we get:
44
= e 3 {3.64)
=97 '

where
Af = frequency differsnce between CCW and OW laser beams
A = closed optical path area
A = laser beam wavelength in vacuum
L = closed path optical length.

Sometimes, this frequency difference is also called Beat frequency.

The operational feasibility of the RLG can be easily visualised from the fact that for
the earlier example of $.01%h rotation rate detection, the frequency shift will be arpund
0.0087 Hertz with typical laser wavelength of .63 pm. This is relatively easier {0 measure
eiectronically. However, it should also be noted that at this wavelength, the frequency of the
jaser beam is around 5 x 10" Hertz and that the resonator frequency as well as the opiical
path length must be extremely stable {0 ensure accurate measurement of this small frequency
difference relative to the absclute value of the beam frequency. This makes RLG technology
highly challenging.

in reality, RLG rate detection scheme is mechanised to measure rotation angle by counting
the fringes. Equation (3.64), when integrated over a specified time, can be expressed as:

v=2 s (3.65)
AL
where /¥ represents the number of beat frequency that is cbserved during the integration time
when the gyro is rotated through an angle A8 With this typical readout scheme, ELG hehaves
fike a rate integrating gyro. The scale factor of RLG can be deduced by puiting N = 1 in
Eqg. (3.65), and this gives the gyro scale factor %, as:

AL
44

Defined in this way, we see that the umit of scale factor 8, is in radianfpulse or radian
per count or in a more convenient scale used by inertial community to read as arc-sec/pulse.
However, it is quite possible 1o define the scale factor as the inverse of §,, which will mean the
unit of scale factor as counts/radian. By measuring the number of fringes moving across the
field of view for a fixed time, the angular rate can be determined by using the scale factor 5,
A simple counting of the fringes provides for the inertial rotation angle.

5, (3.66)

Number of mirrors or sides in ring resonators
In ring resonator to create CCW beam and CW beam, minimum of three or more mirrors are
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necessary and arranged in a defined planar configuration. In the development history of RLG,
three or four or five-mirror design were invoked. Later on only three-mirror version and the
four-mirror version got stabilised. It may be prudent to use the term ‘reflector’ as resonator
designs are in operation with total reflecting prisms instead of mirrors. This aspect is discussed
later.

Explanation of basic RLG operation, for a three-sided equilateral triangular geometry,
rernains same, and similarly the sensitivity is also given by Hq. (3.64).

EXAMPLE 3.5 {on RLG rate sensitivity): A triangular shaped RLG is having a side length
of 10 cm and operating with He-Ne gas laser having wavelength of 0.63 pm. Caiculate the
frequency shift to detect 0.01°/h rotation rate and also the scale factoe?

Solution: The frequency shift is given by

44
§f =m0
f T

Here L=30x10%m, Q= %93 x 3600 rad/s = 4.85 x 10 radfs. 4 = 0.63 x 107 m

Pty 2V
Atea A= N@f) =173 % [WJ = 4325 % 107 m?

Putting the values and solving gives:

8f =443 x 107 Hz
Scale factor

_0.63%107° x0.3
4x4325%107

- =1 x 10 rad/pulse = 2.06 arc-s/puise.

RLG features
RLG design and development were focussed for a high performance autonomous navigation
grade strapdown gyro with high reliability and producibility. As expected, the technology
evolved through number of configurations involving various designs on all the key areas.
Typical functional elements of RLG are:
() Ring resonator (primarily consists of gas medium, gas discharge and mirrors or
reflectors) _
(it} Path length control
i1} Block material .
(iv} Lock-in solution.

These are further described with the help of Figure 3.35 in the following subsections.



114 Fundamentals of Navigation and Inertial Sensors

Laser beam

Mirrorf/ o N Mirror
.
b Laser block
-
Anode —e : b Anode
!
: 13

L
Corner prism ———ﬁ}\ \‘» b A e Dirrer

- ' Cathode

@]H:D Readout mirror

Figure 3.35  Ring laser gyro simplified configuration.

Ring resenator: The most widely used lasing medinm inside the cavity is a gas that is a
mixiure of helium (He) and neon {Ne). This mixing is necessary as neon alone iy not excitable
to jead to population inversion. While population inversion is necessary for laser operation,
it is not sufficient for gyro use as the resonator is also to be designed for stable operation
and not optimised for high power. Besides these reguirements, low diffraction losses in the
cavily, avoiding gain competition between the beams, single longitudinal moede operation,
aveiding mode locking at low rates, gyro performance and long operating life, all put difficult.
requirements for He-Ne resonator.

He-Ne laser has been designed to emit light at wavelengths 0.5435 um (green), .612 um
(orange), 0.6328 wm (red) and 1.523 pm (infrared). The current siandard generatly followed,
after other earlier experimentations on different wavelengths, is to use the transition which is
0.6328 um. However, to avoid gain induced mode competition between the two beams, neon
is a mixture of isotopes Ne™ and Ne® in equal proportion. Gas fill pressure and the He-Ne
mixture ratio are important controlling parameters for resonator operation, and these are design
specific. Control on these parameters establishes important gyre parameters such as laser gain,
gyro thermal sensitivity and performancs.

Gas mixture has to be suitably excited to ensure the lasing operation and {0 ensure proper
resopator operating conditions. The gas is excited by generating plasioa in the gas which is
ionised through the application of high voitage (typically a few hundreds of volts} between the
cathode and the two anodes. When the discharge occurs, ions flow. The flow of ions generates a
drag, called Fresnel drag, & source of bias in RLG, The discharge is split, with the two anodes,
o generate opposite flow and this cancels the Fresnel related bias. Thus two-anode configuration
of RLG resonator becomes a design standard,

An alternative approach to high voltage discharge is realised through the use of high
frequency discharge. To ignite the high frequency discharge, high frequency pulse transformer



Gyroy 1i5

is used. it forms high voltage pulse of amplitude between 1.5 kV 10 2 XV and 1.5 us 1o 3 ps
duration, Currently, both the schemes are operational. .

Mirrors play crucial role in resonator performance. Three or more mirrors are necessary
to realise the ring laser rescnator and currently, iwo versions of gyro are mostly. operational
which are using either three mirrors or four mirrors. There are four dieleciric mirrors shown
in Figure 3.35. The number depends on the number of sides in RLG. The seflecting surfaces
of the diclectric mirrors are designed to selectively reflect the frequency associated with the
particular helivm-neon laser transition being used. For stable vesonator operation, one or two
mirrors are curved with concave surface. Concave mirrors, in general, have lower diffraction
losses compazed to the plane mirror. Besides such cracial role in resonator operation, the guality
of the mirrors and their alignment during gyro assembly are both critiéal. Optical quality mirror
surfaces are needed to reduce differential phase shifts between the two beams and to reduce
lock-in effect.

The mirrors get rigidly attached to laser block by optical contact process that additionally
provides contamination free assembly required for long gyro iife. Aveidance of any form of
contamination during resonator assembly is also imporiant. Gver a time. the mirror guality teads
to degrade due to the interaction of the discharge on the mirror surface. Mirror technology,
for stable resonator operation, gyro accuracy and long life, constifutes a key area in RLG
development and production.

An alternative to mirror technology has been through the use of Total Reflecting Prisms
(TEP). The TRP scheme is shown in Figure 3.36 where light is totally and internally reflected
within the prism. Currently, both the schemes are operational,

Path length shaft

Total reflecting
prisms

Figure 3.36  Four sided RLG with total reflecting prisms and tempemmre dependent beam path length
shift.

Path length control: In a gyro with reflecting mirrors, the change of path length is due to
thermal expansion or contraction of the block material even though the block material chosen
is characterised by very low coefficient of thermal expansion. Resonator self heating due to
discharge as well as environmental temperature variation contribute to change in path length,
The dotted lines in Figure 3.37 show the shift in gyro path fength from the original path length
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shown by solid line. In a typical form of path length control, the scheme ensures that the path
length fits to the centre of the gain line, the line of peak average beam power. In Figure 3.37, the
path length control mirror is shown at top right corner that is moved by piezo driven actuator,
to correct the change in path length. The process is also called cavity tuning. The scheme thus
ailows constancy of optical power as well as the scale factor of RLG.
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Figure 3.37 Cavity path length control in a2 RLG with mirrors.

When total reflecting prisms are used, the change in path length is awributed due to the
change of refractive index of the TRP and variation of optical path length in the TRP due t©
temperature. This causes tens of wavelength shifts in path length across the operating temperature
with a variation of around 0.84/°C due to gyro self heating. As a result, the cavity tuning with
pieze driven actuator is not suitable. The dotted line in Figure 3.36 shows the shifted beam
path with temperature. The path length shift from the centre of gain line is observed through
synchronous variation of the gyro output amplitude. The path length control for this type of
RLG configuration is achieved by air density variation in one arm of the laser block by using
controlled heater in a closed loop mode.

Block material: RLG block material needs some special characteristics to provide performance
and life. The materiai shouid have ultra low thermal coefficient of expansion. It should allow
very low diffusion of helium and lastly amenable to precision machining and optical guality
polishing. Materials with trade names Cervit, Zerodur and Sital are normally used. Cervit is
not currently in production. Boroslicate is another candidate material, but it has relatively high
thermal expansion coefficient. This could be suitable for lower performance RLG.

Lock-in problem and solutions: The lock-in phenomenon in a RLG is its unique feature with
severe detrimental effect on performance. The phenomenon of lock-in originates, when two
oppositely directed travelling waves couples to provide frequency synchronisation that resulis
in the two beams oscillating at the same frequency. The frequency synchronisation, commonly
known as Jock-in, results in a scenario where RLG is able to sense input rotation above a
threshold value only. The phenomenon is shown in Figure 3.38. This problem manifests when
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the input rate {0 the gyro approaches fowards zere from either divection. If L, is the lock-in
rate, then the effective lock-in band is 2{3,. Since the behaviour manifests before entering the
tock-in rate, this extended range of improper behaviour is shown as lock-in region.

Expanded view Cutput beat freguency

. SRS
/ . RLG output

t
1
t .
£, = Lock-in rate Y E +ve input rate

Figure 3.38 Lock-in phenomenon in a RLG.

The typical lock-in rate, in production version of RLG, can be around or more than
300°/h. This means that within this value, RLG will not be able to detect angular rate. Beyond
this lock-in rate and up to the lock-in region, the scale factor becomes highly non-linear.
Possible lock-in reason is due to back scattering of laser beam from the mirrors. This would
mean in a sguare block gyro with four mirrors, there will be four back scattered wave of CW
beam which will couple with CCW beam. A similar phenomena for the back scattered CCW
beam coupling with CW beam where, with the understanding of the mechanism of lock-in,
designs {Faucheux et al., 1988] have been evoived to reduce 115 absclute magnitude.

Various lock-in elimination schemes have evolved over time. Out of these, two operational
schemes are described which are known as: '

{1} Mechanical dither

(i) Mult-frequency gyro
The first scheme involves mechanical motion te the gyro while the next scheme is based on
magneto-optical effect.

Mechanical dither: Mechanical dither scheme uiilises a concent that by rapidly moving the gyro
through the lock-in region, the time constant of the system would keep the gyro from geiting
locked. The basic scheme uses sinusoidal motion about the gyro input axis with amplitode much
miore than the lock-in band. This enables the gyro fo siay out of lock-in condition most of the
time exéeépt a small period when the amplitude is less than the lock-in magnitude. However,
this approach did not totally solve the problem, and a final solution was achieved with adding
amplitude noise to the sine dither. The detrimental effect of random dither noise on gyro is in
making the gyro oulput itself noisy, whose value R, is given by [Aronowitz, 1999] as:
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R, =0, |k
TN e,

(3.66)

where

£p = dither rate armplitude

£2; = Jock-in magnitude
The noise R, in the output is cailed angular random walk drift whose unit is °/J/h. It is to be
noted that the random walk originates due to integration of white noise process. The foregoing
discussion on lock-in rate and its elirnination is summarised in Table 3.1, illustrating the effect
of dither on a RLG with cerfain assumed values such as scale factor of 2.5 arc-s/pulse and
lock-in magnitude of 300°/.

Table 3. Effect of Dither on RLG Lock-in Threshold

None £, = 300°%h Y
Sinusoidal (€, = 175%s) £, (d) = 8.8°h 0
Randomised sine 0 R, = 0.003% n

EXAMPLE 3.6 (on mechanical dither): Refer Example 3.5 of a trianguiar shaped RLG,
having a side length of 10 cm and operating with He-Ne gas laser having wavelength of
0.63 pm. Assume the lock-in magnitude to be 300°/h, and the dither amplitude is 200 arc-s peak
at a dither frequency of 500 Hz. Calculate the gyro random walk.

Solution: Scale factor §) = 2,06 arc-s/pulse (obtained earlier) = 2.06/3600°/pulse

£, = 300°h
Dither rate Q, = 222390 X200 _ 154 sos— 628 x 105%/m
3600
On substituting the values, we get:
R, =300 2o R = 0.0035%
3600 x 2w x 628 x 10

It should be noted that the normally used unit of random walk is in °/\/h rather than rad/~/s.

In SI unit, the computed value will be 0.1 x 107 rad/ Js. It is necessary to take care in the
conversion of appropriate units.

Multi-frequency gyro: Multi-oscillator ring laser gyro is an innovative scheme where the lock-
in problem is eliminated by a change in the resonator design along with magneto-optical biasing.
The scheme aims to create large optical bias, also called Faraday bias, in the resonator so that
the gyro would always work outside the lock-in threshold range.

This gyro is also called multi-frequency gyro or a four-frequency gyro as against two-
frequéncy gyro dzscussed eartier. The operating principle of this type of gyro is shown in
Figure 3.39.

P
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Figure 3.39 Principle of multi-frequency RLG.

In this gyro, the CW and CCW laser frequencies are initially split into left circularly
polarised (LCP) beam and right circularly polarised (RCP) beam. The process being termed as
reciprocal splirring. These polarised beams are then split into four frequencies in such a manner
that a pair of CW and CCW beam is left circularly polarised (LCP), whereas the other pair of
CW and CCW beam is right circularly polarised {RCP). In effect it creates two gyros in one
resonator with large but equal Faraday bias in both. When angular rate £} is applied, Sagnac
effect changes the magnitude of split frequencies, increasing in one gyro while decreasing in
the other gyro. Effect of these operations in eliminating lock-in and at the same time providing
workability as a gyro, can be explained by the following equations:

AF(RCP) = B; + 5,82 (3.67)

AF(LCP) = 8, 5,82 {3.68)
Taking the difference, we get:

AF(RCPY ~ Af (LCP) = 25,8 o L (3.69)
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The difference operation gets rid of the Faraday bias B, and at the same time doubles the
RLG scale factor, If the highest operating rate of the gyro is £, and lock-in rate is £, then
the reqoired Faraday bias is given by

i’gf‘ Sﬁc ﬁmax! > ﬁL (3?9}

In effect, the four-frequency gyro is also called a differential gyro,

Thus the scheme avoids the mechanical dithering with theitr attendant complexity and cost.
Currently, such multi-oscillator gyro has been evolved with considerable amount of ingenuity
[¥olk of al, 1999] and is referred as zero lock gyro. There are other innovative methods on
lock-in [Arenowitz, 1999] which have produced navigation grade operational gyros.

ax

EXAMPLE 3.7 {on ¥Faraday bias): In a sgoare block multi-frequency RLG, the rate scale
factor is 5 x 10° Hz//s and has a operating range of 100%s. If the lock-in band is 300%h,
calculate the Faraday bias required.

Solution: The applicable equation s given by

|8~ Sy gyl = 07 > 82,
where
5= 5 x 1° Helhs
£ = 100°%s and €3, = 300°h
5x 19 :
Mow, £ can be expressed as: {2, = 300°%h = % Hz = 416.6 Hz

So, Faraday bias By = or > & x 10° % 100 + 416.6 Hz = 500416.6 Hz

RIA ervors
Typical RLG errors, which remain after elimination of lock-in, are as foliows:

(1) Bias: The fiow of the ions, after the discharge, has been characterised as Langmuir
flow which in tum results in Fresnal drag whick is a type of bias. This type of drag is
neuiralised with two-anode configuration as shown in Figure 3.35. The residual effect in
this drag comection gives rise to bias. Sensitivity of the gas flow to thermal effect leads
to bias instability.

(it} Noise: Random walk type of noise is caused due to randomised mechanical dither and
has been discussed earlier. Even in non-dithered four-frequency gyro, noise is present
due to cavity losses and also due to residual spontaneous emission in Heu of stimulated
emission. The magnitade and characterisiics of these errors in a gyro are calibrated vsing
suitable model and procedure as described in [TEEE 8§TD 647, 1995],

3.8.3 Fibre-Optic Gyro

The next engineering approach to successfully realise optical gyro based on Sagnac effect is
called Fibre-Optic Gyro (FOG).
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In FOG, phase measurement was implemented as an aliernative to tiime measurement. For
a beam of frequency f, the change in phase Ag, between the clockwise and counterclockwise
beams is given by

A, = LrZaf (3713
Substituting for Af, for a ring shaped Sagnac setup, the phase change becomes:
A
by = ¥4 q (3.72)
Cy

For a circular optical path, the sensitivity is enhanced by the number of fibre twrns & that has

the effect of increasing arsa A by N times. The Sagnac phase shift is shen given by

_2mlD
}!"CG

AP, 0 (3.73)
where
£ = mean coil diameter
A= free space light source wavelength
L = total coil length that is equal to AND
¢o = vacoum velocity of light

€2 = inertial rate component parallel to or passing through the centre of the circular coil axis
The gyro schematic is shown in Figure 3.40.

Splits light into CW and CCW beams
and recombine retirn beams

CCW

Source ) \

i Detector j

Figure 3.40 Operating principle of an interferometric fibre-optic gyro.

Fibre optic ]
coupler

COW Sensing coil

In the operation of FOG, the laser light from a source is split into two beams, CW and CCW,
in a fibre-optic coupler that travel simultaneously in opposite directions through a reciprocal
path in the fibre coil which encloses area NA, and then recombined again in the coupler.
Recombination results in the superposition of the two waves, and as a result this type of gyro
is widely known as interferometric Fibre-Optic Gyro (JFOG).

The intensity response of the recombined waves with interferometer phase difference, is a
cosine function (refer Figure 3.41), given by

f=f [1+cosAdgl (3.74)

where I, is the mean valae of the light intensity.
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it is thus seen that at zero rate, the sensitivity of intensity is zero, and the maximum
sensitivity is at rates corresponding to =/2 phase shift operating points. Also, the intensity
response is not sensitive to the change of direction of rotation around zero rate. It becomes a
necessity that the intensity response is shifted (biased) by 772 so that maximum sensitivity is
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Figure 3.41 Basic intensity response of the interferometer.

obtained at zero rate.

When this is done, it leads to a sinusoidal response pattern with ability to detect the sign
of rotation around zero rate, and this is shown in Figure 3.42. The photodetector measures the
intensity to provide an electrical cutput, which consists of a DC component proportional to the
average optical power incident on the photodetector, and an AC component proportional to the

phase difference between the counter propagating light waves.

Intensity 7

Mazximum slope point

__.‘_.____-_..w.ulj

73] 0 bor)

Sagnac phase shift Ag, —s-
Rotation rate {3 —s

Figure 342 Biased IFOQ intensity response with modulator.

This phase shift is the sum of two components:

{(a) Rotation induced Sagnac phase shift
{b} Phase difference induced due to the phase modulator
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Electronic processing takes care in removing the DC component and extraction of the rate

signal. Also, it can be noted that with the sinusoidal response patier, the open loop output range

of QG is limited by the rate magnitude which produces a Sagnac phase difference of x=a/2.

Purther, the actual operating range will be further limited by the non-linearity of the rate cutput.
‘The gyro open loop scale factor X, is given by:

Ag, = KpQ a5
2l
where Ky = e (3.76}
Acy

A dimensional analysis of X, shows that ¥ has the unit of seconds. Further, it is seen that a
. better scale factor is obtained by increasing the number of turns and/or by changing the laser
wavelength. This aspect is illustrated in Table 3.2 where {3, is the operating rate range that
~ is limited by the Sagnac phase shift of /2. The limitation of angular rate range in a high
sensitivity gyro is overcome by closed loop technique that is described later.

Table 3.2 Open Loop IFOG Features and Performance

High sensitivity 1000 m 10 cm 1.55 um +66%7s i35 s
Lower sensitivity 200 m 3cm 0.85 pm +660°/s 0155

EXAMPLE 3.8 (o5 IFOG rafe sensitivity): An IFOG has the following features:
Coil diameter = 10 cm; No. of turns = 1200; 1 = 1.3 pm
(1) Calcuiate its scale factor and the rate that gives phase shift of 2/2.
iy Calculate Sagnac phase shift to detect inertia} reference sensitivity of 0.05°h.

Selution:
' 27LD
Acy
where L= x 0.} x 1200 m = 3768 m
Substituting the values,

() Scale factor, K, =

_ 2mx3768%0.1
@ 13%107 %3 x 108

Quun = gég—g rad/s = 136.5%/s

={0.6068

{ii) Sagnac phase shift o provide inertial reference sensitivity of 8.05%h can be computed
a5
Ag, = 0.606 x 0.053

T 57.4 %3600

Detection of such a small phase shift requires that phase shifts, which are not due to
angular rate, are eliminated by design. First requirement is to ensure ‘reciprocity” in the

gyro. Reciprocity means that for an optical wave in a linear medium, there is an opposite
wave which propagates with exactly the accumulated phase and the same attenuation.

rad = 1.46 x 1077 rad
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The initial experimentation showed that a fibre gyro was nof intrinsically reciprocat
which meant that even in the absence of rate, CW and CUW beams did not traverse
identical path prior io their recombination. Eliminatir n of such ervors forms the basis
of designing and realising an IFOG which are described in the subsequent paragraphs.

IFOG features

The design feature of an all fibre open loop TFOG is described (refer Figare 3.43), which shows
typical functional elements of the gyro,

Polarisation coniroller

¢ Fibre coil ¥

i Phase modulator

Polarisation contre}ler { ° ari
N7
o 7,

Signal
processing

i Detector Demodulatori—= e (Jutput

Figure 343 Features of an all fibre open loop interferometric fibre optic gyro.

This feature is commonly known as the minimum reciprocal all fibre configuration. A
reciprocat optical path length is ope whose properties are independent of the direction of
propagation. Ensuring that light is fed in the fibre coil through a coupler and the returning wave
is filtered through an identical coupler at the output solved the problem. Thus there are two
couplers 1 IFOG 10 provide the reciprocity.

Bource

The light in an IFOG is broadband {low cohesence) in nature. During the indtlal phase of
research in IFOG, high coherent laser beam, as used in RLG, was used. But it was not suitable as
the light reflected at couplers, joints and other scatterings, swamped the rotation induced Sagnac
signal. When a low coherence source, also called broadband source, is used, the backscatersd
fight is incoherent and will not form fringes with the direct light.

Since early 19803, Super Luminescent Laser Diode (SLE) has been in use as a source for
IFOG. SLD light is broadband in nature. This is a p-n junction sericonductor emitter based
on stimulated emission with amplification that is made msufficient for feedback oscillation to
build up. Its typical wavelength is 0.85 um with GaAlAs diode, but the wavelength has a high
temperature sensitivity of around 400 ppm/°C that directly affects the gyro scalefactor. SLD
sources with other wavelengths are also in use. The output power in SL.D has increased over
the years with current versions pmducmg typically 10 mW to 20 mW. SLDs are costdy as its
characteristics are demgned fo suite gyros oaly. Semiconductor lasers are produced in bulk
and hence it is cheaper But for its use as a source in gyro, its coherency has to be sufficiently
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reduced by a method called ‘frequency chirping’. It has similar temperature sensitivity problem
and for its use in a navigation grade gyro, its temperature needs accurate control. In some design,
thermo electric cooler controller is used that provides control with cooling as well as heating.

A more receni development is the use of Erbium-doped fibre, and sech 2 source is called
Super Fluorescent Fibre Source (SFS). Its high output power, typicaily between 30 mW and
30 mW, improves gyro signal-to-noise ratio and #ts wavelength temperature sensifivity is below
5 ppm/°C. Both these factors are useful in navigation grade performance. Its high output power
1s beneficial in designing for cost reduction through source sharing scheme, where three gyros,
required in a system, are connected 0 a single 5F5 source.

Fibre coil _ o -

The characteristics of optical fibre in IFOG play significant role in gyro design and performance.
These characteristic features have made IFOG Gbres as something special and costly as compared
to the optical fibres used in communication industry.

A standard communication optical fibre guides light by total intemal refiection. It follows
Snell’s law, which defines the reflection and refraction of Hght in terms of angle of incidence and
the media refraciive indices. The fibre is a fine thread of glass to form the core with diameter
comparable to the light wavelength. Protective cladding made of silica or pure quartz surrounds
the core. Sharp bending and kinks cause loss of light. These features in optical communication
fibre are common for IFOG also.

The special characteristic of IFOG fibre is in the use of Single Mode Polarisation Maintaining
type (SMPM) as against considerable use of multimode fibres seen in communication. Multimnode
fibres support many spatial mode of Hght propagation, each with its own modal velocity,
Coupling between these modes through light scattering creates non-reciprocity. Single mode is
a special characteristic built in a gyro fibre, which allows only one mode at a paiicular light
wavelength to propagate.

The next characteristic is the introduction of polarisation maintaining feature throughout
the length of the fibre to reduce the polarisation-induced error. In a depolarised fibre cofl, the
polarisation related emvor in gyro is caused by light that is cross-coupied to the wrong polarisation
state prior to the polariser, travels in the wrong state in part of the interferometer ioop and then
cross-conples back to interfere with gyro signal light. It erroneously appears as a gyro bias. It
gives rise to bias instability due to both temperature and time dependency of this factor in the
fibre. A polarisation maintaining fibre is in essence a single mode fibre that preserves the plane
of polarisation of light coupled into it as the beam propagates through its length, These special
features needed for IFOG considerably increases the fibre cost,

Use of polarisation maintaining fibre, is necessary in addition to configuring the gyro with
polarisers which should suppress the second (orthogonal) polarisation mode. The optimum
sappresston is achieved by using the same polariser, also called single mode filier, as mput and
output ports of the sensor coil, thus giving 2 reciprocal configuration,

Couplers, which are used to initially split the light and then recombine the counter-rotating
beams, also use SMPM fibres in all fibre gyro. Two such couplers are used for reciprocity
requirement. :

A phase modulator is used 1o maximise the rate detection sensitivity at the zero rate cross
over point and which needs biasing the phase by a/2. Optically, this biasing is achieved by a
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scheme that makes path length of one beam longer with respect to other circulating beam. Thig
is equivalent to creating a designed non-reciprocity. In the earlier versions of gyros, the lght
beams were mechanically phase modulated using a piezoelectric mandrel on which some fibre
coil was wound and placed near the input coupler. An alternating electric field applied to the
mandrel caused stretching and relaxing of this fibre coil. In the stretched condition, the path
length increased and in the relaxing condition the paih length became normal. By an appropriate
choice of the modulating frequency of the mandrel, it was possible o shift the phase of the
recombined beams by #/2. The result was the modulation of the beam phase.

The common detectors in use are PIN (acronym for p-doped, intrinsic and n-doped lavers)
photo detector diode that is either in Si or in GaAs or in InGaAs. A factor which influences
the choice of semiconductor detector is the source wavelength as the detector material exhibits
detection cutoff wavelength. Cutoff wavelength for Si detector is 1.13 pm and that for InGaAs
is 1.65 um.

The detector ouiput, which is a modulated electrical signal, is demodulated and after
necessary signal processing, provides output proportional to input rate.

For navigation grade performance, closed loop TFOG has become necessary 1o overcoms
some of the inherent limitations in an open loop IFOG and provide higher performance. A
closed loop operation is implemented by nulling the rate induced Sagnac phase shift shown in
Figure 3.44. As a result of this nulling operation, the gyro remains at the maximum slope point
and the rate range increases substantially. Additionally, it offers reduction of non-linearity as
well as noise in the output. Earlier, Table 3.2 has shown that high sensitivity needs long length
of fibre. But the source power received at the photodetector decreases exponentially with the
length (¢"*%). This contradictory requirement sets limit on increasing the length.

Intensity £ 2
Feedback signal
Maximum slope point - ——5 %
s 0 /:sq!isl E:/«?- i

Sagnac phase shift Ag, -~
Rotation rate §2 -

Figure 3.44 TIFOG closed loop operation principle.

Emrs

Even though, IFOG appears easier to produce or change the design in comparison with RLG, it
has some complex set of errors which require close attention in order to improve performance.
A few such errors are introduced to the readers.

A time dependent temperature gradient within the fibre coil sensor leads to gyro bias drift
and the phenomenon is called Shupe effect, which is named afier the inventor of this effect.
Dipolar winding and quadrupolar winding have been developed to reduce the effect.
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Further, when the gyro is subjected to magnetic field, it creates bias drift through a
phenomenon known as magneto-optic Faraday effect. The direction of the magnetic field affects
the velocity of the counter propagating beams in different manner causing the bias drift

Haoise in IFOG is observed from photo detection process and the important noise mechanism
1s termed as shof noise. Photon shor noise appears when hight energy, quantised in photons, falls
on the detector to create electrical noise. This parameter limits the performance even in a high
performance IFOG and is described fusther,

Shot poise in IFOG:  Assume that the detector amplifier elecironic noise is small, and the
shot noise depends on detector current and the measurement bandwidth. It is also dependent on
average optical power as the detector current is also dependent on this parameter. Shot aoise
. Hmits the minirmun detectable change in rate, which is dependent on the noise in the detector
- current. The noise in the detecior current and the corresponding effect on the rate sensitivity
~ can be expressed as {Ghatak and Thyagaragaa, 1999]:

Lot noise = A 2€1g A (377

i

Since Py o= 5 ply
o1 :
and i, =2 LA,

Expressing the SNR as the ratio of £ /iy .o cOMbining and simplifying, the shot noise Hmited
phase shift can be expressed with unity SNR as;

eif

U T {3.78)
Using Ea. (3.73), the minitnum detectable rate, limited by shot noise, can be expressed as:
YL % .

min =1 \/fep (3.79)

where

¢ = electron charge (1.6 x 107" coulorab)

i; = average current generated by the detector

1,2 = mean optical intensity falling on the detector

i, = signal current in the detector

Af = bandwidth over which noise is considered

p = responsivity = (ne/hf); fis the frequency of the incident light
71 = detector quantum efficiency

EXAMPLE 3.9 (on effect of shot noise on sensitivity): Compute
(i} shot noise limited (Ad,) ., for a typical detector whose parameters are as Tollows:
Iy=01mW, Af=1Hz, p= 05 A/W

(ii) Shot noise limited inertial rate of the high sensitivity gyro of Tabie 3.2,
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Selution:
(i} The detectable Sagnac phase shift (A4}, .. is computed using Bg. {3.78) as follows:

(6x10 7 %] .
(Ag) =2 220 XL 30107 raa
Phmin = 2\ o w10 -

(iiy Taking the high sensitivity gyro parameters from Table 3.2 having
L=1000m D=10cm, A= 155 um
Puiting the values in Eg. (3.79) and solving, we get:
_3x10° x1.55%107°
2 303,14 X 1000 x 0.1

There are other noise effects which tend to degrade the sensitivity further. The above example
illustrates the necessity of shot noise reduction {o get the benefit of long fibre coil length that
is necessary for a high sensitivity IFOG. Use of high optical power sowrce decreases the shot
noise component of the random noise.

"
x11.3x107° =837 x 107 rad/s = 0.017%

IFOG advantages
A major advaniage in an 1FOG lies in the feasibility that the sensor offers io change the
performance by changing the length of fibre coil. Such a design change can offer various grades
of performance needed in aerospace. For example, typical fibre coll fength is > 1.5 km for
navigation grade sensors and is only 100 m for a gyro with considerably reduced performance
or for use as a rate sensing sensor. Some of the desirable advantages in IFOG are lisied as:
(i) High rate capability > 1000%s

{i) No lock in problem

(i) Immune to both radic frequency and electromagnetic (EMI) interferences

(iv) Megligible g and g° sensitivity

(v} MNo moving parts and gas, leading to high operational reliability and long shelf life

(vi) Fast activation time

3.9 Gyro based on Cold Atom Interferometry

One of the most fundamental and revolutionary ideas of quantum mechanics is that matier
and light have a wave and particle nature. This postulate can be verified by passing a beam of
electrons through a diffraction grating. The electrons, often considered particles, will produce a
wave-like interference pattern. The equation linking the wave and particie nature of matter was
suggested by de Broglie who formulated:

A= Ld (3.8
where : e 4
A = de Broglie wavelength
# = Planck’s constant

p = linear momentun
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Thus, matter having momentum p will have a specific de Broglie wavelength. Conversely, an
electromagnetic wave having wavelength A should have a specific linear momentum of /4.

Cold atom waves propagate freely in an atom interferometer, forming fringes whose location
is fixed in inertial space. The atom interferometer will have similar functions like an optical
interferometer such as, splitting, reflecting and mixing. To execute these functions, a sequence
of laser pulses is required [Fox, 2006], and the scheme is shown in Figure 3.45,

Splitter Reflector Mixer
/2 pulse 7 pulse #/2 pulse

Figure 345 Atom interferometry scheme.

To understand this approach, which is based om quantum physics, it is remdnded that
photons carry momentum even though it has no rest mass. When an atom absorbs or emits a
pheton, its momentam changes accordingly, Therefore, one starts with a 772 laser pulse that puts
the atom in an equal superposition of the ground and excited states. While the excited state of
the atom changes its momentum due to photon absorption, the ground siate remains unchanged
thus accomplishing the cold atom wave beam splitting. Similarly, a 7-laser pulse exchanges
the states, functioning as a mirror in redirecting the atom wave. Therefore, a sequence of
2 — x —n/2 pulses makes up an interferometer.

if such interferometer is rotating (refer Figure 3.40}, Path A and Path B become unequal due
to Sagnac sffect, and consequently the {ringes appear shified in proportion to the rotation rate.

Mixer

Atomic wave Path A

%tt@r Mirror

Figure 3.46  Atom interferometry showing Sagnac effect.

For atom particle velocity v and vﬁavelengﬂl A, the Sagnac phase shift for an enclosed loop
area A 1s given as:

A, - %(AQ) ' (3.81)
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For atom, the wavelength, A = A/mv, while for light, A = 2m/m. The phase shift expression
in Eg. (3.81) is for particles interfering after traversing half of the loop. It may be noted
that in the original Sagnac optical interferometry, the interference fakes place after traversing
the complete loop resulting in an additional factor of 2. Here also, it is more appropriate 1o
express the bracketed terms as vector dot product (A-£2) to convey the information that the
perpendicular axis defining the plane of the interferometer area is parallel to the rotation rate
vecior for maximum sensifivity,

For laser light like interferometry, the atoms need to be cooled {o micro kelvin region. The

probable atom velocity v . al an absolute temperature 7 is given by the expression:

E
RET
Vo = | B (3.82)
Fis4
where
kg = Boltzmann constant (1.33 x 107 J/K)

wm = mass of the atom

For example, if cesium atom beam is used (m = 133 x 1.6 x 10" kg) and the temperature
is reduced by laser cooling to 100 x 107°°K, then the probable atom velocity vy, will be
0.013 m/s.

Thi$ reduction results in a significant increase in the theoretical rotational sensitivity of this
atomn inteérferometer, which is about teén orders of magnitude larger compared to the sensitivity
of a Corresponding interferometer that uses light. Theoretically, the increase in sensitivity over
the photon based optical gyro has been defined by a factor given by

2
¢a‘mm " s 1(}10

¢phomn e (383}

where
m = atom mass
¢ = photon frequency
h = reduced Planck’s constant

This gain factor assumes that both types of gyros have same Sagnac area. This large gain
assumption is not currently valid as the Sagnac avea that can be realised pow in cold atom
gyro is quite low as compared to an optical gyro. The science and technology involves cooling
of atoms, generation of coherent atom beams, atom interferomeiry apd detection of fringe
shift, A recent review paper [Fang and (Jin, 2012] have described the current status on atom
interferometric gyro and the direction of research to improve upon the performance and the
packaging technology including chip scale gyro realisation. The paper also points out renewed
R&D on nuclear magnetic resonance gyro.

Some current approaches [Tiiterton ef al, 28041 towards 2 laboratory prototype
of such cold atom gyro is described, while the gyro performance realised has been
described by [Gustavson et al., 19977 so that such gyros can be produced to provide standalone
high precision performance in navigation application where satellite navigation will not be
suitable.
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This chapter on gyros has brought out the principle of operation, their features, configurations
and error characteristics for a range of gyros which are currently under use primarily in
aerospace and to some extent in ships as well as for land based application. This range covered
the spinning rotor gyros consisting of single degree of freedom rate and rate integrating gyros
as well as the two degrees of freedom gyros where specifically dynamically tuned gyro siill
finds considerable application. The other end of these gyros are normally calied solid state gyros
and the gyros covered in this range consisted of Coriolis vibratory gyro and the optical gyros.
The Coriolis vibratory gyro has special significance due to the emergence of micro-fabrication
methods and tuning fork gyro has been described at length. In this category. the most accurate
gyro, called hemispherical resonator gyro, is addressed due its excellent performance and long
reliability even though the gyro is not fabricated by the micro fabrication method. The optical
gyros are currently dominating in navigation application. So, the ring laser gyro as well as the
fibre optic gyro are described at length. Lastly, the great stride on the research and development
on cold atom gyro has made it necessary o Infroduce the basics of this futuristic gyro.

3.1 A perfectly balanced spinning rotor of a gyro is rotating in the direction shown in
Figure E3.1.

Sprinning rotor
i

Y N

\“

Figure E3.1

What happens when a mass #f is added at the end as shown? Explain your choice,
(1} The gyro topples
(ii} The gyro precesses about the vertical axis
(ii) The gyro precesses about the horizontal axis
(iv) Not enough information to answer {Ans. (i)}

3.2 Sketch of a spinning rotor gyro is shown in Figure E3.2.
(i) Assume normal gyro parameters, draw its block schematic and derive its input—output
relation. What type of gyro it is called?
{it) Suppose the torsion bar is removed and the gimbal is mounted to the gyro case on a
friction less bearing, what will be the gyro called? Assuming normal gyro parameters,
write down its input—output functional relation.
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Gyro case

Torsion bar

Input axis

Cratput axis

#

Very low friction Signal generator (Pick-off) Spin axis

bearing support
Figure £3.2

3.3 There are two figures shown [Figure £3.3(a)] below, one showing the featurs of 2 gvro
and other [Figure E3.3(b)], its important characteristic. Answer the following:
{iy What is the gyro called and why?
(1) What is the tuned speed equation for this gyro?
(111} How many degrees of freedom the rotor has?
(iv} Will the gyro have nufation frequency? i so, how this can be solved?

Flexure stiffness characteristic

Flexure
L generated
stiffness
Spin speed

Tuned spéed Dynamic

L stiffness
at speed (No)

/\r
Dynamic stiffness Sy
@ ()

Figure E3.3

3.4 A DTG requires its bias drift alone to be calibrated. A set-up, shown below (Figure F3.4),
is used to calibrate the gyro X-axis bias with known value of gyro scale factor,
() Write down the model equations and show how the bias is obtained?
(ii) Do you think the set-up is ok for gyro Y-axis bias calibration?
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Yertical up Vertical up
i Morth
Horeh Y-axis A
e
K-axig
¥-axis East Hast
Position } Position 2

Figure 34

3.5 Figure E3.5 shows a pendulum bob of mass M suspended from a frictionless support with
two degrees of freedom at latitude of 30° and assume free from air resistance.
(1) If you initiate the pendulum movement at fime {, along North-South direction, what
do vou notice on the direction of pendulum movement after 4,7 Explain.
(i1} If the above sei-up is made at eguator, what do you observe?

North
S Suspended pendulum

qua?é}" /}

1
]
]
]
t
]
]
'
t

South
Figure £3.5

34 Bketch of a CVG is shown in Figure E3.5,

Outer frame
I | ! ™ ;jmlnner frame

1 1 J
YWY g g VW
CM—— [Pr{aof mass
Outer springs

M Suspension springs

- 3

¢__~i_m:?_"$:1 Capacitive detection

Figure E3.6

Indicate:
{i} Resonator vibration direction
{il) Direction of input angular rate
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(iil) Direction of Conolis force
{iv) Also explain how the gyro is detecting angular rate
3.7 In an HRG, the resonator has following vibration modes:
(ay n=¢ by n=1 () n=2
{i) Which is the mode suitable for operation as a gyro?
(il Sketch a gyro operating mode and show on it the nodes, antinodes and the velocity
direction at these nodes and antinodes,
(iii) A counterclockwise rate is applied to this resonator. Show the direction of Coriolis
force at any one of the antinodal points. {Amns. (&)
3.8 Write the rate sensitivity eguation for a square biock RLG and define the parameters, If
the square block has a side of length 7 cm and operating on laser wavelength of 8.63 um,
(i) Calculate frequency shift to detect angular vate of 0.01%h
{iiy Calculate Hs scale factor in arc-s/pulse.
(iiiy What will be the path length for a tisngular gyro to achieve the same scale factor
operated with same wavelength?
FAms. () 5.33 x 107 Hz, (i) 1.85 arc-s/pulse, (i) 36.5 cm)
3.9 Rate sensitivity equation of a basic IFOG is given as:

&{;‘)S = Sﬂff £

€y

The gyro has following design parameters:
Coil diameter; 10 om, No. of tums = 1200, A = 1.3 um
Find out (i) gyro scale factor (ii) Sagnac phase shift for a rate of 100°/s
fAns, (i) 0.606 s, (i) 1.055 rad]

3,30 In a basic TFOG, the intensity response of the recombined waves with intsrierometer phase
difference is given by

=i Tt +cos Ad]

where Ag, is the Sagnac phase shift.
(1) Plot the funciion and explain the problem with this type of gyro.
(i1} (a) What is done to circumvent the problem? Explain with a sketch,
{b) What is the maximum angular rate range achievable without ambiguity?
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Accelerometer

Accelerometer is used for wide range of applications. Such areas of application cover aircrafls,
missiles, launch vehicles and spacecrafts which are collectively categorised as asrospace.
Besgides these, there exist large non-aerospace applications. As a resnli, the features, design
and performance of accelerometer varies widely. This chapter has concentrated primarily on
accelerometers for use in aerospace.

Accelerometers are desigeed fo actually measure inertial force by converting the applied
inertial acceleration with the help of a proof mass that is built into the instrument. This inertial
force is then further processed using different schemes to derive the imparted acceleration.
Various types of accelerometers, which are either currently in operation for aerospace or under
development, have adopted their names from these schemes. Some such schemes are named as:

1. Open loop spring-—-mass accelerometer

2. Closed loop spring—mass accelerometer

3. Vibrating beam accelerometer

4. Interferometric fiber optic accelerometer

3. Plectron tunneling effect accelerometer
A new accelerometer, that is emerging, uses totally different principle of operation and is called
cold atom interferometer based accelerometer,

-~ Current operational accelerometers for aerospace are mostly using first three schemes,
while the remaining two accelerometers are under development. Cold atom interferometer based
accelerometer has targeted for very high accuracy stand alone inertial navigation application
where satellite navigation aiding will not be possible.

4.1 Operating Principle

Accelerometer operates by measuring the inertia force generated when a mass accelerates. The
simplest form of a mass—spring accelerometer, which measures the inegriia force, is shown in

1386
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Figure 4.1, The operating principle is described for such an open loop spring—mass accelerometer
that is historicaily one of the earliest.

. Frame
Acceleration Spring BQITEPBT
. __t___a;____ ____/_ mm Proof mass i C
i i /
o rat . /
Sensitive axis
¥
LG
th i IREIA
(MMM A A A ~

'i‘i!%ody fixed scale

Inertial scale
O -t .
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Figure 4.1 A spring—mass accelerometer schematic.

When a moving vehicle puts the frame of the accelerometer under acceleration of magnitude

a, the spring deflects until it produces encugh force as per Hooke's law to accelerate the
proof mass M at the same rate as the frame. Physically, this means that for the acceleration
direction as shown in the diagram, the spring will be under compression. If the direction
of acceleration is reversed, the spring will be under tension. Such an accelerometer can be
described mathematically in the foliowing manner. Iet

x = displacement of the accelerometer frame with respect to inertial reference scale

v = displacement of the proof mass M with respect to the accelerometer body fixed scale

' = damper damping coefficient

& = axial spring stiffness
The force balance equation can be written as:

2

d dy
MoeAy~ 23+~ +Ey=0 4.1
gy (y~x) P (4.1)
Rearranging the equation, we get:
d’ d /°
M e ke EE v (4.2)
ar dt dr?
Under steady state condition, when the derivaiives of y go to zero, we gel:
Ma = Ky
K
am—y {4.3)
M

Since K and M are accelerometer design constants, a measurement of y provides the value for
the input acceleration. Bquation (4.3) is important to underline the essential characteristic of
this class of accelerometer where accurate measurement of linear acceleration is of fundamenial



138 Fundamenials of Navigation and Inertial Sensors

impertance and not vibration or shock. The static sensitivity and the time response to reach a
steady state value are governed by the following parameters:

Static sensitivity L. %
a &
Undamped natural frequency w, = E
Vs
Damping ratio { o ¢ (4.4
INKE
Equation (4.2) is often reformulated using @, and { to give: ®
d*y dy 4
i e FOGD o OV 2 {4.5)
di’ S T 0 :

Figure 4.2 shows the transient response of the accelerometer where [ < 1. It shows that damping
is essential to provide a steady state response within a short time which is dictated by navigation
sampling time of accelercmeter data.

\ Hxponential
\g/ampiitude decay

i} A\;P"\:\:;MQr Time

Periodic oscillation

Maximum displacement

Figure 4.2 Accelerometer transient response.

EXAMPLE 4.1 (on open loop accelerometer): An accelerometer with proof mass of 2 x
107 kg is having natural frequency of 150 Hz and damping ratio of 0.7. Find out its damping
coetheient and also the displacement of the proof mass relative to case to measure acceleration
of 10g. (Assume g = 9.78 m/s).

Selution: 3Stiffness K can be obtained from Eq. (4.4). On substitution, we get:
2 x 150 = }-—-—i& S
Y2x107
Solving, ¥ = 1774.7 M/m.

Damping coefficient C can be obtained from Hq. (4.4). On substitution, we get:
_ C
217747 x 2 x 197

6.7

Solving, € = 2.63 N/m/s.



Accelerometer i39

Proof mass dispiacement i obtained from Eqg. (4.3). On substitution, we get:

_2x107 x10x 978
1774.7 '

¥

Solving, v = 110 pm.

4.2 Accelerometer Classification

Accelerometers are classified depending on its design and buile. Quite often it is classified based
on the method of sensing the proof mass displacement. The most widgly used sensing methods
are:

(i) Inductive (il) Capacitive (iii} Optical (v} Interferometric (v) Electron tunneling
(vi) Piezoelectric and {vii} Piezoresistive.

Another method of accelerometer classification is based on open loop sensing or closed
loop sensing. If the detector or the pick-off output is a direct measure of the acceleration, it is
called open loop accelerometer. Wheveas, if the detector output is nulled by a force feedback
system, and the feedback current or voltage is a direct measure of the acceleration, then it is
termed as closed loop accelerometer.

Another classification is based on the suspension of the proof mass. If the proof mass is
having a lever arm, it is called pendulous accelerometer, whereas, if there is no lever arm, it is
called non-pendulous gecelerometer or translatory mass accelevometer.

In aerospace applications, where accelerometers need to be quite accurate, IEEE has defined
the classification by combining the last two and in such classification, Figure 4.1 shows open
loop non-pendulous accelerometer, Figure 4.3 shows open loop pendulous accelerometer and
Figure 4.5 shows closed loop pendulous acceleromeler.

4.3 Open Loop Pendulons Accelerometer

In open loop pendulous accelerometer, the proof mass of mass M is placed at a distance /,
known as lever arm, from the centre of suspension, as shown in Figure 4.3. Penduolosity of the

Flexure Pendulum Mass Detector

spring centre
?rame,é oA
=
—_— S
P T ol SN W
A= g Wj‘ Ph
4 i ! !
= I
Z i
A ' ia

W
Acceleration

Figure 4.3 Open loop pendulons accelerometer schematic.
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suspended rass is then given by M. Inertial acceleration acting on the proof mass produces a
reaction torgue about the suspension point. The suspension is normally provided by a flexure
spring. A flexure spring avoids friction and is normally used against other form of suspension,
e.g. jeweled bearing, used in the early days. Accelerometer damping is not explicitly shown
here, although seme form of damping will be there to shape the transient response.

Under steady state, acceleration ¢ acting on the acceleromeier leads to generation of
inertial torque Mla that is balanced by the rotational spring stiffness X, This produces a relative
deflection angle & between the accelerometer frame and the proof mass. The torgue balance
equation is given by

(MDa = K8 @

Comparing Egq. (4.6) with Bq. (4.3), it iz seen that the sensitivity of the pendulous
accelerometer increases by a factor / which is the lever arm length, to highlight one advantage of
a pendulous configuration over the non-pendulous version, The detector measures the deflection
to provide an electrical output. The damping is either provided with a fluid or with some inert
gas. The orthogonal sensor axes are defined as:

IA = mput axis (sensitive axis), along which acceleration is acting

PA = pendulum axis

OA = output axis (axis about which rotational spring deflection takes piace)
Axes, defined by IA, PA, OA, are normally conforming to a right handed system,

4.3.1 Cross Coupling Effect

Open loop configuration, although simple, has not been able to provide navigation grade
performance due to deficiency inherent in this design in areas such as cross axis coupling and
tinearity.

Cross axis coupling is an indication that the accelerometer is sensitive to acceleration along
the axis perpendicular to the input axis. In an open loop pendulous accelerometer, the cross
axis sensitivity is high and manifestation of this error is described with the help of Figure 4.4,

1A
- a; a
A /
7 B
..... o [ A - PA

by Py

o Py
7 " . o e
o M- T
Z .
o

Figure 44 Cross coupling error in pendulous open loop accelerometer,

Assume that an acceleration « is acting on the accelerometer so that it has a component g
along 1A and a, along PA. The torque T acting on the accelerometer proof mass is given by

T = Miag, (4.7
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Deflection & is then given by
_ Mila,
K

8 (4.8)

Due to this finite deflection, the acceleration component a, sin & acts on the input axis of the
accelerometer {0 produce cross coupling error torque T, given by

T, = a, sin 8M1 (4.9
For small deflection, sin # = & and combining Eas, (4.8} and (4.9) we gei
M?.!E &
Tp = ¥ &0, {(4.1D)
= Kyaa, (411

2, However, unit

where K, = M’/ is cross coupling coefficient with unit as N-m per (m/s
% and this is

of K, is normally expressed in terms of acceleration such as gfe? or wis?/ (/s
possible by expressing the cross coupling coefficient as (MI/R).

From Eq. (4.10), it is thus seen that the spring stiffness & needs to be high to reduce cross
coupling coefficient magnitude, but high K leads 1o reduction of sensitivity, There are several
other design issues which are difficult to sort out for improved performance in open loop
configuration.

FXAAMPLE 4.2 (on cross coupling error of open loop accelerometery:  Calonlate the spring
stiffness necessary to limit the pendulum defiection to 15 arc-min when the input acceleration
is 10g for a proof mass of 2 x 107 kg and pendulum length of 2 x 107> m. Find out the cross
coupling coefficient, Assume g = 9.78 my/s®.

Solution: Spring stiffness & can be obtained using Eg. (4.8). On substitution, we get;
10X 978 x2x 1077 x2 %107

5

Solving, X = 2.6 x 107 N-m per arc-min or 0.89 Nem per radian.
Cross coupling coefficient K, can be obtained using Eqg. (4.10). On substitution, we get:

K

M-m per arc-min
|5

(2x1077 %2 %107
K =
7 0.89

Solving, K;, = 17.97 x 1079 N-m/(nvs™)™.
Expressing cross coupling coefficient as MFK, we get:

K, = B2 X2X107) 4 4o % 10°F i)
’ 0.89
_449x107

= (.45 % 1077 g/g*
978 g8

with g =578 m/s*, K,
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In a non-pendulous accelerometer, there is no defined pendulous axis and the input axis
is parallel to output axis. So, cross coupling is thecretically zero and can be considered as an
advantage from performance point of view,

4.4 Closed Loop Pendulous Accelerometer

in a closed loop design of pendulous accelerometer, the proof mass movement is constrained by
an electrical force and by design; the inherent flexure spring force is considered as negligible.
In conventional accelerometer design, this electrical force is generated by an slectromagnetic
forquer.

P

4.4.1 Sensitivity

Balancing the acceleration induced inertial force by an electrical force, we get under steady
state:

Mla = K {4.12)
where
i = feedback current
K, = torquer constant
5o, sensitivity can be defined as:
Output 7 A
put A (4.13)
Imput o K|

This type of accelerometer is often referred as rorque fo balance pendulous accelerometer.
The closed foop design keeps the pendulum deflection near to its null (zero value) under full
operating acceleration range thereby substantiaily reducing the cross coupling error as well as
the linearity error associated with pick-off output.

EXAMPLE 4.3 {on torque constant): For the accelerometer of nominal design parameters
and the operation range as shown in Example 4.1, find out the torque constant if the current
required is 50 mA {or rebalance operation.

Selution: The torque constant can be found out using Eg. (4.13). On substitution, we get:

-3 -2
K,:zxm xzxsz}{} megﬁ:?.leO”N&ﬂmA

4.4.2 Design Features

Features of a typical closed loop accelerometer consist of the following functional elements
which are shown in Figure 4.5.
(1) Detector (i1} Forcer (iii) Flexure and pivot suspension (iv) Damping (v) Rebalance servo
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Figure 4.5 Torque to balance pendulous accelerometer schematic.

Delecior

A dstector senses the rotation or the linear iransiation of the proof mass relative to the
accelerometer case when acceleration acts along the input axis.

Comimon detectors, quite often termed as pick-offs, are either inductive or capacitive or
optical in nature. Accelerometers based on piezoelectric or piezoresisiive detection have not
been successful in realising precision grade.

The inductive pick-offs are normally air core type to indicate that there is absence of
soft iton material in the magnetic path. In a typical design, there are four coils which are
connected in Wheatstone bridge configuration. When the pendulum is centred, ie. under no
input acceleration, the bridge output is zero. Change of air gap, due to an input acceleration,
causes a change in the bridge balance, which in turn produces an output. The bridge is typically
excited with sine wave with voltage amplitude between 2 V and 6 V and frequency > 15 kHaz.
Sensitivity is moderate requiring suitabie amplification, while output voltage phase shiff is high;
both are due to air core design. Output phase shift is reduced to an acceptable level using toning
capacitor.

Capacitive pick-off, a later induction in accelerometer design, uses a pair of capacitors C,
and C, so that they are on either side of the pendulum (refer Figure 4.6).

SOASAAAYAY
5

Metallisation

SN
0

Figure 4.6 Capacitive pick-off in accelerometer.
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Outputs of these two capacitors are then used in differential mode so that when the pendulum
iy centred under no input acceleration, the net capacitor output is zero. In the presence of input
acceleration, the capacitance of one increases, while that of the other decreases, thus providing
a useful output for the amplifier. In some design, the capacitors are used in Wheatstone bridge
configuration, The capacitors are primarily of parallel plate type with area A and with nominal
design gap 4. Nominal capacitance €, under zero acceleration is given by

. A .
Cy =8, — (4.14)
= d
where £, is gap permitiivity (= g&); & is free space permitiivity and &, is relative gap
permittivity. %

Under an input acceleration, there is a gap change Ad, which results in a change of nominal
capacitance Cy 1o assume the values of € and C, as follows:

A i L
£, - =
Sd+AD L+ k
A 1 Cy
g, — =
Sd(-adidy 1~k
Expanding by series expansion Egs. (4.15) and (4.16) and taking the difference, we get:
G ~Cy =20,k + K + 1+ (4.17)

Hyuation (4.17) shows that while even order nonlinearities are absent by difference process
employed. the ouiput contains odd order nonlinearities. The linear pick-off scale factor S is
thus given by

G = = Oy (1 + k7 (4.15)

Cy = = Cyfl - &y (4.16)

Sy = 2Cek (4.18)
ad

where f = -2
d’

Sen‘ut}wty sf Lapa‘:ﬁwa detection is low compared to its inductive counterpart but is
electronically taken care in the current accelerometer designs.

in some accelerometer design, optical pick-offs have been used with success. In a typical
design, a projection of the pendulum comes between a Light Emitting Diode (LED) and a
divided silicon photo detector. The shadow of the pendulum falls on the detector such that at
zero acceleration equal voltages arve outputted from the two halves of the detector. Under an
input acceleration the pendulum moves, the shadow also moves such that for one half of the
detector the voltage rises while for the other half, it falls. The difference output is then used by
the servo to resiore the pendulum position. It is important in this design to ensure that the LED
intensity does not change on its own.

EXAMPLE 4.4 {on capacitive detection):  Find out the differential capacitance in a parallel
plate capamtor system of Figure 4.5, for a gap change of 0.01 mm where the capacitor area
is 25 mm? and 2 nominal gap of 0.05 mm with air as dielectric medium. Find out the detection
sensitivity, : : :
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Soiution: MNominal capacitance C, is given by Eq. (4.14). Now,
£, = 8¢, = 8.854 x 1077 x 1.000589 = 8.859 x 1077 F/m

On substitution, we get:

' 255 10°°
¢y =8859x1072 x—210 g
solving, Cy = 4.429 pF $.05 %10
- 0.01
Therefore, Co= 4429 9F and f=r0=02

. Differential capacitance C, — ), can be obtained from Eq. (4.17). Or¥ substitution, we get:

Oy~ Crm 2% 442902+ 020 +02°+ -1
or
Oy - Cy ~ 1.76 pF

) _ 1.76 )
Detection sensifivity = -3 PE/M or 0.176 pF/um

.01 x 1
Quite often detection sensitivity is an important design parameter.

Forcer

The most common type of foreer, which is in use, works on the principle of a Darsonval
principle where magnetic field set up by permanent magnets interacts with coils carrying current,
The scheme is shown in Figure 4.7

Motion of needle
Currem\out e Current in
s
y
Permanent ! 2N P
& eTmnanent
magnet S| ) ( (\(\(C)} ) magnet
Hairspring Coil of wire to which needie and

hairspring are attached

Figure 4.7 Hlustration of D’arsonval principle as forcer for accelerometer,

In accelerometer, the hairspring is not necessary as the restoring force is provided by the
acceleration acting on the proof mass. The two electromagnetic forces ¥, and F, form a couple
to provide a rotation whose direction will be opposite to that produced by the inertial force.

Force F,, in such a design with current { in the coil is given by ‘

F = wdN B, . (4.19)



i48 Fundamentals of Navigation and Inertial Sensors

where
¢f = coil diameter
N, = number of turns in the coil
8 = flux density in the gap
The direction of electromagnetic force is perpendicuiar to both £ and i The posution of the
magnets and the coils should be so arranged that the electrical force F,, passes through the proof
mass centre. The design is optimised so that maximum force is generated with minimuom of
current, and this is realised by operating around the magnet BH-max point and using magnets
with high-energy product such as Samarjum Cobalt (SmCOs) or its neat higher version Sm,C0,,.
The latter has 2 magnetic energy product that Hes in the range of 25-28 millions gauss-cersted.
Working arcund the BH-max point reduces the volume of magnet needed and hence the magnet
masgs. However, samarium cobalt magnet shows high sensitivity to temperature and typically,
the flux density changes by 480 ppm/°C change in s temperature. This divectly changes
accelgrometer rebalance scale factor and needs to be addressed in the design. Three methods,
which are avatlable to tackle this problem, are:
{1} Operate the acceleromster at a fixed temperature.

(it} Use of temperature compensating shunt for the magnets.

(itt) Use of special type of low temperature coefficient samarium cobalt magnet.

The magnets are normally located in the accelerometer case and some form of shielding is
imtroduced 10 reduce the effect of external magnetic field. The forcer coils in two halves, are
olaced on the pendulnm. The current is conducted o the forcer coil by taking gold wire over the
hinges. The coils thus contribute to the proot mass and the location of the mass centre relative
t0 the suspension point. Thus the design of forcer coll must address 1o mindmisation of power
dissipation and provide suitable path for heat wansfer out of the pendulum. If digital capture
icop is considered, the coil time constant must be kept low.

The typical range of values of accelerometer scale factor, with analog capture, lies between
£.0 and 5.0 mA/g. This has an interpretation that this is the magnimde of feedback current
needed to balance an acceleration of magnitude 1g (=9.8 m/s®).

REXAMPLE 4.5 {on forcery:  If the operating Bux density of the SmCOs magset is 0.7 T and
coil diamster 15 10 mm. find out the number of torns needed o close the loop with 50 mA
current for the accelerometer of Example 4.1,

Selution: Tor the forcer coil of N, toms, the developed force is given by Ha. (4.19). On
substitution, we get: _

Fo= (314 x 10 % 162 x 0.7 x SO)N,
rom Bxample 4.3, the torque required to close the loop is:

7.8 % 107 x 50 = 39.12 x 107 Nem

20,12 %107

e =19.56 107 N
X

Therefore,  force F,, {to be generated by the forcer) =

=

Equating, {(3.14 » 10 x 1073 x 0.7 x 50)N, = 19.56 x 102 So, N, = 178
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Capacitive torquing is an alternative to electromagnetic torquing with an advantage of
negligible power dissipation on the pendulum under varying acceleration. It is also advantageous
from digital rebalance point of view, But the biggest drawback is in the limited torguing
capability when compared with the electromagnetic version. As a consequense to this torquing
limitation, which reduces sensing range, macro sized accelerometer, with velatively large proof
mass, normally uses electromagnetic torguing,

Flexure and pendulum suspension

Flexure hinge is considered as ideal for very low static friction and practically demonstrating
infinite resolution. In a closed loop accelerometer, the entire restraint torgue is expected to be
provided by the servo operated forcer system. As a result, such flekure suspension matches
ideally with the closed loop requirement. This leads to use of véry thin section fiexure hinge
whaose thickness is designed that is purely based on the survivability to mechanical shock and
vibration along with sufficient strength to micro deformation. The choice of hinge material
is based on strength, low hysteresis and geometrical stability across temperature, Typical
such materials are elgiloy, beryliinm copper and maraging steel. Fused guartz is also a good
_ hinge material, especially with the development of ultrasonic machining and micromachining.
Normally, two coplanar flexure suspensions are used as shown in Figure 4.8, while Figure 4.6
shows another view of the thin flexure pendulum suspension. During the normal closed loop
opetation, the electrical forcing system opposes the acceleration load and provides a near stress
free conditicn for the hinges that supports the pendulum.

Hinge Proof mass

Anchor ﬂ
B
&
Zf’/% 1
Bense axis

Hinge

Figure 4.8 Co-planar penduluim suspension with thin flexure hinges.

However, during non-operating phase, there is no elecivical capture of pendulum defiection,
so that the stiffness of the flexure hinges alone supports the pendulum under the gravitay aE

oull: This gravitational force results in the thin ﬁenure hinges getting sufficiently deflected. ‘Jwah
flexure thickness typically designed between 12 um and 20 um, the pendulum deflection under
this gravitational pull can be sufficient to siress the hinges severely. This stress is controlled
within the acceptable limits by limiting the pendulum deflection with Hmit stops on either side
of the pendulum. However, spacing of the limit stops should be such that under maximuom
operating linear acceleration and vibration, the lmit stops are not hit, Fluid damping is provided
fo protect the flexure from non-operating shock.

Damping
Damping is needed in an accelerometer to provide an acceptable output response in time domain

as well as in frequency domain. From Eq. (4.2), we find that the damping force F(#) in time
demain is given by

Fyt) = CV(0) | (4.20)
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where
C = darmping coefficient
V, (1) = velocity of the proof mass
Common damping methods followed are:
(i) Fluid damping, this again can be divided into:
= Using compressible fluid
» Using non-compressible fluid
{ii) Feedback loop damping (peossible for accelerometers with feedback loop)

Fluid damping in an accelerometer can occur in the following manner:

» Through shear resistance
» Through squeeze &im

Shear resistapce damping: When the proof mass moves in 2 space, which is surrounded by
fhuid, damping force is induced by the shear resistance between the contacting surfaces of the
proof mass and the swrroonding floid. This type of shear stress was originally postolated by
Isaac Newton and the fluids, satisfying this postulation, are normally called Mewtonian fluids.

LLLLEL L AL L ] //////Fixedpiatc

) . " Gap g Moving -\ Velocity profile 1(y)
Bamping fluid space 3 proof mass
b e Velocity V

—_
3 ,
* GapH " ~Velpeity profile u{y)

¥ .
TR LR T AR TRRRY, Flxed plate
Figure 4.9 Shear resistance damping in accelerometer.

The principle of shear resistance damping can be explained with the help of Figure 4.9, The
proof mass is moving with a velocity V and surrounded by the damping fluid between two fixed
plates. For a non-slip flow condition, the velocity profile u(y), on both faces of the proof mass,
is considered linear. The shear stress 7, af either the top or the bottom face, can be expressed as:

du

T=U ) (421

_ &

where g is dynamic fluid viscosity.
Since, the velccity profile is considered linear, the velocity profile can be written as:
' - Vy :

w(y) = = (4.22)

W)=

where H is the width of the gap between the top and the bottom surfaces of the proof mass and
the surrounding plates. Hence, the shear stress ai the contacting surfaces 7, can be expressed as;

%zﬂg (4.23)
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Se, the shear force F), acting on both the top and the bottom faces of the proof mass can be
writien as:
2uilh )
Fy = 1y(206) = _}%m v (4.24)

where L and b are the length and width respectively of the proof mass. So, the damping
coefficient C can be written as:

c=to gy Lt (4.25)
v H

Since L, b and ¥ are decided based on several other design consideratibns, choice of 12 becomes
an important consideration for arriving at the suitable value of C. Typical non-compressible
damping fhuid can be a liguid such as sificone oil. Compressible damping fluid is a gas such as
air or nifrogen or helinm.

The typical ratic of dynamic viscosity at 20°C for helium and silicone oil is 19.4: 740, This
gives a choice whether to use gas or oil. Further, the sensitivity of dynamic viscosity of silicone
oit with temperature is guite low; hence, it is widely used where liquid damping medium is
necessary. In the case of gas damping, belium may be preferced over air as it has higher thermal
conductivity that is useful in dissipating the heat genorated in the forcer coil.

Sgueeze fllm domping

Fluid provides damping in a narrow gap by squeezing the fluid and hence the name squeeze film
damping. The mechanism of this type of damping is little complex and depends on the choice
of a fluid which can be either compressible or non-compressible.

Squeeze film damping occurs when a plate moves in close proximity to another solid
suiface, in effect alternately stretching or squeezing any fluid that may be present between
the moving plate and the solid surface. This fluid can act as a spring and or a dashpot having
significant effect on the dynamics of the system. In working out a mathematical formuiation,
cettain assumptions are made like quasi steady fluid characteristic, flow dominated by viscosity
and that the gap is small compared {0 overall plaie width. Precise nature of damping involved in
a modern macro sized accelerometer whose size has been reduced over the years, needs careful
analysis due to combination of the above factors that are involved. Readers interested to know
more on tus topic may refer the book of [Tal-Ban Hsu, 28021,

Where silicone oil is used in accelerometer, its volume expansion with temperature needs
to be controlled using metallic bellows. Considerable amount of perfection is required in the oil
filling process ensuring cleanliness, total avoidance of air entrapment and leak proof joints for
the entire life of the accelerometer. Air entrapment leads to bias instability problem.

Rebolance servo

Accelerometer rebalance servo plays a critical role i accelerometer performance and reliable
operation, which in turn define the foliowing typical reguirements:

* To provide the operating linear acceleration range, which is usually expressed in units
of g. : _

¢ To provide high dc (low frequency) loop stiffness, so that the steady state sror is
minimised. The stiffness is usually expressed in arc-s/g.
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¢ A veguired loop bandwidih, which is consistent with the environmental acceleration
characteristic of vibration and shock.

= A high operating dynamic rangs, typicaily of the order of 1 million, for navigation
application.

= A suitable scale factor either in volts/g for an analog rebalance loop or in pulses per s/g
for a digital rebalance loop.

s An acceptable step or frequency response featnre with adequate gain and phase mazgin,

Considering the above requirements, accelerometer servo loop design has evolved which
is either analog or dighal. A digital loop provides interface with computer without the need
for anzlog to digital conversion which is needed in an analog lopp. But characteristics of all
accelerometers are not suitable for digital rebalance loop and as a result analog rebalance loop
continues.

Analog rebalance

Basic features of analog rebalance loop are shown in Pigure 4.10, which is known as a
proporiional control loop, In this figure, g; is aceeleration along input axis; P is accelerometer
pendulosity; J is inertia of pendulons mass; C is damping coefficient; & is flexure stiffness; &,
is pick-off scale factor; X, is servo gain consisting of all the electronic elements in the loop; &,
is forcer coil resistance; R, is sense resistor; L(s) is forcer coil inductance; i is feedback current;
K, is accelerometer forque constant; V, is accelerometer oviput in volis,

Accelerometer Servo
Pendulosity dynamics Pick-off S}ECIIQﬂi'CS Toreer cnil
a + 1 a 1
e JSZ+CS+Kf f ‘ R, + s} l
.
Sense r@sismr} R, % IV"
K, i
e
Torquer constant

Figure 4.1% Analog rebalance accelerometer servo loop with proportional control.
Overall loop gain is given by +
o KKK
prretty .
i 426
R, +R, ( )

Stiffness of the flexure &, is neglected being quite low compared with the servo stiffness. Since
K, and &, are the accelerometer design constanis, electronic gain X, can be determined, which
will provide loop response, stiffness and the desired bandwidth. Higher the overall loop gain &
higher wili be the loop stiffness which in turn will lower the deflection of the pendulous mass
under acceleration. This lower deflection in turn will lower the cross axis coupling. Closed loop
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de stiffness value of around 1-2 arc-s/g and bandwidth > 150 Hz are typical in accelerometer
for asrospace applications,

In this class of accelerometer, where accurate measurement of linear acceleration is of
fundamental importance, the requirement of reasonably high bandwidth can be explained in i the
following manaer:

(iy The transient response of the accelerometer loop must setile well within a time that is
consistent with the accelerometer data update frequency discussed in Chapter 2.

(i) The loop must not saturate under environmental shock and vibration spectrum,
Quite often, vibration isolators are introduced to relieve the environmental load on
accelerometer. -
Digital pulse rebalance is an alternative to VFC where the inertial sensor, having a rebalance

loop feature, is digitally servoed that emable interfacing with the computer without the of an

analogue to digital converter. This scheme is explained Section 8.11 in Chapter 8.

4.4.3 ﬁca&e%mﬁwter Errors and Model

Al accelerometers will have errors and these are categorised under different modelieble
terminologies. As discussed in Chapter 2, the systernatic part of these modelleble emors is
compensated in computer which signifies the importance of modelling. Typical terminologies
describing the errors and their corresponding model terms are:

{a) Bias

(b} Scale facior error

(¢} &cale facior non linearity error

{dy Cross axis coupling errox

{e) Axis misalignment error

Bias X, is an output in the accelerometer in the absence of acceleration. It changes with
time, temperature or even under accelerometer switch ON/OFF condition.

Scale factor X, changes with time and temperature resulting in ervor.

Scale factor nonlinearities (X, and X,) indicate that under different linear acceleration
magnitudes, the scale factor is not the same and the dispersion from the linearity is the error.
K, and Kj are the model parameters which represent the nonlinearities.

Cross axis coupling error terms (K, and X)) have been described earlier in Section 4.3.1.

Axis misalignment error terms (8, zmd 8,) are due to misalignment of the actual input axis
from reference input axis,

Typical model of a closed loop pendulous accelerometer with analogue rebalance is given
28!

y £ 5 3 .
Afind)y = o [Ky +a + Kya; + Ksa, + Kpaa, + Koa, + 8,0, —0,a,] (4.27)
!
Here _

a;, a, and a, = linear acceleration acting along input axis, pendulous axis and output axis

respectivety.

AQind)
E == accelerometer output measured electrically.

acceleration measured by the accelerometer normally in onits of g.
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Accelerometers with digital rebalance may have terms like scale factor asymumetry which
means that the positive half scale factor-is slightly different from its negative half.

These model terms are calibrated using specified test methodology and with appropriate
instrumentation. Depending on application and performance requivement, the mode! can be
truncated. Readers can refer the book [Bose et al., 2008] for more on accelerometer model
calibration,

4.8 Vibrating Beam Accelerometer

Vibrating Beam Accelerometer {VBA) works on the principle of foree to frequency conversion
where the inertial force on the proof mass causes a change in the freguency of a resonating
beam, in a resonating beam, the beam is excited by an external force to make it vibrate at its
natural frequency. The beam shape is likely to have different vibration mode freguencies. In the
operation of a resonant accelerometer, the beam is made to vibrate at ifs transverse mode natural
frequency. When a force is applied longitudinally, which is perpendicular to the divection of
vibration of the beam, the beam resonant frequency changes and the change in frequency is a
direct measure of the applied force. From this information, the input acceleration is determined
as a change in no load pulse stream frequency output. Thus VBA is a solid state accelerometer
with inherently digital output and is treated as an open loop sensor. In the carly eighties of the
last century, development of low cost tuning fork oscillator with piezoelectric crystalline quartz
tor watch industry provided sufficient motivation for research on VBA as a low cost alternative
to classical spring mass accelerometer,

4.5.1 Force to Frequency Conversion Principle

Principte of the force to frequency conversion is explained with the help of Figure 4.11 where
a beam of length [ and thickness 7 is made to resonate at frequency Jo along the beam width
direction, defined as transverse mode, with one end attached o 2 proof mass M and the other
end is rigidly fixed.

Resonant vibration

Proof mass

e

Beam o‘ﬁ thickness ¢

/

4
EURTRREARRTRRTE TR

Fized end

e————  Beam length | s

Figure 4,31 Force to frequency conversion.
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in the absence of input acceleration, the transverse resonant frequency f; of the suspended
beam is given by
I Ix
Jo == (4.28)
2n \m
When acceleration of magnitude « is applied to this beam along the beam length direction. the
resultant mertial force Mea causes a shift in the beam iransverse resonant frequency and the
magnitude f, of the shifted frequency is given by [Morling, 1591]

1 K
féf:a}; {;*{“i*!‘l’fd) Eq {4.29)
(B
:j})\/tl e M’a} (4.30)

where

K = wansverse beam stiffness

m = beam equivaleni mass

B = design constani

Later on in Section 4.5.4, these equations have been derived using the beam parameters.
Eguations (4.29) and (4.30) can be analysed to derive the following features of such
accelerometer:

() The shift in frequency is such that when the beam is in tension, frequency /, increases
and it goes down when the beam is under compression, which happens due to reversal
of acceleration direction.

{b) For a given acceleration, frequency shift is more with increase in proof mass.

{cy It is also seen that the force to frequency change is nonlinear in natuze.

(d) When the beam is under compression, the resonance stops when the factor SMa/K
equals —1. This condition ther puts a design limit on the permissible acceleration range
for the beam under compression. This condition is important as it will be shown later
that in VBA there are two beams. When one beam is under tension, the other beam is
under compression.

4.5,2 Resonator Feabtures

The most imporiant element in a VBA is the resonator as the accelerometer performance, to a
large extent, is governed by the resonator quality factor . We will elaborate this aspeci in the
subsequent section.

Resonator O factor

VBA resonator is a mechanical structure designed to vibrate at its resonant frequency with a
high © factor. The widely known definition of a high ¢ system is 27 times the ratio of the
total energy stored under resonance condition divided by the energy lost in a single cycle under
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resenance condition and is a dimensioniess parameter. However, there have been derivatives
from this definition and for very high O structure, the resonator O-factor can be defined as:

0 = afyt (4.31)
wheare
T = resonator time constant
Jo = resonator unloaded frequency

Resonator time constant 7 is a number in the unit of seconds which gives the duration the
resonator vibration amplitude will take to fall to e of the initial amplitade when the electrical
excitation is withdrawn. This equation for O is same as that is shown in Chapter 3, for HRG.
Readers can refer to Appendix C on @-factor for the derivation ofEq. (4.31).

A high Q-factor means a sharp response peak as damping in such structure will be quite
low. Such a characteristic, where low frequency as well as high frequency is attenuated, is
defined as band-pass filter.

Mormalized
oufput power

1.0

0.5

A B F  Freguency

Figurs 412 Band-pass feature of a high € resonator,

In 2 band-pass filter (Figure 4.12) the characteristic can be related to circuit @ as:

fo ,
- 32
where
Jo = centre frequency
fi and f, = haif power point frequencies (0.707 of centre frequency amplitude) as shown in
B Figure 4.12.

For a very high @ resonator, the magnitude difference of f, - f; reduces sharply. Such a
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characteristic can then be interpreted to say that the detectable resclution in frequency shilt is
given by

- fo
A ==t 433
f 0 {4.33)

Since VB A measures acceleration by detecting a change in its resonant frequency, the implication
of high £ is that the detectable acceleration resolution improves.

EXAMPLE 4.5 {on YBA resolutlen): Assume a typical VBA has f, = 30,000 Hz, ¢ =
60,000, scale factor = 100 Hz/g. Find out the acceleration resolution,

Solution: Using Bg. (4.33),

k=2

3% 19*
Af s D F=054
Ve 10 or Af=05Hz
1sing the scale factor, the acceleration resolution 1s
0.5x1
95%1_ 5005 ¢
108

Purther, a high { means good frequency stability and the power demand on the slectronic
circuitry, used to sustain the oscillation, 1s minimised, A high (-factor shows that the resonant
structure is well isolated from iy surroundings and that the influence of external factors will
therefore be minimised. In essence, 2 high @ is a figure of merit in a VBA. In navigation grade
YVBA, such Q-facior veaches > 50,000, Achieving a high € is a combination of design and
technology, as there are several factors which contribute to the losses. Some more elaborations
on this aspect are presented as follows:

Beam material: The ideal beam material for the resonator is the one that has very high
intermal O-factor, which implies very low material damping. Piezoelectic crystalline guoartz,
possessing internatly very high § (>5 x 10% and excellent mechanical properties, became the
first choice in the eighties. Quartz is non magnetic, hard, strong but not extremely brittle. It
has very low internal losses and an infinite fatigne hfe, The advent of ultra pure silicon crystal
has shown that it has also excellent properties for becoming 2 high @ resonator. Rapid growth
in silicon micromachining is an advantage over quartz and the primary technical difference
between the two daterials is that silicon is not piezoslectric,

Resonator anchoring: . Minimisation of energy losses to the surrcunding stiuctare due fo
resonator anchoring becomes a key aspect of resonator design and technology. Currently, there
are two operational schemes:

{i} Single beam resonator
(it} Dual beam resonator
The first approach utilises 2 single beam with integral end i1solation to counierbalance the turn

around acceleration forces of the single beam motion. While it has evolved a good design with
very good performance, 1 is complex and is not conducive towards low cost fabrication.
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In the dual beam resonator, the end conditions are optimised where it (ries 1o cancel rather
than isolate the vibration energy leaving the resconator. The dual beam, also called dual tine,
resonator is conventionally known as Double Ended Tuning Fork (DETF). A conventional
tuning fork has one end closed and the other end open. When both ends of a wning fork are
closed, it gives rise to a DETF structure.

Figure 4.13 shows a DETF resonator schematic, The scheme requires two identical tines in
the plane of vibration where one tine is driven 180° oui of phase with respect 1o the other tine.
in this dual tine design, two tines, T, and T,, when vibrated in phase out mode, the bending and
shear stresses combine at the tine end and cancel each other within a few tine widths. This way
the need for a complex isolator is eliminated and the anchoring can be done directly without
the loss of vibration energy. i

The requirement that the two tines should be geometrically identical imposes considerable
manufacturing consiraint. The development of guartz micromachining technology has made the
realisation of matched tines a reality and in large nmbers so that from a one-inch wafer, dozens
of identical resonators are produced. As a resuli, low cost resonators can be produced in bulk
which in turn has given considerable edge to DETF scheme over the single beam resonator
scheme.

Mounting pad

" . L - Anchor
Vibration direcizon {~} E

Acceleration — ""‘"’rzwm
=ol | ;
S T, T L—---—-}

Vibration direction ()

SRR RR R RN

Figure 413 Dual tine resonator with double ended tuning fork shape.

4.8.2 Quariz Resonator Blectrical Analog

Piezoelectric crystalline quartz beam resonates through the inherent property of piezoelectiic
material where an appropriately applied sinusoidal voltage causes the material to vibrate. Such
a behaviour, where the electrical energy has been transformed to mechanical motion, has been
electrically modelled and the electrical analog of the guartz beam in resonauce is shown in

Figure 4.14.
C L

&

Figure 414 FElectrical analogue of, quartz beam resonator,
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In Higure 4.14, L, C, R are defined as motional parameters and C, is equivalent shunt
capacitance, sometimes referred as static arm capacitance.

There are two tmportant dimensionless parameters which define the quartz crystal and they
are:

{a} Figure of merit M of crystal siability

(b} Resonator {3-factor
Electrically, M is defined as the ratio of shunt arm impedance to motional arm impedance at
series resonance. The relationships defining these parameters are expressed as:

M=0< . (434
¢ -
i

g= TR RC {4.35)

where f, is the series resonance frequency, the frequency at which the motional arm reactance
is zero and it is given by

e {4.36)

At resonance, the circuit effectively becomes a parallel combination of & and C; It wiil be noted
that the maximisation of M reguires maximisation of .

iIn the event, silicon is chosen as beam material, the beam is normaily made to resonate
using capacitive forcing scheme and requires different electrical analogue model.

- 4.5.4 Vibrating Beam Acceleration Bensor and Push-Pull Opsration

In this section, the currently evolved configuration of VBA will be discussed. Development
of an accelerometer configuration with resonator reveals certain interesting aspect of design,
which is a considerable departure from the conventional acceleromeier described earlier. Ajl
modern vibrating beam acceleration sensors are designed to operate in push-pull mode, which is
conceptually similar to operating two such separate accelerometers in back to back configuration,
This means for a given acceleration direction, when one YBA beam is under tension, the other
YBA beam is under compression. In reality, this mode of operation is realised in a single YBA.
through an integrated design and fabrication. Such a configuration is common to both the types
of accelerometer involving either the quartz beam or the silicon beam.

In push-pull operation of @ VBA, two resonators are arranged in such a way that when one
resonator is in tension, the other resonator is in compression (Figure 4.15), When aceeleration g,
acts along the axial direction as shown, the top resonator beam 1 is in tension, and the bottom
resonator beam 2 will be in compression. YBA output can then be processed as a difference of
the two resonator beam frequencies. The benefits in this scheme are further examined.
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Figure 415  Push-pull scheme in a VBA.
Figure 4.16 shows a scheme where there is a common proof mass with a non-pendulous
configuration. The lateral stiffness of the beam under acceleration 4, is given by
12
sz] i F 4.37)
L woL

K=

where
E = Young’'s modulns of the beam material
{ = moment of inertia of the beam
L = beam length
# = axial force {= Ma)
The resonator frequency f under acceleration can be expressed as:

22K 12
fond e }7 '
7 \/Lﬁ( I ﬂ (4.38)
(mmgﬁm
= |4 F ‘
D\A L ET ) (4.3
: 24E]
o= \K b } (4.40)
mi

Hguation (4.39) can be expanded by a series eﬁ{pansion 1o give:

where

e b | P D B P
= 14— CF ——CF 4 — CF 4 41
/ f‘}[ 507 16 ] (4.4

where { is a constant. This can be expressed in the familiar form of accelerometer model as
follows: o

=l + Koy + K] + Ksa] +++] (4.42)
where the linearised scale factor X, is given by
M 241
Ky = I 222
PR (mEI] (4.43)

&, and K, are the coefficients describing nonlinearify in the acceleromester output.
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Since there are iwo beams, when one 15 in tension, the other is in compression; £q. (4.423
can be split into two egquations. Also, if we iske a realistic assumption that between these two
beams, beam parameters will have some mismatches, then the ouipui equations of the VBA
become:

fr = for + Ky + Kopat] + Ky (4.44)
Jo = foo — (K + AR e, + Kyea) ~ Kypaf (4.45)
By taking a difference of the outputs, the net accelerometer output becomes:

Jr = Jo =Wl — Joo) + 2K 0, + 8K 0 +(Kyp = K2C}af2 + ({(32* + Ksc}afz {4.46)

where
= output of the beam under tension
fr = output of the beam under compression
AK, = mismatch between the two scale factors

Equation (4.46) provides foilowing conclusions for the push-pull mechanisation:

» Bias = (fy; ~ fyc) can be reduced substaniially with matched resonators.
» Nominal scale factor = 2K has doubled.
» Second order nonlinearity = (K55 — K,) has reduced appreciably.

Similarly, temperature dependency of bias and nonlinearity are cancelled or reduced.

The advantages of push—pull scheme are equally good for design with single beam resonator
or with double ended tuning fork resonator, and as a resuit the push-pull scheme has become
the standard vibrating beam accelerometer configuration. The scheme is independent of the
choice of beam material. The push-pull mechapisation offers a choice for selecting a single
proof mass or a dual proof mass. Single proof mass has a natural advantage of fabrication and
size reduction. Figure 4.15 shows the single proof mass scheme, while Figure 4.16 shows a
scheme with dual proof mass. Dual proof mass can offer some mechanical isolation between
the two resonatoss.

@

Proof mass 1
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Figur€-4.i§ Dual proof mass VBA features.
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EXAMPLE 4.7 (on VBA push-pull speration):

{i) The two resonators in 2 YBA have frequencies of 30,050 Hz and 30,025 Hz respectively.
If the scale factor in each is 100 pps/e, caleulate the VBA bias and its scale factor?

(ii} Now, VBA is exposed to variable ambient temperature and the no load frequency shifts
by 0.01% and 0.015% vespectively in the resonators. What will be the new bias?

Solution:
(i) VBA scale factor is 2 » 100 = 200 ppalg
Push-puil VBA bias is 30,050 ~ 30,025 = 85 Hz or 25/200 g = 0125 ¢
(i) The shifted freguency in one resonator is:
30,0501 + 1 x 107" = 30,053 Hz
The shified frequency in the other resonator is:
30,025(1 + 1.5 x 107 = 30,029 Hz
S0, the new VBA bias is:
(30,083 - 30029 =24 Hz = 0120 g

Thus we find that the effect of temperature has been practically cancelled by the push-pull
operation. So, realising matched resonators becomes important where MEMS process helps.

Vibrating beam accelerometer feature involves Pendulous or non pendulous scheme and
currently, both the schemes are operational. Preference of one scheme over the other depends on
design and manufacturing considerations. Figure 4.15 shows a non-pendulous scheme, whereas
Figore 4,16 shows a pendulous scheme.

Another aspect of VBA featare of importance is the Suspension of proof mass, The common
form of suspension in a VBA uses thin Sexures similar to that is used in rebalance accelerpmeter
and is designed with similar considerations. Common flexure materials are, therefore, similar in
natute. They are primarily made of maraging steel, beryliium copper, fused quartz and silicon.
Switch-off tumbling related siress on the flexores, as seen in pendulous servo accelerometer,
18 not oritical here due to the restraint effect of the resonator beam, which does not allow the
flexure to deflect. However, the requirement of high ¢ in VBA allows minimal gaseous damping
and this factor is borne in mind in protecting the flexures against shocks,

w

4.5.5 VBA Bchematic and Operation

It is ciear from the foregoing discussions that guite a few contigurations of VBA are possible, and
they are actually in operation. Figure 4.17 shows a typical of these operational configurations.
The configuration depicts a single proof mass pendnlous VBA having guartz as resonator and
an electrical mnferface.

At the centre, the proof mass is supported with flexures. It has a gas damping system, Two
dual tine resonators are connected with the proof mass. Crystai-controlied oscillator drives sach
£ESONALOL. )

Hesonator drive electronics provides Tor the following functions:

= Provides highly stable no load frequency

« Tracks the change in frequency under acceleration

* Provides highly stable voltage to the resonaior
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Figure 4.17 VBA schematic with electrical interface,

The oscillator output is 2 sine wave and this is converted to 2 square wave and buffered. The
electronics blocks C) and C, carry cut these functions. The square wave resonaior pulse frain
outputs are denoted by fr and f- where the former is for beam under tension and the later for the
beam under compression. Input axis (IA) and the pendulous axis (PA) are marked. Consisient
with the current technology for sensor miniaturisation, the sensor electronics are miniaturised.
This may be either in the form of hyvbrid microcireult, or sorface mount technology or for
large number, in the form of low power ASIC and packaged inside the accelerometer case.
This integral packaging of electronics leads to power dissipation and an effective scheme for
removing the resultant thermal gradient across the sensor becomes important to provide stable
sensor output in a short time. This s beeause the sensor enclosure 1s evacuated and hermetically
sealed for high © operation. which are not conducive to heat dissipation.

On epergisation, the accelerometer provides stable output pulses within a short time. The
cutput pulses are accumulated in up-down counters, which are processor controlled.

Beale factor improvement

The natural scale factor of the resonator is not high for navigation application. Quite often,
digital electronic processing is employed using high frequency computer clock. More than an
order of improvement is possible in scale factor with such scheme. As a result, no special efforts
are usually made to improve on the stand alone resonator scale factor.

4.5.6 Hrrors

YEA can be modelled similar to a force-balanced accelerometer where the errors are described
with similar terminologies like bias, scale {actor error, nonlinearity in scale factor and temperature
sensitivity of these model parameiers. Besides these, there is one more ervor, which is specific
to a VBA, which is termed as frequency lock.

Freguency lock

While the push—pull scheme using two resonators offer substantial benefits in a VBA, this
configuration gives rise (¢ an ervor in a VBA called frequency lock. The error manifests at the
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freguency cross over point when the two frequencies are found fo remain locked over a small
range of input acceleration. The error is explained along with the help of Figure 4,18,

Beam frequenc y
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— . s ' ,
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Figure 4.38 Frequency lock-in in a VBA.

The first resonator, initially under tension, is designated as f and has a no load frequency
for- The second resonator, initially under compression, is designated as fi- and has a no load
frequency fi,. When a slow changing negative acceleration is applied, the frequency of the
resonator under tension starts coming down, while the frequency of the second resonator siarts
building up. They reach a cross over situation at a point 1, but the cross over does not take
place immediately as the two frequencies get locked to each other (ill they reach point 2. From
this point onwards, the normal characteristic resumes.

Thé acceleration magnitude between 1 and 2 is the Jock-in band and is a manifestation
of noulinearity like any other dead band in a sensor output. This is called static lock-in. As
this error cannot be modelled and compensated, magnitude of this error is minimised through
appropriate design. One possible approach is i improve upon the £- factor and use two proof
masses in fieu of one, so that the coupling of energ gy hetwem the resonators, is minimised.
However, it is poss%ie to mampuiate the zome of occurrence to make the problem mamfeet
at 2 non-operating fight regime. For example, the no foad frequency of the resonators can
be so chosen that the lock-in zone is on the negative side of the fight acceleration, as shown
in Figure 4.18. The lock-in maummde can be established using multi-position test if it §i€‘5
within = 1g. :

4.5.7 Qam@arﬁéﬁm of m&lwith “iosed Loop Accelerometsr

A comparative analysis between VBA and the closed loop accelerometer technologies is
described as under:
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Aceeleration range and power: All types of VBA are open loop in operation. The input
powser demand is independent of acceleration permitting design for high acceleration range at
fow power. Power is low due o high { resonator. VBA acceleration range is normally Hmited
to around 10 per cent of the ne load resonator frequency. In a closed loop accelerometer with
analog rebalance, higher acceleration normally consumes more power and puts a limit on the
accelerometer operating range.

Omiput format: VBA output is digital and avoids the error and cost associated with analogue
to digital converter, which is reguired in an analogue closed loop accelerometer.

Tumbling: The resonator beam supports VBA proof mass all the time, which prevenis stress
on the flexure during sensor un-powered phase. A closed loop penduldus accelerometer, during
un-powered phase, tumbles due to gravitational pull to cause strain on the thin fexures.

Freguency lock: VBA soffers from frequency lock and this is not seen in closed loop
accelerometer. However, this frequency fock zone can be manipulated to be away from the
operating linear acceleration range.

Heliability: VBA has much less number of critical parts compared to a closed loop accelerometer,
When reliability is calcnlated based on parts count basis, VBA offers higher reliability,

Producibility: Resonator, the most critical part in VBA, is produced in large number
uging micromachining process for a double-ended tuning fork configuration. This gives
significant advantage to VBA prodaction at a lower cost. Silicon VBA is further superior in
this aspect.

4.6 Interferometric Fibre-Optic Accelerometey

In fibre-optic accelerometer, optical effects like micro bend losses, interference or strain in the
fibre, are utilised for the detection of acceleration. The method of detection involves optical
interferometric technique, that has been explained in Chapier 3, being capable of very high
sensitivity.

A practical interferometric accelerometer, called Mach—ZFehnder aceelerometer is shown in
Figure 4.19. In one of the split paths, called sensing arm fibre, a proof mass is attached 10 induce

Ceuplei;s/__..__.j
| Sensing arm fibre
.::m.ﬁas.;

Mass
- Accelerafion

Light source

Reference arm fibee e

Proof mass

Photodetector

Coupler

Figure 4.3% Mach-Zeohnder inferferometric accelerometer.
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strain in the fibre under an external acceleration. The strain in turn causes a change in the optical
path length compased to the reference arm fibre. This creates a relative phase change in the spiit
beams, and when they are recombined in the coupler, it undergoes interference proportional to
acceleration. This interference change is detected in the photo detector which convests it into
an electrical ovtput. In a variation to this design, the proof mass is atiached 1o both the fbres in
such a way that the effect of acceleration leads o increase in tension in one fibre and a decrease
in the other. This is then used in push-pull mode 1o increase the sensttivity and reduction of
common mode errors. Such optical accelerometers would find application where electricity may
be hazardous to use or immunity is needed from RF or EMI interference.

Some more researches are in progress for alternaiive schemes and in one such scheme
[John et al, 2082], in 2 micre fabricated silicon acceleromeier: the detection is conceived
through fibre optic sensing using Fabry-Perot interferometer. _

Considerable research is in progress for micro accelerometer using detection through
eleciron tunneling effect where tunneling current varies exponentially with the displacement of
the proof mass and is thus highly sensitive [Bose et al., 2008], This scheme suits very small
structire as the sensitivity is independent of the size unlike capacitive detection where area of
the plates influences the detection sensitivity as described earlier in this chapter.

4.7 Cold Atom Accelerometer

Current researches have been concentrated on precision navigation grade accelerometer based on
cold atom interferometry whose intrinsic sensitivity is much higher compared to the navigation
grade accelerometer discussed earlier, Considering its potential, a brief description of its principle
is presented in the subsequent paragraphs.

4.7.1 Accelerometer Operation

in Section 3.9 (Chapter 3), the wave like property of cold atom has been discussed which
can be further used to detect acceleration using interferometer. The method of constructing an
mterferometer is similar using a sequence of laser pulse /2 — 7w — &2,

in the absence of acceleration, the path lengths, path A and path B, of the two beams are
straight and identical which results in zero phase difference between the beams. In the presence
of acceleration acting perpendicular to the interferometer plane, the path lengths become curved
and non equal which in turn results in a phase difference. These aspects are shown in Figure 4.20.
Where Z-axis represents the position of atom at a time 1.

[Peter, Chupg and Chy, 1991}, who have done commendable work, have shown that the
phase difference Ag, . is related to acceleration ¢ (gravitational acceleration in the measurement
set up} as follows:

Ao = kaT? (4.47)
where 7' is the interrogation time, which is the time between the laser pulses and k is the

effective laser wave number. The phase sensitivity equation shows the importance of iong
interrogation time within the interferometer as this gives guadratic improvement in sensitivity.
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Figore 428 Principle of cold atom acceleration measurement,

The fringe of the interferometer can be read out by monitoring the relative population of
the two states in the recombined atoms via laser induced fluorescence. Knowing the laser wave
number and time 7', the acceleration magnitade a can be determined. The demonstrated sensitivity
of such cesium atom interferometer accelerometer to measure gravity in the laboratory, having
transition wavelength of 852 nm, has shown 107 g with interrogation time 7 = 1 5. Readess can
refer the paper of [Kasevich, 20021 to appreciate excellent prospect of this new development
for high precision inertial navigation and as a gravity gradiometer.

The chapter on accelerometer has brought out classification of modern aerospace accelerometers
along with their principle of operation, features, configurations and various errors which are
reguired to be minmmised for navigation application. In thiz process, descriptive details have
been made on the classical spring mass accelerometer operating either in open loop mods or
in closed loop mode for high performance. The description has also touched upon the design
aspecis of such precision accelerometers, Thereafter, the descriptive details of modern vibrating
beam accelerometer have touched upon some aspects of design considerations. These {wo
types primarily constifute the majorily in acrospace application. Fibre-optic acceleromeier is
introduced as it will have relevance for ceriain special application where electricity may be
hazardous. Finally, cold atom accelerometer is infroduced as i offers immense possibility
on very high accuracy with unfolding apolication in the near funwe. Considerable number of
worked examples are provided throughout the chapter for the benefit of the readers as well as
problems given at the chapter end to test the understanding on these accelerometers.

4.1 What is the difference between a pendulous accelerometer and a non pendulous
accelerometer? Sketch a typical spring-mass onen loop pendulous accelerometer and
show the input axis (IA) and pendulous axis (PA).
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4.2

4.3

4.4

4.5
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{iy If accelerometer axes are governed by the right handed rule and if the accelerometer
1A is vertical down while PA is towards east, what will be the direction of OQA?
{Ans: (1) Southl

In a pendulous force feedback accelerometer, an inertial acceleration of magritude 2g
is acting on a proof mass of 2 x 107 kg which is located 2 cm away from the fiexure
suspension with negligible stiffness. A forcer is located 1.5 cru from the flexure suspension.
Sketch the probiem and calculate

{1y inertial force

{ii} Restoring force

Assume g = 9.80 m/s” [Ans: (1) 19.6 x*1677 M, (i) 26.1 % 107 NJ
Sketch of a pendulous accelerometer with capacitive pick-off is shown in Figure E4.1.
Nominal gap under zero acceleration is same for both. Explain how the gaps change with
an applied acceleration shown in the sketch. If the upper capacitor value is O and that of
fower €, what will be &, ~ &,

(i) -+ve number

(i) -ve number

(iiiy © {Ans: (i) —ve number]

Accelerometer body

Upper capacitor

!
§
Flexure pivot : g
_—
0 MNominal gap

T i

rm Acceleration
i
| |

Lower capacitor

™

Figure E4.1

In a closed loop accelerometer, the accelerometer scale factor is 5 mA/g and a nominal
bias of 10 mg. The accelerometer exhibits positive second order nonlinearity in its output.
Write the accelerometer model and sketch the accelerometer output over the +ve and —ve
acceleration. Calculate the output at +10g with a nonlinearity of +100 ug/o’,

tAms: 9.995 g]
in an assembled VBA, the resonator under tension has a no load frequency of 30,000 Hz,
while the other resonator has frequency of 30,200 Hz. Both resonators have scale factor
of 100 Hz/g. Explain what happens if the VBA is used to measure thrust acceleration
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upto 5g7 What you would do on the YBA assembly so that the VBA works micely in the
thrust phase?
4.6 Sketch a vibrating beam accelerometer with DETF resonator showing the following:
(i) Resonator vibration direction
(it} Proof mass suspension
(i) A direction of acceleration along input axis
{iv) Hesonaior under tension
Hiplain briefly the function.
4.7 Sketch a DETF resonator and mention the advantages over a single tine resonator.
() Caiculate the no load fregnency of the DETF resonator given the following:
Beam mass = .01 x 107 kg, Beam length = 8 mm, Beam inertia = | x 107 m®,
E=2x 1 Mpa [Ans: 48.8 kiiz]
(iiy If the resonator is to be used fo measure acceleration, what is its sensitive axis?
(i) Mention advantages/disadvantages of single resonator accelerometer vis a vis two-
resonator configuration.
4.8 Sketch of two separaie VBA accelerometers (VBAIT and VBAZ) is shown in Figure H4.2.
Fach one configured with a DETE,

YHAL i YBAZ —

i

ia
Figure E4.2

(i) How to realise a YBA in push-pull mode operation using these two? Sketch your
ANSWEL.

(i) I VBAI1 has no load frequency of 35,000 Hz and scale factor of 125 Hz/g, while
VBA2 has no load frequency of 35,620 Hz and scale factor of 125 Hz/g, what is the
push-pull ¥BA bias and scale factor?

fAns: Bias = 250 He/g. Scale factor = 0.08 g]

(iiy If VBAL and VBAZ operate independently, what will be their bias?

{Ans: VBAL = 280 g, VBAZ = 280.16 g}
4.9 An energised accelerometer, with its inpuf axis vertical, is allowed to fall from an altitude
so that during the time interval 0 - 7,, it is under free fall, during the interval ¢y — 7y, 1t is
encountering air resistance that is proportional o velocity and finally during the interval

iy~ 1, the velocity remains constant. Sketch the output of the accelerometer.
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Miniatarisation of silicon bassd electron devices and their integration has revolutionised the
electronics industry. This has resulted in devices with nanometre feature size which led to high
performance high speed integrated circuits capable of operation with supply voltage levels
as low as 1.0 V. in most sifuations, silicon has been the material used as the subsirate for
Microelectronics. With the advent of Manoelectronics and the associated guantisation effects
several other materials such as siicon-germanium {8iGe). galiium~indium-arsenide (GalnAs),
have found their way into this race to miniaturisation. Reguirements of devices capable of
operation at higher powser levels and also in harsh envirouments especially temperatures in
excess of 300°C have led to the use of semiconductor materials such as gallium nitride (GaM)
and silicon carbide (SiC). Other materials which are gaining considerable attention in the
nanoscience era are functional materials like the Carbon ManoTube (CNT). In addition, several
other materials such as polymers are being considered for application in electronics.

The microfabrication technology, which has been the key o the success of microchips and
microelectronics, is now revolutionising the Microsystems involving both microelectronics and
micromechanical components. The basis for this revolution has been the excellent mechanical
properties of silicon and its suitability for batch processing miniaturised mechanical devices
using the already well established processing technigues for microelectronics devices and a few
additional processes which are today referred to as micromachining. Eiching out portions of
silicon or any other material to realise the miniaturised mechanical structure is one of the several
micromachining techuigues. Miniature systems involving one or more micromachined micro
scale devices are generally referred o as MEMS which stands for Micro-Electro-Mechanical
Systems or simply the Microsystems. Miniature systems containing panoscale mechanical
devices, nano-devices or nanostructures are referred to as Nano-EBleciro-Mechanical Systems
or NEMS. NEMS are MEMS scaled to submicron or nanoscale dimensions. MEMS/MNEMS may
have mechanical sensors and actuators in the microfnanoscale and also micio/nano electronics
integrated together. They also may have embedded hiosensors, micro/nano channels and fluidic

189
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systems. Unlike conventional integrated circuits, these devices enable higher level functions
including sensing, communication and actuation.

The MEMS field has grown initially on the firm footing of the existing silicon processing
technology and infrastructure. MEMS devices have graduaily evolved from the research labs
and are now found in various technologies. Silicop micromachined mechanical devices are now
widely used in aerospace, automotive, biotechnology, robotics and other applications and are
opening avenues for the nanotechnology devices and systems. Pressure sensors, accelerometers,
inkjet printer heads, and optical switches have all become commercial products. The integrated
sensors are currently the largest application of MEMS, Other demonstrated MEMS applications
include flow valves, electromechanical switches and relays, gyroscopes, inkjet nozzles, micro-
manipulators and connectors, as well as optical components such as fenses gratings, waveguides,
mirrors, sources and detectors, Por instance, a chip that contained over two million tiny mirzors,
each individually addressed and moved by slectrostatic actuation, has been produced by Texas
Instrumenis. NEMS are powerful integrated systems that coniain nanotechnoiogy-enabled
component or subsystems which are extremely mintaturised, broadly capable and highly reliable
that it appears to be the almost impossibie.

Moreover, MEMS and NEMS have also become enabling technologies for BioMNEMS,
The rapid growth of this technology is now widespread inte other materials such as quariz,

glass and polymer, and has extended into nano functional materials such as carbon nanotubes,
The potential application of CNT for NEMS has been established and it has been noted as the
foreranner of the nancelectronics and nanctechpology

This chapter initially describes the benefits of miniaturisation and scaling of mechanical
components such as the sensors, and brings out the materials requirements for MEMS and
the superior features of silicon as a mechanical material. The micromachining approaches
such as bulk micromachining, surface micromachining and LIGA process are briefly discussed
in Section 5.53. This chapter will also address micromachining of silicon, glass as well as
polymer bringing out the relative merits and drawbacks of each technology. The piezoelectric,
piezoresistive and capacitive sensor concepts are also covered. The operating principles and
structures of some of the micro scale acceleration sensors and gyros are presented, discussing
the issues specific to micromachined accelerometers and gyros.

5.1 Benefits of Miniaturising am&%&aﬁng
Mechanical Bensors gmi ﬁﬁtﬁ&t@m_

Miniaturisation of mechanical compenents to micro scale brings the same benefits to mechanical
systems that are achieved in the scaled down microelectronics devices and systems using
the microfabrication technology. These advaniages can be summarised as follows: (1) Micro-
mechanical devices and systems are inherently smaller and lighter. Hence they exhibit high
performance in terms of speed of operation and high mechanical responsivity than their
macroscopic counterparts and are invariably more precise. (i) Cost of the device is very low
because microfabrication using the photolithography and etching/deposition process paves way
for batch processing. For instance, hundreds of devices can be realised on a single subsirate
such as sificon wafer. This also opens up the possibility of processing few tens of wafers
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sirnultaneously. (i) Since the devices are fabricated with the microfabrication techniques,
they can be integrated with electronics to develop high-performance closed-loop-conirolied
micro—eleciromechanical systems. (iv) On-chip integration of electronics and the sensors with
microfabrication is particularly attractive to inertial sensors to enbance the reliability of the
systerm. For insiance, the wiring parasitic capacitances affect the performance and reliability of
the capacitive accelerometers when the discrete sensor device is used along with a separate chip
containing electronics. This probiem can be overcome by on-chip integration of the accelerometer
with electronics containing force balancing circuit. (v) When the sensors, actuaiors and electronics
are miniaturised by micromachining technique and integrated in the MEMS, they provide lower
power operation, compact and robust sensing capability. (vi) Eiec‘srmmm actuation force can
be increased by almost two orders of magnitude by scaling becauss the breakdown strength
increases from 3 Vium (30 kV/em) to 100 Vium when the air gap is reduced close to about
1 wm which is approximately the mean free path length of air molecules.

Thus the reasons that accelerated use of MEMS technology are miniaiurisation of existing
devices, development of new devices based on the principles that do nof work on a larger
scale and the development of new tools to interact with the micro world. The cost reduction is
achieved by decreasing the material consumption due to the miniatorisation. As the mass and
size of the sensors can be reduced 1o micrometer level using micromachining fechnology, the
applicability of the MEMS devices increases because the MEMS device can be placed where
the traditional system does not fit in. Another advantage of MEMS is the system integration,
which is made possible by integrating MEMS on silicon directly with electronics to include
data acquisition, filtering, data storage, communication, interfacing and networking. Thus the
MEMS technology not only makes the systems smaller but often makes them better. Gfien the
filtering can be achieved with MEMS components such as mechanical resonators, and recent
reports predict that future wireless designs will replace electronics with precision Mechanical
Components.

The most important OPneﬁt of scafing down the mechanical components is the cube-square
sealing effect. For instance when the length L is scaled down by a factor f, the volume of a
mass M in an inertial sysiem would reduce as 1.?, whereas the surface area would reduce as 2
As a resulf, the inertial force, F = Ma, is lowered by a factor f * for a fixed acceleration . The
resuliing stress, given by the ratio of the force to the swiface area, would, therefore, reduce by
a factor £, Hence for a given material strength, miniaturisation perroits the structure to withstand
higher acceleration.

Scaling and miniaturisation aiso affect the properties of the material used to realise the
sensors and actuators. Miniaturisation introduces constraints such as surfaces and interfaces,
surrounding a thin film act to restrict dislocation formation and motion, resulting in very high
strengths. This higher strength allows for an increased force transmission capability. However,
the drawback is that in thin films the residual stress is invariably bigher. This has to be tackled
at ithe process level itself.

increase in surface to vohume ratio encourages surface diffusion mechanism such as creep.
Therefore ductile materials cease 1o be tough at small sizes. {Toughness is determined by the
plastic dissipation which is controlled by structural dimensions). However, miniaturisation
reduces the probability of finding a ‘flaw of given size’ within the volume of the material
under load. Therefors, the material sirength of briftle marerials {governed by the maximum
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flaw size) is higher when the structure i3 miniaturised, thus indicating that a brittle matesial such
as silicon is more suitable for realising miniaturised structures. As the mechanical properties of
the material being used for realising miniaturised sensors for any application, in the following
section we examine them in detail.

5.2 Materials Requirements for Micromachined
Inertial BSensors

Microfabrication process and material used to create the device must be scalable and suitabie
for batch processing to realise a low cost of production. Materisl and process must enable
integration between electronic and non-electronic function. High performance, high strength
and high reliability materials are reguired for mechanical elements. Materials for transducer
elements which permit power or signal conversion from one physical domain to another are also
necessary. As silicon is one of the most widely used material for microfabrication, we compare
the mechanical properties of silicon with other popular mechanical material such as steel, iron as
weil as with other hard materials such as diamond, silicon cerbide, sapphire, etc. Table 5.1 gives
a summary of the results reported in the literature [Petersen, 1982; and Sullivan et al., 20611,

Table 5.1  Selected Mechanical Properties of Some Cormmon Materials

Serial  Material Yield Hardness Young’s Bensity Thermat
Fie. Strength (GPa) Modulus  (gmicm®)  conductivity
(GPa} {GPa) (W/em-K)
1 Diamond* 53 100 1035 3.5 20
Hamond — 80 800 e —
2 SiC* 21 24.5 700 32 35
8iC e 30 350 e —
3 TiC* 20 24 497 49 3.3
ALOF 154 20.5 530 4.0 0.5
AL, — 20 440 —_— -
5 AIN —_— 27 340 — -~
SiNF 14 24 385 3.1 0.19
SiN, e a0 130 e —
7 fron 12.6 3.8 186 7.8 0.803
8 310, {fibers) 8.4 10 70 2.5 0.014
9 Si* 7.0 i2 190 23 1.57
i Steel (max. 4.2 14,7 210 7.9 8.97
strength) o
11 W 4.0 4.66 410 19.3 1,78
12 Stainless steel 21 6.47 200 7.9 0.326
13 Mo . 2.1 2.7 343 10,3 1.38
i4 Al 0.17. 1.27 70 2.7 2.36
15 Cuartz, : i1 — 72 2.2 1.3 WimK)
I {compressive)

“Indicates that the material is single crystal, Pascal (Pa) = 1 N/m? = 10 dynesfcm?
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8.2.1 YWhy Bilicon is the Best Material for MEMSY

it is interesting to note that Silicon (Serial No. @ in Table 5.1}, which is the second most
available material on the earth’s crest, shows mechanical properiies better than the most accented
mechanical material such as stainless stesl {Serial No, 12 in Table 3.1} in terms of yield strength,
hardness and Young's modulus. In addition, the density of silicon is lower than steel as weli
as alominium, Thus one can say that silicon 13 harder than sieel and lighier than aluminium,
in addition, silicon is used as an electronic material in an already advanced microfabrication
technology. Mimaturised mechanical devices such as sensors can be realised on silicon with
high precision using batch processing, photolithography and microfabrication steps. As a resalt,
. on-chip integration of sensors with electronics can be achieved with véty little additional effort.

Even though brittle, silicon exhibits higher strength when miniaturised and {ree from creep,
fatigue and hysteresis. Other ductile materials suffer from thermally activated deformation
processes such as creep, and are susceptible to hysteresis and fatigue when sublected to repeated
stress cycle. The use of sicon microfabrication processes such ag lithography, wet and dry
eiching methods, and the availability of single crystal silicon substrates with very low defect
density allows the creation of stractuzes with very fine surfaces, and therefore, with very high
mechanical sirength,

Additional benefits are achieved when miniaturisation is carried out with silicon. For
instance, the processing routes such as deposition, etching and diffusion, doping, ete. primarily
act on surfaces are more economically atiractive at small scales due to the cube—square scaling
of volume to surface arca.

5.2.2 BHerits of Bilicon Micromachining Compared to
Conventional Machining Technigues

As the silicon micromachining 15 suitable for batch processing, production costs of whole
production is independent from number of components fabricated and the miniaturisation
with finest details in the range of 1 um to 10 um is possible using standard photolithography
technigue to define the regions for micromachining. On the other hand, in the conventional
micromachining approach, each component must be made piece by piece, and hence low price
tor large production volumes are the result of mechanisation. With the ultrasonic machining, sand
blasting, laser ablation and spark erosion used for miniaturisation in the conventional approach,
the finest details that can be machined are one to two orders larger than what photolithography
makes possible in the silicon micromachining process.

5.2.3 Other Materials being Considered for Micromachining
and Miniaturisation

Several other materials such as diamond, 5iC, ALG,, AIN and amorphous diamond have
received attention duoe to their superior mechanical properties as shown in Table 5.1, Their
application has been restricied to laboratory level because of the difficulties associated with
micromachining them by simple etching process. However, deposited thin films of S1,M, asd
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8iCy, are very popular in the micromachining process and will be clear in the subseguent sections
on mictomachining.

Diamond for MEMS

Main atiraction for diamond for MEMS applications is its highest hardness {100 GPa) and
elastic modulus (1035 GPa), extreme wear resistance up to 10,000 times greater than silicon.
The hydrophobic surfaces with inherent stiction resistance (parts do not stick together due to
capillary forces from entrapped water) would assist in releasing cantilever beams. The chemical
ingriness of diamond allows their use in aggressive chemical environment. The primary challenge
with this material is that it is tough to process, and it is difficulf 1o integrate mechanical devices
with electronics with diamond substrates. : ®

Silicon carbide for HMEMS

5iC in single crystal form is a high band-gap semiconducior capable of operation at high
temperaturss and high power levels compared to silicon. 5iC offers much higher siiffness,
hardness, toughness and wear resistance than the core UMOS material set. This is a major
atiraction of 5iC for MEMS, At the same fime the development of 5iC based MEMS has been
siow because it is difficult to process due 1o its relatively very low chemical reaciivity and
extremely high melting point (2300°C). In spite of these difficuldes SiCC MEMS pressure sensor
has already been reported.

Quariz and polymer for micromachining application
Quartz is very stzble dimensionally at higher temperatures and hence it has made inroads into
micromachined accelerometers and gyroscopes. The coefficient of thermal expansion of guartz
is 5.5 x 107/°C in the temperature range of 20°C to 320°C compared o the value of 2.6 x
1075°C at 27°C for silicon. However, guartz has not gained widespread applications like silicon
because it is difficult for batch processing quartz, and integration with electronies is impossible,

Polymers such as 8U-8 and PDMS, plastics, adhesives, plexi glass and so on have become
increasingly popular materials for MEMS e.g. micro channels for micro fluidic systems and
biomedical applications. Special Pyrex glass such as 7740 having sodium content and TCE
matching with silicon is used very often for anodic bonding with silicon to achieve wafer level
packaging.

in addition to the above materials, Nickel and Nickel alloys along with polymer mould by
fithography for LIGA process are used for high aspect ratic MEMS structores as described in
Section 5.3.3.

5.3 Micromachining for MEMS

As already elucidated in the previous sections, silicon is the major material used for micro-
machining and microengineering, particularly because there is a wealth of process knowledge
and experience in the silicon semiconductor industry, in addition to the excellent mechanical
properties of silicon. The basis of silicon micromachining is the photolithography which defines
the regions on silicon wafers where machining is done. Machining includes eiching, doping
and deposition of thin films. Fabrication of three-dimensional structures with complex forms
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only in two dimensions is possible. Extension to 3D structures can be accomplished using
wafer bonding of silicon wafers and etching process as will be discussed in the %abqequem
sections. Micromachining process can be broadly classified into three major categories
(i} Bulk micromachining, (i) Surface micromachining and (iil) LICGA process and a collection e‘%
numerous and varied techniqoes that can producs struciures and mechanisms on the micrometrs
scale such as Deep Reactive Ion Eiching (DRIE) together with wafer bonding. We now take a
ook 2t these processes in some detail.

5.3.1 Bulk Micromachining Techaology

i
Bulk micromachining of silicon involves fabrication of micromechanical devices by carving
out the silicon wafer by (1) wet chemical etching and (i) dry etching technigues using suitable
protective stch mask layers.

Wet chemical etching %ﬁf silicon .

The wet chemical etching process can be z;sou”egmc as shown in Figure 5.1 Where the ef{:é; rate
in the X and Y directions is almest equal to that in the 7 direction, Such isotropic profiles are
chbtained when sipgle crystal silicon, or polyerystalline and amorphous sificon are etched in an
gtchant consisting of Hydrofluoric, Nitric and Acetic acids called the HMA solution. Hvidently,
this isoiropic etching of silicon is not a suitable process for realising structures having well
controlled geometries,

ke Bich mask

i’f‘igum 5.,1 Esoﬁ'ﬂpzc stching of <100 silicon {cross section).

On the other i’*and the use of amsmmpgc etching of silicon is the simplest approach
for realising micromachined structures of silicon. This approach for bulk micromachining
of silicon has been possible with the availability of several anisotropic (KOH, EDP and
THMAH] etchants of silicon which etch single crystal silicon preferentially along given crystal
planes. Anisotropic etchants for silicon are asually carried out elevated temperatures. The
etch rates are orientation dependent and hence they etch the different crystal orientations with
different etch rates. Anisotropic em:hants Qf silicon eitch the (100) and (110} crystal planes
mgmﬁcanﬂy faster than the (111} crystal pianes Hence as shown in Figure 5.2 during the
anisotropic etchzng of (100) silicon, the etch rates in the Z direction are larger than in the lateral
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{X or Y) direction. Etch rate ratios of about 400 : 1 for (160) to (111) orientations and about
800 : 1 for (110) with respect to <111> orientations have been observed. Typical silicon etch
rates of 2bout 60 Un/minuts are achieved along the (100) direction with 30% KOH soiution at
75°C temperature. Silicon dioxide, silicon nitride, and some metatlic thin flms (2.5, chromium,
gold, etc.) provide good eteh masks for typical silicon anisotropic enchants, These films are used
to mask areas of silicon that are to be protected from eiching and (o define the initial geometry
of the regions o be stched. Heavily-boron-doped silicon (gbove 7 x 10'? em™), referred to as
p* stch-stop, is effective in practically stopping the KOH etching some portions of the material.
Thus using the efch-masks and etch-stop technigues to selectivity prevent regions of siicon from
being etched, it is possible to fabricate icrostrecture in a silicon substrate by appropriately
combining etch masks and etch-stop patterns with anisotropic enchints.,

i K Hieh mask (100 Surface norm
3 &

{111) Plane

Figure 52 Anisotropic etchifig on'<100> surface of silicon (cross-section),

The extreme case of directional etching in which the lateral etch rate is zero {referred to
here as a vertical profile). The cross-section of the wafer having such vertical trenches in silicon
is shown in Figure 5.3. These vertical etch profiles can be achieved nsing dry etching technigne
called the Reactive lon Biching (RIE). Deep trenches of this nawwe can be achieved by Desp
Reactive Ion Eiching process (DRIE) which is a special cdse of RIE.

Eioh mask Silicon substrate

Figure 8.3 Cross-section of siiicon shcw&rmg shallow vertical trench and deep aarrow *umiia:ai trenches
by Reactive Ion Eiching (RIE) and Deep RIE (DRIE).
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The concepis of bulk micromachining are Hlustrated in Pigures 54 and 5.5 by showing the
top view and cross-sections resnectively of a through hole of predetermined size and a diaphragm
of 5 micron to 10 micron thickness realised by bulk micromachining using anisotropic wet
chemical etching of a (100) silicon subsirate. As shown in these diagrams, for a (100) silicon
substrate stching proceeds along the (100) direction, while it is practically stopped along the
{111) planes which are at an angle of 54.75% with the (100) planes as shown in these figures.
Due to the stanted (111} planes, the size W of the eich-mask opening, which is shown in
Figure 5.5 determines the ﬁﬁai size of the hole. For instance, as shown in Figore 3.5, if the etch
mask openings are square of size W and the sides are aligned with the [110] direction [ie. the
direction of the intersection lne between (100) and (111} planes], practically no ondercutting
of the etch-mask feature takes ri‘taw assumaing the eish rate of the ﬁi} planes is negligible.
- The size L of the square hote at the back side of the szﬂicm Wzﬁ'@;‘ i méaﬁed o the thickness H

of the wafer by the meropﬂmem refation; e .

;1 W 2}«’ c":t (54, 750} = -_3;.4?545}? S (5.1}

A bulk m}s‘m—‘ﬁ*aﬁ:hm{:ﬁ silicon diaphragm of thickness # and side width g, defined by 2

p" etch stop of thickness h, can be fabricated by etching from the topside of the (100) silicon

wafer thia,kmss H through an eteh mask window of side W as shown in Figure 5.5, In this case,

the bottom p* layer prevents this layer from etching by ﬂva aﬁiwimpm ei{:ha’zt and hence the
width of the ¢ ap?uaﬁm is given by the ;elatson : :

a=W-2 (H~-h cot {S/i 75") = W i AlA{H - (523

Figure 5.4 Top view of square hole of size £ ewched in KOH and the top view of square diaphragm of
size a realised by KOH etch and p+ doped etch stop.

<11i> Planes

v \
Square Square
hole of § _ dlaphrdgm
side £

Fipure 5.5 Cross-section A-A’ of KOH stched hole shown in Figure 5.4 and the cross-section B-B of
diaphragm of Figure 5.4 showing the <111> planes delineated by KOH etching.
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For convex corners, misalignment with the (110) direction, and curved edges in the etch-
mask openings, significant under-eiching may occnr until etching is limited by the (111) planes,
Therefore, the alignment of mask to crystal orientation is important in the anisotropic stching,
Misalignment will change the ewch-rate greatly. The under-etching characieristics can be utilised
to fabricate suspended microsiructure as shown in Figures 5.6 and 5.7. This gives an example of
a bulk micro-machined silicon cantilever fabricated by undercutting of the convex corners of the
beam geometry (which is defined by an etch stop) from the front side of a wafer. Anisotropic
etchants for silicon are usually alkaline solutions used at elevated temperatures.

Figare 5.6 Top plan view of a cantilever beam realised by anisotropic etching using a boron etch stop
tayer and using anisotropie etching of silicon.

Cantllever

: _:F_igai'x‘e.s;_’?'-' Ctéss'-se;:ﬁ@r; C—é’_)’ of the _éz_i_;it_ﬂey’e&;;’%jfs:m‘n- of Figtzre 5:6..3 :

Mechamcai strucwzvs of premse dﬁm&ml{}ns m ﬁhe micro seale ¢an be conveniently
fabricated by the wet chemical. amf;atmpzc etc‘z;ng of smgie erystal silicon without the need
for expensive’ eduipr dieni, -gowev ‘the wet chemical: e{chﬁg DEOCESS: m%mh'es the use of
corrosive acids or alkalis and reguires {ix%p:}sa}. of waste products and this process is difficult
to automate. In addition o the above disadvaniages, the wet chemical etching process turns
out to be isotropic when used for etching polycrystalline silicon, amorphous silicon and other
such materials like 510, and 8i,N,. These disadvantages overwhelm the merits of wet chemical
eiching method, maicmg this technigque rather unatiractive for processing thin flm matedals
deposited by Chemical Vapour Deposition (CVD) and sputter deposition methods. Dy siching
technigue, on the other hand, overcomes these disadvantages and makes it attractive for MEMS
related work, in spite of the higher equipment costs involved. A brief account of the principles
of dry eiching process and ifs relevance to MEMS are addressed subsequent to the following
Exampie 5.1

BXAMPLE 31 A (100) oriented p-type silicon wafer of thickness 300 wm is oxidised on
both sides of the wafer and a square window of lateral dimensions 1 mm x I mm is opened

the oxide on one side of the wafer using photolithography. The edges of this window are akmg
the <110> crystaﬁograph;c directions. The wafer is immersed for 6 hours in KOH solution
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which etches silicon in the <100> direction at a rate of 50 pm ver minute and the etch rate
along <111> direction is zero. Assume that the oxide etch rate is negligibly small. At the end of
6 hours, the oxide layer is compietely eiched using a suitable chemical. Draw (i) the cross-
section of the sificon wafer and (i) the wew of the waf@r as seen from the top side of sbﬁ wafer,
at the end of the orocess, o

Solution: The (111) plane intersects iha '{1%}. giaﬂé at 54.75° as shown in Figure 5.1 at the
edges of the oxide window. o

{3100) Pline

L

(111) Plane

| W ,
Oxide '
Figure B53

The oxide window width W, = W + 2Hkan (87.5) = W+ HVZ = W + 14148, In this
problem, & = 300 um and W, = 1 mm = 1000 um. The etch profile follows the (111) plane
because the etch rate in the <111> divection is zero. As the eich rate along the <100 direction
(i.e. perpendicular to the wafer plane) is 50 wm/minute, at the end of hours, 2 sguare hole of
size W x W will take place at the opposite side of the wafer W = W, ~ 14145 = 1600 -~ 424 =
576 um. At the end of the process, we have cross-section and top view as shown in Figures B5.2
ang £5.3.

b 1000 13—

{111} Plane

(111} Plane
\54.75"

54.75°

e 576 m -+

Figure H52 Cross-section,
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OO0 pw o 1006 pm
i

|

576 um x 576 um

Houre K83 Top view.

’?hﬁ dd’k fegion in s.h@ top view is the {111) plane at an angle of 54.75° to the wafer
plape. In fact, under the microscope, this region will appesy dark because the light doss not get
*eﬁec?eﬁ back from these sngled surfaces.

By &%h&?&g technriguse .
Dry eiching is invariably identified with plasma etching, This is due to the fact that adl the dry
etching process involves gas plasma of sither a chemically active or inert species. Mainly there
are three types of dry elching processes based on the eiching mechanism, namely, (i) physical
basis, (it} chemical basis, {i11) process based on combination of (1) and \1 ) '

Ty ﬁishmg pased on g}%ﬁ}f@;@&? remmoval {ﬂ-?m?ei“ eisﬁmg} in Cnﬂ* case of ;:aumiy inert gas
oiasma, process involving heavy ions such as argon , the eiching process takes place purely by
physical sputtering of the host atoms either in an fon Beam Erching (IBE) or a glow discharge
spudtering process. This mrocess is a directional etch, hence is highly anisotropic (as shown in
Figure 5.8) and does not distinguish between different layers, thus making it useful for etching
multilayer structures. Due o the poor selectivity of the process, since the siching takes place
irrespective of the material type, it becomes difficult to adopt for selective etching some portions
of the substrate. This difficulty has been successfully tackied by using thick masking layer of
photoresist as shown in Figure 5.8. As the excitation energy of the heavy iong is very high in
the range 1 keV 1o 3 keV, radiation damage 15 possible with this process and would lead fo
detertoration of the charactedstics of the active devices,

Photoresist

Sputtered atom

Figure 58  Cross-section of substrate after ion beam etching.
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Dry etching based on chemical reaction (plasma oiching): When the plasma eiching takes
place purely by the chemical reaction of the radical with the substrate, the etching process is
called the plasma efching. Thus in this process, fluorine containing gas such as SF, or CF, are
extensively nsed for etching silicon, silicon dioxide, silicon nitride, etc. The most sbundant fonic
species found in CF, plasmoa is CF," and such ions are formed by the ionisation and dissociation
saction given by

g +CFy s CFf + F 4+ 2e” (5.3}
&L ey CHyH F b g Do (5.4)

Radicals exist in plasmas in much higher concentration than ioss because they generate
at faster rate, and they survive longer than ions. The free radical such as F or CF; is neutral
and exists in a state of incompléte chemical bonding making it very reactive. With silicon, the
following etching reactions takes place: '

SiF, + F——8iF,,, (x=0to 3) (5.5)

in the plasma etching process, an RF glow discharge produces chemically reactive species
{atorns, radicals and ions) from a relatively inert molecular gas. The etching gas is selected io
generate species which react chemically with the material to be etched, and whose teaction
products are volatile se that they can be vented through the exhaust. Thus the process is based
purely on chemical reaction. Hence it is highly selective against both mask layer and the
underlying substrate laver. As this process relies only on chemical mechanisms for stching, the
reaction is isofropic and the process does not provide a solution o the problem of andercuiting
as shown in Figure 5.9, However, if is snitable for photoresist stripping using oxygen gas plasma
in 2 simple barrel type plasma reactor,

Fradicals \

Wolatile product
Photoresist
!

Figure 5.9 Cross-section of silicon wafer after isotropic plasma etching.

Heactive fon Eiching (HIE): The reactive ion etching is 2 plasma etching sysiem which uses
chemical reaction for siching in the presence of energetic ions. In this process, the substrate to
be etched is placed on an slectrode C (cathode) of area A, which is driven by the RF power
supply. The area A, of the other electrode A (anode) is the chamber wall and is larger compared
to the electrode €. This larger electrode is grounded. A schematic diagram of the system is
shown in Figure 5.10.



182  Fundameatals of Navigation and fnertial Seasors

Anode 4 of area A, :
(Charber wall} To pump and

—

.
Electricsl
i substrate . insulation

FTTC

Argon and
°F, gas

Cathode { of area A

Figure 538 Schematic diagram of reactive ion stching,

When an RF voliage is applied as shown in Figure 5.10, 2 plasma is generated in the £as
mixture coniaining reactive gas (CF, or 8F;) and an isert gas hke argon, and anode A and
cathode C acquire negative voliages V, and ¥V, with respect 1o the plasma due o the reiatively
faster movement of the electrons and the higher mass of the ions which almost get confined 1o
the plasma core region. As the current fowing through these electrodes are same, the current
density in the smaller area A, of cathode is higher than that in the larger atea A, of anode. Hence
V. > V, as related to the area of the electrodes by the relation:

Yo {4,
v, \4,)

In practice » takes 2 value between 1 and 2. The substrate o be eiched is placed on
this cathode which develops high sheath voltage where the fons ‘dequire energy and assist in
enhancing etch rates produced by the reactive gas in the directional etching. Therefore, this
process is calied reactive ion erching. This enhancement in the reaction rate is experimenially
demonstrated to the lattice damage produced by the relatively high energy impinging argon ions
(=5C eV} at the surface and several mono layers beneath the surface being etched. Chemical
reaction by the reactant species is higher at these damaged sites compared to the regions where
no damage has occurred. As the ion bombardment is highly directed perpendicular to the cathode
where the substrate is placed, the side walls receive much smaller fiux of the bombarding high
energy ions and do not get damaged. Hence the reaction rate at the side wails is considerably
smaller than in the vertical direction where the ion bombardment is received. This difference
in the lateral and vertical etch rates makes the RIE process highly anisotropic. Btch rates in the
range 40 nm~100 nm to microns per minute can be achieved with this process. This RIE DIroCess
is restricted to shallow woach applications. When used for deeper trenches, the lateral eiching
occurs as shown in %igure: 5.11, due to long exposure of the side walls to the reactive species.
For nanoscale applications requiring deep trenches and excellent anisctropy over a long duration
of etching, the RIE is modified by a process called the Deep RIE (DRIE).

{5.6)
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+ fon

Volatile prodet

Figure 811  Cross-section of silicon subsirate.

Deep Reactive Ion Efching (DRIE): The deep reactive ion eiching process is usually referred
to as the Bosch process and is based on patenis currently owned by Robert Bosch GmbH and
Texas Instruments. This process employs tepeated cycles that consist of an stching step followed
by a coating (passivation) step i protect the side wall during the etching cycle. The process is
carried ont in an Inductively Coupled Plasma (ICP) to achieve high density of plasma ai high
power levels of several hundreds of walts, so that very deep trenches of 450 microns having
high aspect ratio features with near vertical sidewails can be produced in short durations of
15 minuntes, High plasma density of 1014.10'% per cm® which is about two orders of
magnitude higher than in the conventional RIE systems can be achieved with ICP to create a
magnetic envelope inside the etch chamber which reduces the loss of charged species to the
surrounding. =

In the DRIE process, during the etching cycle, the ICP plasma in a gas mixture of 5Fg and
argon is used. A negative bias (-5 V to -30 V) is applied during the etching step so that the
positive ions generated in the plasma are accelerated vertically into the substrate being etched.
During the passivating cycle, all the exposed surfaces (sidewalls and horizontal surfaces) are
coated with teflon—like polymer layer of thickness 50 nm, by switching the gas mixture to
,Fe. During the subsequent etching cycle, the polymer formed on the horizontat surfaces of
the etched trench get etchad due io ion bombardment, whereas the coatings on the sidewails do
not get etched because the ions are highly directed on to the horizontal surfaces. Hence during
the etching cycle, the sidewalls do not get etched due to the presence of polymer layer on the
sidewalls as shown in Figure 5.12(a). This is called the Bosch process named afier the company
which invented this process. In some of the recent commercial DRIE systems, the eiching
and coating cycle time can be made as small as 1--2 seconds to achieve vertical sidewall with
minimum scaliop on the sidewalls, The size of the scallops depends on the cycle time. Typical
scallop depths are 10-20 nm. Figure 5.12(b) shows a schematic diagram that can be seen when
viewed with a high magnification SEM.

With DRIE, silicon etch rate of 30 um per minute have been achieved using thermal oxide
of 1 micron thickness as masking layer to etch 350 micron deep trenches in siticon. Hich depths
of the order of 500 pm to 1000 wm can be obtained using 4-micron to 5-micron thick photoresist
as the masking layer. Aspect ratio defined as trench height A, width w {see Figure 5.13) up to
30 : 1 (with sidewall angles 50° % 2°) can be achieved. Photoresist selectivity of 50 to 100 : 1
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+ Ion
F-Radical @

Volatile product Side wall
scallops

Silicon

Polymer tayer (Inhibitor) on the sidewail
{a) &)
Figure 5,12 {a) Schematic cross-section during the DRIE, showing the etched rench and the passivating
polymer coating Gnhibitor) (b) Schematic cross-section showing the scallops in DRIE,

and silicon dioxride seloctivity of 120 to 200 : 1 with silicon have been achieved due to the high
plasma density of 10''-10'% per cm® which is about two orders of magnitude higher than that in
the conventional RIE systems, DRIE and RIE zre very useful techniques for fabricating MEMS
structures such as accelerometers amd gvroscopes on polyerysialline silicon layers withouw! any
undercut efching.

Figure 513  Schematic illusirating the concept of aspect ratio of trench in 51

Wafer bonding techniques

Wafer-level bonding of a silicon wafer 1o another silicon subsirate or fo 2 glass wafer is an
important technique used in bulk micromachining snd plays a key role in all the leaging-edgs
MEMS devices. When used along with the wet or dry etching techniques, the wafer bonding
technique can be used fo realise (i) membranes of thickness varying from couple of microns o
several microns, suitable for pressure sensors over a wide range of pressures, (i) complicated
three-dimensional structures for accelerometers for sensing acceleration, (i) multilayvered
device structures such as micro pump suitable for biomedical and micro-fluidic applications,
and (iv) other high aspect ratio structures. The manvfacturers of MEME reguire wafer-level
bonding of one silicon wafer to ancther silicon substrate or a glass wafer. This provides a first
level packaging solution that makes these processes economically viable. In this section, the
various silicon wafer bonding technigues are presented and their role on MEMS devices such
as accelerometers and gyros are ilustrated in Sections 5.5 and 5.6,
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Silicon wafer bonding for MEMS is achieved by several different approaches such as anodic
bonding, direct bonding and intermediate layer bonding which includes eutectic and glass-frit
bonds. Fven though, the process conditions nsed for all the three-bonding techniques vary,
the general process of the wafer bonding follows a three step sequence consisting of surface
preparation, contacting and annealing.

Anodic bonding: It involvés bonding a silicon wafer and a glass wafer having high content
of sodium, Figure 5.14 shows the schematic of the anodic bonding arrangement. The anodic
bonding is carried out at 450°C by applying a high negative voltage in the range 500-1000 ¥V
to glass with respect to the silicon wafer which is held in contact with it. The Na” ions move
away from the interface towards the negative electrode where they areneutralised. This leads to
the formation of a space charge at the glass silicon interface, and creates a strong electrostatic
attraction between glass and sificon wafer and enables the ransport of oxygen from glass to the
glass-silicon interface and converts silicon to 5i0, creating & permanent bond. Processes for
anodic bonding of silicon t0 bulk glass and silicon to silicon using thin glass layer have aisc
been reported. Typically Pyrex 7740 or Schott 8330 glass are used. The Thermal Expansion
Coefficient (TEC) of these glasses match closely with the TEC of siticon, resulting in low strass
in the bonded devices.

Figure 5.34 Silicon-glass anodic bonding arrangement.

Silicon Direct Bonding (SDBY: It is usually referred to as Silicon Fusion Bonding (SFE)
and is used for bonding two or more silicon wafers. It is based on the initial bonding by
hydroxy! radicals present on the silicon wafer surfaces prepared by standard cleaning process
prior to bonding. Mechanical spacers are placed at the edges of the wafers (Figure 5.15) to
maintain physical separation, so that pressing the middle of the wafers creates an initial point
contact that originates the bond. Removing the mechanical spacers (Figure 5.16) allows a single
honding wave to propagaie from the centre of the wafers. The mechanical spacers are important
in establishing a single bond wavefront that propagates outward because multiple bonding

hiechanical
spacer

Machanical
spacer

Figure 5,15 Silicon fusion bonding step with waters placed in position with spacer.
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Figure 834 Silicon fusion bonding after the two wafers are bonded by removiag the mechanical spacers
and pressurising,

waves lead to warpage and gases can be trapped in pockets formed by multiple waves, and
result in areas of poor bonding. After this pre-bonding sten, subsequent annealing is carried
oni at temperatures in excess of 1000°C for durations vanging from two hours to five hours,
During this annealing step, the hydroxyl groups from water molecules create Si~0-Si bond as
hydrogen diffuses away. Oxygen also diffuses into the crysial lattice to create 2 bond interface
that is not distinguishable from the rest of the silicon structure. Although the high annealing
temperature invoived in this process is a drawback for some applications, the siticon fusion
bonding technigue permits the formation of cavities as well as all—silicon, styess free bonded
structures. It has been reported in the Hierature that surface activation methods such as argon
beam etching to create a clean surface prior to bonding result in excellent bond strengths of
10-1Z MPa ever when the 8i-3i bonding is carried out at room ismperature.

intermediate-layer bounding: This technigue involves deposition of either glass or metatlic
intermediate films prior to bonding two silicon wafers, and they are referred to as glass-frit
bonding and the eutectic bonding. The eutectic bonding makes use of the existence of a eutectic
melting temperature which is considerably lower than the melting point of individual constituent
elements. For gold and silicon sysiem, the eutectic meiting point is 363°C and corresponds to
a eutectic composition of 3.16 per cent silicon and 96.84 per cent gold by weight (19 per cent
silicon and 81 per cent gold by atomic per cent). The eutectic bond is perforraed by evaporating
and plating gold on to one of the silicon wafers and then exposing the gold to UV light just
before bonding to remove organic contaminants that preclude gold surface contaci with the
second silicon wafer into which if is bonded. To accomplish good bond, the second silicon wafer
surface preparation must remove any oxide film that can hamper diffusion of gold into silicon.
The eutectic bonding method uses pressure applied with the wafers held at a fernperature sHghtly
higher than the eutectic temperature. A detailed optimisation study has revealed that maximum
bond suength of 18 MPa can be achieved with the bonding teraperature of 400°C and the goid
layer thickness of 1.0 pm. '

In the another intermediate-layer bonding method called the glass-frit bonding process, 2
thin glass layer such as lead borate is deposited on the silicon substrate. The wafers are then
orought into contact under pressure at the melting temperature of the glass, which is generally
< 600°C,
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5.3.2 Burface Micromachining Technology

As poinied oul in the previous section, it is rather difficalt to adapt the bulk micromachining
method to MEMS processing with the conventional twp-down approach. Conirary to this, the
surface micromachining technique, which we briefly describe in this section, overcomes this
problem and also makes it easy for integration with electronics. Figure 5.17 describes the
concept of surface micromachining to fabricate an oxide anchored polysilicon cantilever bearn.
in this approach ‘structural layer’, typically, polycrystalline silicon is deposited on an easily
removable material called the ‘sacrificial Iayer’ (e.2. 5i(3; ) grown or deposited on silicon
substrate as shown in Figure 5.17(a). The structural layer is then patterned as shown by the top
view and cross-section in Figure 5.17(h) to form the cantilever and ¥he anchor region. In the

next step, called the release step (e.g. etching S0, the sacrificial layer in hydrofluoric acid) is
peﬁexmeé creating a captilever suspended over the substrate at a height egual to the thickness
of the sacrificial } ayev The top view and the cross-section of the released cantilever beam are
shown in Figure 5.17{c).

(b} {©
Figure 5.37 (a) Cross-section afier depositing SiC, and polysilicon on silicon substrate (b) Top view
and cross-section A-A' after patterning polysilicon (¢) Top view and cross-section at 8.8’
after beam release.

The key to the success of this oné~-mask process is the proper selection of the lateral
dimensions of the f;tmctarai parts to be released such that the sacrificial oxide layer is fully
removed from under these parts, while the anchor regions are only partially under-etched after
the release as shown in Figure 5.17(c), This is achieved by selecting larger lateral dimensions for
the anchor regions as compared to the beam witth that must be fully released. Since the anchor
regions are also undercut dunﬁg reﬁaas the release process should be carefully controlled to
ensure that the anchor region is not fuiiy undercut. Care must be taken during the design stage
itself to ensure that the anchor size is larger than the widths of all devices on the same wafer
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or die so that during the release process the anchor regions do not experience serious undercut
problems.

in the surface micromachined process, the lateral dimensions of the structural layer depends
upon the ability to generate patterns in the micre or nanoscale and the ability to etch the
structural layer and release. With the electron beam lithography process and the use of dry
etching techniques, this has indeed been made possible to achieve resonating structures with
micte/nano scale geometries. However, a major probiem in the surface micromachining approach
is “stiction” whichi is due to the released beam gefling pulled to the substrate and getting stuck
to the subsirate by the surface tension force arising when the water used for rinsing the HF

acid begins to dry.
=

Super oritical drying process
The “stiction’ problem has been tackied using super critical drying process or simply called the
Critical Point Drying (CPD) and involves the following steps:
(1} After HF siching the sacrificial oxide layer, the structure is rinsed in de-ionised water,
(i) The water is exchanged with methanol by dilution.
(iii) The silicon wafer is then transterred to pressure vessel in which the methanol is
replaced by liguid CO, at 25°C and the vessel pressure is raised to about 1200 psi.
(iv) The contents of the pressure }fes'sei”az‘ﬁ then heated to 35°C. At this temperature and
pressure, the CO, reaches the super critical stage. In this state, the Hquid and gas phase
are indistinguishable and hence the surface tension force is absent when the TG, is
vented out stowly ensuring that it exists in the gasecus form itself,

85.3.2 Processes for High Aspect Ratio MEMS Structures

With the conventional raiciomachining techniques discussed in the previouns section, 1t is difficult
io achieve metallic and polymer microstructures with thickness of the order of few hundrads
to few tens of thousands of microns. In this section we present two different opproaches for
realising such high aspect ratic microstruciores.

LG4 proosss

LIGA is a German word for Lithographie Galvanoformung Abformung whick stands for
Lithography, electroplating and moulding. This process is used mainly for realising high aspect
ratic metal microstructures (i.e. thickness is high compared o the lateral dimensions). This
process involves X-ray lithography and electroplating. High energy collimated X-rays from
synchrotron is used for this purpose. The process is best illustrated in Figure 5.18.

A major benefit of LIGA procesa is that high aspect ratio metal microstructures can be
buili, The requirement of synchrotromn, complicated mask for X-rays and long exposure times
of photoresists such as Poly Methyl MethAcrylate (PMMA) makes LIGA unsuitable for large
scale wse, LIGA is good for small parts, with additional requirement of assembly to realise
miost of the wseful devices. As a result, the use of photosensitive polyimide and special types
sf photﬁresmts such as S5U-8 are becemmg po;‘umr
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Figure 5.18 Tustration of LIGA process.

510-8 Process (an alternative to LIGA): SU-8is alow-cost negative resist for MEMS developed
by IBM. Processing uses standard lithography equipment: standard UV light source and standard
photo-masks on glass plate. Structures up to several microns thick have been demonstrated with
high aspect ratio greater than 15, SU-8 process has several merits compared to LIGA:

= Processed layers as thick as 100 um can be achieved.

» They offer new capabilities for masking moulding and building high aspect ratio
structures at fow-cost.

* The cost of SU-8 lithography is considerably lower than that of other technigues such ag
LIGA process and DRIE for realising high aspect vatic microstraciures,

= SU-8 has been integrated in number of microdevices, including micro-fluidic devices.

5.4 HMicromachined Sensors

Micromachined sensors can generally be classified into the following three categories based on
the principle of operation: (i) Piezoslectric (if) Plezorssistive and (ii1) Capacitive.

ﬁﬁui Piezoelectrie Sevsors

In the piezoelectric effect, a mechanical stress on a material produces electrical polarisation and
reciprocaily, an applied electric field produces a mechanical strain. Figure 5.19 is an illustration
showing the generation of incremental charge, and hence voltage on metalfised electrodes on
opposite sides of a slab of piezoelectric material in response to the application of force.
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Figure 5,12 Ilustration of plezoelectric effect.
.

This effect can thus be used to sense mechanical stress, force and also as an actuation
mechanism. However, this effect cannot be used for sensing sff;zfiic effects because the piezoelectric
effect produces a DC charge {polarisation) but not DC current. This lmited low frequency
response is primarily due to the parasitic charge leakage paths and can be significantly improved
by micromachining and direcily coupling piezoelectzic outputs to MOSFET gates.

Common piezoelectric materials with application in micromachining are quartz,
Polyvinylidense Fluoride (PVDEF), lead (Pb) Zirconate Titanate (PZT), lithium niobate, Zn(, ste.
Among these materials, PZT is a ceramic with a high value of plezoelectric constant. However,
it is difficult o deposit as a thin film, PVDIF apd 70 are often used in the microfabrication of
piezoeleciric sensors and actuators,

A major disadvantage of piezoelectric material which makes it uwnattractive for
microfabrication is that it is not used in the standard microelectronics technology. In addition
to this, piezoelectric effect can be used effectively in dynamic conditions only and cannot be
used for sensing static pressure or force.

5.4.2 Plezoregistive Sensors

In the piezoresistive sensors, the physical phenomena such as pressure, accelesation, ete, are
sensed by a change AR in the resistance R of a piezoresistor when it experiences a sirain g
due 1o the siress developed in the membrane or the beam on which the resistor is placed. The
sensitivity of a piezoresitive sensor depends upon its gauge factor ¢ which is related o strain
as follows:

G=—% {5.7)

The resistance R is related to #ts resistivity p and the physical parameters such as length, £ and
the lateral dimensions viz., width W and thickness 7, by the relation:

L
R=p-—
pr 3-8

When subjected to strain, the resistance change AR takes place due to the changes in all the
three paraioeters. Therefore, we can wiie:

..}..,.W,...m..m____..
R p L W ¢ B
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it is well known that when a beam is stretched along the length, the increase in length {AL)
is accompanied by a decrease in the lateral dimensions and is related to AL by the Poisson ratio
v aind is written as

LA P (5.10)

The Poisson ratio 15 less than LU and is usually in the range 0.2 to 0.5,
Using Hg, 5.10) in Has. (5.9) and {57}, the expression Tor gauge factor & tmns cul o be
as foliows;

. 4p % -
Gzt (1 2V (5.14)
£p

in a metal strain gauge, the resistance change AR takes place mainly due to the change in ifs
lengih and area of cross-section when it s sublected to strain and negligible change takes place
in the resistivity p. Hence the gauge factor in metallic strain gauges is in the range 2 to 5. On
the other hand, in a semiconductior ptezoresistors, the change in resistance AR ocours due o the
change in the resistivity o of the material in addition to the change in the physical dimensions
of the resistor. As a result, the gauge factor of semiconductor Hke single crysial silicon is in
the range 100 to 200 depending upon the doping density. At higher doping densities, the gauge
factor is lower than at lower doping concentrations, The semiconductor piezoresistors, therefore,
are superior to the metallic strain gavges in several ways:

{a} As the gauge factor is high, the sensitivity of a semiconducior plezoresistive based
sensor is considerably higher than its meiallic strain gauge.

(b) The piezoresistors can be laid cut on semicorductor beams or membranes, Hence the
process is compatible with the conventional microelectronics process,

(¢} The semiconductor piczoresisiors can be miniaturised by the microfebrication process
by defining the resistor region by photolithography and implantation or diffusion of the
dopants, Thus it.is possibie to achieve miniaturised sensors which have seversl merits
shucidated in Seétion 5.1

High sensitivity is achieved by connecting fowr piezoresistors in the form of & Wheatstone
bridge which is balanced, when the siress is absent. The locations of the resistors on a diaphragm
(in the case of a diaphragm based pressure sensor) and on a beam (in the case of accelerometer
having a mass suspended by beams) are selected such that the resistors of the opposite arms
of the bridge increase by AR and the other two opposite arms decrease by AR when sensing
the stress in either 2s a pressure sensor Of as an accelerometer. It can be easily shown that the
output V, of such a sensor i3 given by the relation:

. AR
VO - {/!

. _ _ R
The advaniage of a piezoresitive sensor is that it is simple to fabricate, it is compatible
with the microfabrication process and the output is electrical. Hence it can be used straight
away. Piezoresitive pressure sensors and accelerometers are well developed and widely used

(512
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in indusiry and consumer applications due to their high sensitivity, high linearity and ease of
signal processing. However, piezoresistive sensors have some drawbacks;

(a)

(o)

(<}

The ouwtput voltage of a piczoresistive sensor is lemperature sensitive due fo the
Temperature Coefficient of Resistivity {TCR) and also the Temperature Coefficient of
the Bensitivity (TCE) iiself due to the temperature dependence of the gauge factor which
again is related to TCR. This can be minimised by using piezoresistors with doping
concentrations in the range of 10'%/cm®, However, at such high doping concentrations,
the gauge factor is low, and hence the sensitivity gets reduced.

Piezoresistors are usually fabricated by implantation or diffusion of p-iype dopants on
0 a n-iype diaphragm, and these junctions provide the isolation between the resistors.
Therefore, they are susceptible to junction leakage and Can cause stability problems
particularly at higher operating temperatures. This can be overcome using oxide
isolation between the resistors with Silicon On Insulator {500) approach.
Piezoresistive sensors are basically sensitive to stress. Therefore, their performances
are closely related to the packaging technologies and may lead to large offset voliage
and a temperature deift of the output voltage.

EXAMPLE 5.2 p-type plezoresistors R, R,, R, and B, each of them equal to R = 1 kohm,
are arranged (Figure E5.4) on oxide grown on a thin square membrane anchored at the edges,
Assume that these resistors have longitudinal gauge factor G, = 30 and that the ansverse gauge
factor Gy is negligibly smail (G; = 0). These resistors are connected in the form of a Wheatstone
bridge as shown in Figure E5.5. For this pressure sensor, (i) derive an expression for the output
voltage V, in terms of R, AR and V), mark the polarity of ¥, for the case when the membrane
is subjected to a uniform pressure directed into the plane of the paper. (ii) Determine ¥, for an
input voltage of 10 V when the longitudinal strain on the resistors By and R, are 107 and the
longitudinal strain on R, and B, ave zero.

X
L)

I
.
i, R il e
' R, #y
T

Figure 85.4 Higure 5.5

Solution: Referring to the Wheaistone bridge in Figure B5.5, R, = B, = By = B, = R, As the
p-iype resistor marked B, and R, experience longitudinal tensile sirain, their resistance increass
by AR determined by the longitudinal tensile sirain and the gauge facior in the longitudinal
direction (i.e. along the divection of the current flow). Thus, for these two resistors

AR
"""“""”GLE
R
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1

Here ¢ is the longimdinal tensile strain on resistors R, and R, Substituting G, = 30 and
£= 107, we obtain

i:;‘;i =30x107 =0.03

(i) The resistance values of K, and &, do not change because the longimdinal strain on
them is zero and the transverse gauge factor is zero.

Vo=Vi—Vg
& R, [R-%AR R ]
=, - = ~ .
R, +R, R +R, 2R+AR 2R+ AR
Ly AR __, AR
‘2R+AR 2R

(ii}) Substituting V,; = 10V and —Agi = {3.03, we obtain

v, = 130 mV

5.4.3 Capacitive Sensors

The capacitive sensor detects deflection of moving plate or mass with respect 10 a fixed plate.
by sensing the change in capacitance The change in the capacitance can take place either due
to the change in the gap or the change in the overlap area between the plates.

Merits of capacitive sensors

{i) The capacitive sensing schemes are not related to the mechanical properties of the
material which are more stable than the piezoresitive properties. The absence of
temperaiure coefficient of sensitivity of capacitive sensors makes 1t very attraciive
particuiarly for space and inertial navigation applications.

(i) High sensitivity and high resolution accelerometers can be achieved with capacitive
sensing using bulk micromachining technologies.

{(iii} The capacitive accelerometers based on surface micromachining allow low cost mass
production and have beepn widely used in applcations soch as zir-bag deploving
systems in automobiles,

Drawbacks of capacitive sensing

(i) Capacitive sensors are inherently nonlinear.

{(ii} Measurement of smail capacitors of a miniaturised structure is very difficult due to
the parasitic and stray capacitances and the electromagnetic interference from the
environment. .

(iii} As the cutput is capacitance change, electionics circuit is a mandatory requirement for
converting the capacitance to voltage.
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5.5 MEMS Accelerometers

Accelerometers are sensors fhat measure and monitor linear acceleration along one or several
axes, Over the past several years, these sensors weie mainly used in the inertial navigation sysiems
and cost of a sensor was the inhibiting factor. Today the micromachined accelerometers find their
place in almest all walks of ife and mainstream products because of thelr mindaturisation and
the resuiting cost reduction and enhanced reliability. These apslications include the automobile
industry for front and side air bag crash sensing. The accelerometers are also used as vibration
sensors for health monitoring for engine monagement, shock and impact monitoring as well as
for monitoring seismic activity. The accelerometers work on different transduction principies
and are available in different configurations. In this section we discss the principle of operation
of these accelerometers and their design considerations and configurations.

5.8.1 Operation Principle and Parameters

All accelerometers consist of an inertial mass suspended from a spring as shown in Figure 5.20.
The inertial mass gets dispiaced from its equilibrium position due to the effect of an externally
apphied acceleration, This displacement is a measure of the acceleration.

Anchor LU,
|

Damping b

J{ ; Displacement x
Itermass M |77 7777

Figare 526 Spring—mass system illustrating the accelerometer concept.

The equation governing the response of the spring-mass system in general to an applied
force F or the acceleration g is governed by mass M, spring constant & and the damping
coefficient & as follows: '

2
‘Z;’% ?:-é-kmeﬂM‘z (5.13)
i 3

Af

Solving this differential equation, the resonance frequency f, of the spring—mass svstem is given
by the refation:

1k
gy S ' : (5.14)
4 Zn Y M
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From Eg. (5.13), we can see that under steady siate conditions, the displacement x = & is
relatad to force F as follows:

Fw Mo = kS {5.15)
The sensitivity 5 of the accelerometer is sxpressed by the relation:
S:~¥§—:ﬁ {5.16)
a k&

From Hags. {5.14) and (5.16), it can be seen that the sensitivity can be increased by reducing
the spring constant orfand increasing mass M, and thus by reducing the resonance freguency.
Thas for an acceleroroster useful for inertial navigation systems, the sesonance frequency will
. be low. In addition to the sensitivity and the resonance frequency, the Total Noise Equivalent
Acceleration (TNEA} a,.., 15 an important parameter. This parameter is defined as follows:

Digise & A\Frkﬁrf {ﬂ' < ﬁ} {.SE?’

S

OM
where
kyp = Bolizmann constant
7= iemperature in degree Kelvin
B = bandwidth
27;,;21%4}
b

it is clear that for monitoring low acceleration levels, a large proof mass 3 and high Q are
required.

The main %psciﬁaatiom of an accelerpmeter are the range, expressed in terms of the eanth's
gravitation unit =9 81 m/s* _sensitivity, resolution {mg), bandwidth (Hz), cross axis sensitivity
and immunity (o shock. The range and bandwidth vary depending upon the application. The
full range of acceleration for airbag crash-sensing accelerometers is + 50g and the bandwidth
of about one kilobertz. On the other hand, for measuring engine knock ot vibration, the range
is only about one g with capability fo vesolve very small accelerations below 100 ug and »
bandwidth greater than 10 kHz. In certain applications such as those which need o be implanted
in human body should operate with very fow power to save battery life,

in general, all the three approaches, viz, piezoelectric, piezoresitive and capacitive sensing
methods have been used for realising the spring-mass system of the accelerometer,

In the piszoelectric approach, either the spring itself s plevoeleciric or it contains a
piezoelectric thin film o provide a voltage dimttiy proportional to the displacement. In the
second approach, piezoresistors are used to sense the inertial stress induced in the spring during
the dispiacemem of the mass. Piezoresistive sensing approach 1s very commonly used because of
its simplicity. Capacitive sensing is yet another commonly used method, where the mass forms
one side of a paraliel plate capacitor. In this approach, special electronics circuit s required to
detect very small changes in capacitance of the order of femto farads and convert them into
voltage and supply amplified Gmput voltage, We focus on the piezoresitive and capacitive type
acceiemtzm‘ SEnSOTS.

& = quality factor (Q‘ =
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5.5.2 Piezoresistive Bilicon Micre Acceleprometer

A schematic structure of the first silicon piezoresistive micro accelerometer proto type developed
in Stanford University in the year 1979 is shown in Figure 5.21. This sensor was a cantilever
beam-mass structure fabricated in single crystal silicon by the bulk micromachining process. As
shown in the figure, this accelerometer chip consists of a seismic mass of silicon and 2 narrow,
thin silicon beam supported on to a silicon frame. Two piezoresistors are formed by selectively
diffusing boron on the chip, one on the beam and the other on the frame and they are connected
by metailisation to form a half bridge.

{a)
Resistor

(&)

Figure 5.21  Schematic structure of the first silicon piezoresistive accelerometer {(a) top view (b) cross-
section at A-A” (¢) the haif bridge circuit connection (R, is on the frame and R, is on the
beam and its value depends on the strain on the beam due to acceleration).

The basic principle of the piezoresitive accelerometer can be understood referring to this
structure. When the device moves up with acceleration normal to the chip plane, the inertial
force on the mass forces the beam o bend down. This results in stress in the beam, The resuitant
strain in the beam is transferred as a longitudinal strain fo the resistor on the beam and causes
a change in the resistance value of the piezoresitor R,. The change in output of the half bridge
across R, is directly proportional to the acceleration.

Structural improvements ofi the above device have been subsequently implemented to
improve the sensitivity and redtuce the cross axis sensitivity, The piezoresistive accelerometer
was successful in mass production and industrial applications in the 1980s afier sorting out
several problems experienced, by providing over-range protection with bumpers and damping
control with air gap as shown in Figure 5.22, The dimensions of the air gap were chosen such
that the eritical damping ratio § = 1.0. The top and the bottom caps are silicon wafers etched by
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Bumper Damping gap

Bumper

Figure 5.22 Microstructure of an accelerometer with air dampiog and bumgers 1o serve as over-range
stop mechanism. The frame and seismic mass are fabricated by back machining {siching)
the silicon wafer.

bulk micromachining process and then bonded on to the two sides of the middie silicon wafer
by fusion bonding technique to provide the air gap. The middle 3i wafer contains the selsmic
mass suspended by the Si beam.

5.5.3 Capacitive Micro Accelerometer {Bilicon Bulk Micromachined)

Yigure 5.23 shows an example of capacitive accelerometer fabricated by bulk micromachining
of silicon. This consists of 2 spring-mass system realised using a seismic mass supported by
cantilever beam anchored at one end to the main body of silicon. This structure s sandwiched
between two Pyrex glass plates by anodic bonding technigue. The two fixed electrodes are
placed on the glass plates as shown. When the system is subjected to acceleration in Z divection,
the seismic mass moves in the minus Z direction, resuiting in change in the capacitance between
the mass and the fixed plates. The capacitance difference AC, between the two capacitances can
be used as a measure of acceleration. The symmetric design and differential sensing reduce the
effect of thermal mismaich, if any, and linearises the AC versus capacitance relationship. The
differential capacitive sensing also opens up the possibility of using force balance technique.

Fixed electrode

Fixed electrotde

Figare 523 Capacitive accelerometer fabricated by bulk micromachining technology.

The gap beiween the movable electrode and fixed electrnde need to be made small in the
range 2 W5 wm and the mass area is made large {0 make the sense capaciiance large as
compared to the parasitic capacitances. A large mass and a small gap result in 2 large squeeze
f!m air damping force. This is not desirable as it will reduce the quality factor @ and the
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bandwidth of the accelerometer. The damping can be reduced by providing holes ia the seismic
mass. In addition, a force balanced sensing measurement scheme will also reduce the damping effect.

5.5.4 Capacitive Micro Accslerometsr i?@%}y Billcon SBurface Micromachine ?i;

Figure 5.24 shows the schematic diagram of a capacitive accelerometer fabricated using surface
mcromachining method, This structure is similar to the well known ADXLSO accelerometer
developed by Analog Devices and Siemens. In this approach as discussed in Section 5.3.2, the
structural material is doped polyerystalline silicon of about 2 um thickness deposited on the
Si0,, and paiterned to realise the mass plaie having several fnggrs on both sides as shown.
This structure is released by etching the sacrificial oxide laver from its underneath except in
the regions below the four anchor regions so that the mass is suspended over the substrale by
four thin beam flexures, This ensures that mass M is electrically isolated from the substrate to
which it is anchored and that it is free to move along its central line as indicated by the arrow
marked on the movable mass when subjected to an inertial force in the X divection. The doped
polysilicon fingers marked A and B are not released from the substrate and are electrically
isolated from the substrate because the oxide underneath them is pot etched. They serve as
fixed fingers on both sides of any finger of the seismic mass plate at distances of the order of
1 um o 1.5 fm. The small holes etched in the mass plate are designed to assist in etching the
sacrificial layer,

The fingers marked A connected together into one group form capacitance C ¢ with respect
to the fingers of the movable mass M. Similasly, fingers marked B connected together constitute
capacitor €, [Figare 5.24(a)]. The equivalent lumped mode! of the capacitances is shown in
Figure 5.24(b).

Anchor

(v
Figore 5,24 Capacitive accelerometer using surface micromachining showing the schematic (a) top
view (b) equivalent lumped model,
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in the guiescent condition, in the absence of external force or acceleration, O = C,, and
hence the output signal proportional to the difference in capacitance is zerp. I the suspended
structure experiences an inestial force, when the displacement of the mass is to the left side
in Figure 5.24, the capacitance £, between the fixed electrodes A and the movable glectrodes
attached o the mags increases, and the capacitance £, between the fixed electrodes B and the
movable electrodes amtached to the mass decreases. These capacitors are very small because
the polysilicon layer is usuaily only about 2-um thick. The overall capacitance in the ADXLO0S5
rated at +5g is ondy of the order of 0.1 pF even with several tens of fingers, and the change in
capacitance for a 1g is about G.1 {F (= 100 aF), As this is very minute change in capacifance, it
cannot be meastred divectly. Therefore, an on-chip integrated electronics is essential to ensure
that the effect of parasitic capsciiances is minirnised. We describe Below the force balanced
technigue which has been adapted in the ADXLOS by Analog Devices for on-chip electronics.

B.E5.B Force Balanced Accelsrometer

The force balancing for measuring the acceleration is achieved using a closed-icop feedback
circuit to electromechanically force the movable mass o ifs eguilibrivm position when it is
subjected to acceleration. The schematic diagram is shown in Figure 5.25.

Vo= V4V osin st

i3

Bremodulator ML?mew% Ag e

V
D, L
High impedance

i
V= =V =V, sin o

To digital
aireuit

Figure 525 Accelerometer with schematic of the foree balanced electronics.

We show that the feedback voltage in this force balanced circuit is a measure of the
inertial acceleration. In this srrangement, the voltages ¥V, and V, applied o electrodes A and
B respectively, consist of DC and AC components of equal magnitude, but of 180° out of
phase. The capacitor C blocks the DC component and allows only the AC signal V). The signal
output V, is taken from movable mass and fed to an unity gain buffer stage A, followed by a
synchronious demodulator, Low Pass Filter (LPF) and an amplifier A, When the acceleration
is zero, the movable plate is in a balanced position at equai distance o between the two fixed
plates A and B. The signal voltage ¥, for this situation is zero and hence the feedback voltage
Vi is zero.

When a downward acceleration @ acis on the frame supporting the accelerometer. the mass
moves towards the upper fixed plate A by a small distance x, due to an upward inertial force
acting on it, the signal voltage V; will no longer be zero and noting that x << d due to the
presence of feedback condition, this voltage V, can be shown to be squal tor
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V=
(,1+C2

mV sin ot 518
3 (5.18}

If the combined open loop gain from the buffer, demodulator and operational amplifier is A,
and noting that the demodulaior is a peak detector, the feedback DC voltage through 2 high
impedance path is given by

Vg = +Ag Vi = (5.1%)
ci
This positive DO voltage appears at the central plate, and therefore, the effective 130 voltage

3 X
hatween the fixed jop electrode A and the moving plale reduces from Vo to {V@ —Ap Vo E]

At the same time the DC voltage between the fixed slecirode B and the movable middie plate

\
increases from =V, to — ¥ + 4V, As a result, the net divection of electrostatic force
° )

on the movable plale caused by the feedback voltage Vi 18 towards electrode B, thus bringing
the mass towards the initial equiibrium position, The displacement of the ceniral plate thus
decreases by the electromechanical feedback, and this decrease is significant if the open loop
gain A, is large enough. In such a situation, the displacement is negligibly small compared to
the initial distance J. As x << 4, the feedback voltage has forced the movable plate back to its
neutral position, the feedback voltage can be used as a measure of acceleration g. Hence this is
referred 1o as the force balance technigue.

Assuming that V,, = oV, and using the conditions that % << 1, it can be easily shown that

£
the electrostatic force 7, applied on the movable plate having an area A can be expressed as:

2 A
F, ==l ey (5.20)
d
The net force acting on the movable plate in steady siate condition is given by the sguation:
2Ade,Viadyx
Mczwkxmf%fiﬁm:e (5.21)
Solving for x in Eq. (5.21) and assuming that 4, Is very large, and that ‘kx” is small we obtain,
x = Ww%ds 522
24g VoA, (5:22)

Using Eq. (5.22) in Eq. (5.19), and noting that V,, = oV, we show that the feedback voltage
Vg 13 related to the sccelerstion ¢ by the expression:

Vow = =2 (0 (5.23)

YN o

Thus by monitoring the feedback voltage Vip. the inertial force (= Ma) and the acceleration a

can be estimated and the accelerometer can be calibrated using this V.
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EXAMPLE 5.3 A capacitive sensing accelerometer is shown in Figare E3.6,

F
Fixed electrode i

,

Fixed electrode

Figure B56  Cross-section of a capacitive sensing accelerometer.

The dimensions of the silicon seismic mass are as follows: Thickness £, = 250 um and
the iop view 15 a square of 1000 um x 1000 pm. This mass is suspended by two silicon
beams of thickness ¢, = 15 um, length £ = 300 pm and breadth b = 16 pm and anchored on
to the frame as shown, with a layer of 3i0, for elecirical isclation. The density of silicon
2300 kg/m® and the Young's modulus E of silicon = 170 GPa. The gap d between the fixed
slectrode and the seismic mass is 2 . The mass is heavily doped silicon so that the conductivity
of the mass is very high, and the frame is lightly doped so that its conductivity is low. The
frame is subjecied to a force Fin the -7 divection as shown in the figure. As a result, the mass
gets deflected by a vertical distance of 0.2 m. Determine (a) the steady state capacitances
and C, of the mass with respect to the upper electrode and lower fixed electrode respectively,
{b} the steady state force F and the acceleration experienced by the mass (¢) the sensitivity and
the resonance frequency of the accelerometer.

Selution:

{a) When the frame is accelerated in the —Z direction, the mass will get deflected towards
the +7 direction by an extent Ad. In this example, Ad = 0.2 um. As a result, the
capacitance (), increases above jts equilibrium value Cy, to a value C, and Oy,
decreases to ;.

god (88541077 x 107"

- = = 4.9188 pF
Y d - Ad) 18x107° ’
1n—1? 1746
- g {8..854>< 16 )(x 107 4.0245 pF
{d + Ad) 2.2 %147

(b} In steady state conditions, F = Mo = ks (Ad). In the example,

M = Volume x density = (107 x 250 x 167%)x 2300 = 5.75 x 107 kg
Spring constant £ per beam,
CEbf,  LTx10M %16 x107° x (15)°

I e (3{}0}3 = 340 N/m

&y,
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As the mass is supported by two beams, the effective spring consiant is kg == 2y, =
680 M/m.

Felkgbd=680%x2x107 =136 x 1074 N

The acceleration is

Fo136x10™
@ = = e = 336 5 /s

Mo 575x107
Taking the acceleration due to g avuy o be g = 9.8 m/s® the ahove acceleration is
Z4.13%g. .

{c) The sensitivity § is defined as displacement pey acceleration of 1g and is equal io
axi07
o = 8 3 nin/g
24.13
oy 1 kg
The resonance frequency of the accelerometer /) = 59“ = \/—Eﬁ— = 5.47 kHz
. 2n

EXAMPLE 5.4 In Hxample 5.3, a force feedback circuis, shown in Figure 5.30 is used with
Vo= 20 W and ¥V, = 1 V. Determine the feedback voltage V., necessary to achieve the force
balance condition.

Sofution: Electrostatic force £, on the mass when the feedback voltage ¥, is apolied to {he
mass is given by the relation (takmg A = area of the ¢lectrodes):

o= f@nf‘f':{yo ~ Vi) e Ver) ]

(d—AdY  {d+ AdY

¥
Noting that é;—q'(}, Ay = ;’a . Add

e, Vg = ¥, A, —, the above equation can be simplified and
: d
expressed as follows:

b zAsgfiVAgﬁ.d
7

&8

When the mass is forced back to the equilibrium pesition, ¥ = Ma = F,, in magnitude. We
obtain:

2,
pa=8N0 0y 4 B4
PE a4
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This gives us:

* 43107 k136 x 107
oy = LMD RESL B S ELE =15.36
2AgF( &d”d“ 2xI0TT X BB x0T x 20 x {0.2/2)
V,=1¥, Therefore 4, = 15.38

Vg =V, Ay é =15.36%0.0=1.536V

5.5.6 Damping Factor in Micromachined Inertial Grade Accelsrometers

&
As discussed in Chapter 4 and also depicied by Eq. (5.13), the dynamic performance of
accelerometers 13 governed not only by the mass and the spring constant, it also depends mostly
on the damping coefficient or the damping factor denoted by the symbol b. The quality factor
and the noise eguivalent acceleration, defined in Eg. (5.17), as well as the step response of the
accelerometer depends upon the damping factor. A more convenient term related to the damping
factor is the damping ratio § which is related to the damping factor b in the following equation:

b b (5.24)

‘The coefficient of damping b is proportional to the dimensions of the mechanical structure
and the coefficient of viscosity of the surrounding fluid. Hence in the accelerometers made of
conventional mechanical structures, which are invariably quite large, the £ is very small in ajr,
However, in practice, this problem has been circumvented and damping ratic £ = 0.7 has been
achieved by immersing the structure with silicon oil which has high viscasity. Conmrary io
this, accelerometers formed by micromechanical structures by micromachining technoiogy, the
damping ratio can be easily raised to around 0.7 in air by using some mechanical structures o
increase the damping force in a controlled way. Using air damping is advantageous compared
te oil damping because of the lower temperature coefficient of air and the sase of packaging the
device in the absence of the oil based damping. Squeeze film damping and slide film damping
are the mechanisms of air damping in micromechanical structures,

in the case of devices such as resonant sensors and gyroscopes which requite high Q-factor,
air damping should be reduced by evacuating the air from a hermetically sealed package
containing the device.

In this section, we provide a bird’s eye view 0)% the sqaePze film air damping and the
damping in rare air as well as in vacuum.

Bamping factor and doamping force for a rectangular plate in air
Squeeze film damping factor in the normal divection for a rectangular plate of length £, and width
8 with an air gap A, in general, for B/L ratio varying from 0 to © is shown to be:

bﬁégxf() . a3
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B 192 B ad 1 nrl
Here, / {z}lmjgxzx E {"”g“mh““fg J (5.26)

ne=1,3,5 W7
= coefficient of viscosity = 1.8 x 107° Pa-s for air at 20°C. u for water is 1.0 x 10~ Pa-g.
From Eqg. {5.26), we have

”
f[z) =042 when B = £ (squase plaie)

1B
and i [}—) = 0.7 when B/L = 0.5

Thus for a square plate of side length, B = Z, the air damping force F, for movement in the
direction () perpendicular to the plane of the plate is thus given by
HLB dz

Boode

Thus, for a square plate of 1 mm x 1 mm and at # = 2 microns away from the neighbouring
substrate, the damping factor from Eq. (5.25) 15 b = 0.945 Pa-s-m.
For the same plate, if & = 20 microns, it turns out that b = 945 x 107 Pa-s-m

(3.27)

Fo=pE oo
dt

Damping force ¥, and damping factor b for a comb type accelerometer
Air damping force on comb type accelerometers such as the one discussed in Section 5.5.4,
consists of several components such as the slide film damping forces damping on the bottom,
top and side walls respectively. The total side {ilm damping force F, is the sum of all these
components and can be shown to be given by the relation:

Fo=u fﬁ+fﬂ+‘?5~ L.
‘ d, & d, |d dt
tHere
A, = area of the plate

d, = distance between the plate and the moving part and the substrate
4 = coefficient of viscosity

A = area of the side walls that are paraliel to the moving direction

d; = distance between the side walls and their neighbouring structures
& = effective distance which is defined as:

5o [ | ;
&= oo (5.28)

where g is the density of air and @ = 2xf. § decreases form about 70 um at resonance frequency
F= 1 kHz and satorates at 20 pm for frequencies f %.10 kHz.

Effect of air pressure on the damping'fwce

The damping force is independent of air pressure over a wide range of pressures around and
above atmospheric pressure because the viscosity of air is practically constant in this pressure
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range. However, it has been observed that the alr damping force on microstructures decreases
significantly when the air pressure is below several hundreds of Pascal. From a detailed analysis
based on the molecular model, it has been shown that the squeeze film damping force F,, due
to rarifted air af pressure P, acting on a plate of surface area A, moving in the normal direction,
can be expressed as follows:

o M, g 4 = d (5.29)
ZRT Fdr d
where the universal molar gas constant B = 8.31 kgm®/s%/°K, M is the molar mass of the gas
and T is the temperature in K. .
Equating the F,, and 7 in Egs. (5.29) and {5.27), the transition pressure P, can be determined.
From the above discussion, it is evident that the damping factor decreases proportional 1o
the pressure and hence the quality factor O increases at lower pressures. However, the {-factor
levels of 10°-10° at very high vacuum levels £, (as shown in Figure 5.26) when the energy
dissipation is governed by other factors such as the internal friction and support losses. The
pressure Py, at which this levelling takes place is in the range of several Pascal.

Quality factor ¢
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Figure 526 Quality factor versus air pressure for microstructures.

5.6 MEMS Gyro

The gyroscope is an inertial semsor, which measures the angular motion about one or more
axes. Invariably, It is part of a larger control system, and it gives information on correcting the
changes in the angular motion so that the system is stabilized. For example, in an automobile, a
gyroscope detects the anguolar motion of ihe car, and gives input to the safety system to actively
conirol the sieering angle and the brakes at each wheel 1o prevent the vehicle from overturning,
if the angular motion is above a critical level. Miniaturised MEMS based gyroscopes have
now become all-pervasive and find applications in automotive, platform stabilisation for video
camera, stability and active control sysiem and robotics. This section gives a brief concept of
gyroscope along with an example of a ‘“Tuning Fork MEMS Gyro'.

5.6.1 Operating Principle

Guidance, navigation and conirol systems in aircrafts and spacecrafts require gyros to maintain
orientation in flight. Gyro based systems provide the most direct method for seasing inertial
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angular velocity, The requirement on the dynamic operating range of gyro depends upon the
particular application. Tt is typically arcund 10% in inertial systems for land transport systems.
In the case of precision inertial navigation systems such as military airplanes, launch vehicles,
_missiles and satellites, dynamic operating range value touches as high as 10% Such a iarge
dynamic range typically covers maximum opersting range of 100%/s (3.6 x 10°%h) to minimurm
detectable threshold of 0.01°%h. Currently, macro sized gyros, discussed in Chapter 3, such as
hemispherical resonator gyro, dynamically funed gyro, ring laser gyro and fiber-optic gvro,
meet the high dynamic operating range. Whereas, MEMS gyros are primadly fulfilling the
requirements on the lower dyramic range, but showing further improvement over the years
as sustained research and development continues. Depending upon the technology and/or the
physics used, micromachined gyros can be categorised under MEMS gyros and the MOEMS
(Micro Optical Electro Mechanical Systems) gyros. In this section we focus on the MEMS
ZYros.

Currently, MEMS gyros use a vibrating structure rather than the traditional rotating disc
to determine inertial orientation. These gyros measure angular rate by detecting the Coriolis
acceleration or force taking advantage of Corlolis effect, which can be described as follows.

Consider a rotating disc where an object near the centre of the disc moves slowly, whereas
an object near the outer edge moves much faster. Both the objects are also subject to tangential
acceleration due {o rotation. The acceleration which is proportional to the ohjects distance from
the centre of the disc is known as the Coriolis acceleration. Thus the object near the outer edge
experiences a greater Coriolis acceleration than the object near the centre of the disc, Vibratory
gyros make use of the fact that if a mechanical member is vibrating along one reference axis,
rotation of gyro frame will couple some of the vibrational energy into another axis due io the
Coriolis effect. Mathematically, the Coriolis force ¥, exerted on a mass M moving (vibrating)
with a velocity v, and subjected %0 a rotation (by mounting the mass on a rotating gyro frame)
at angular velocity £2, is expressed by the vector cross product refation as:

Fo= 28(v x £3) (5.30)

This force is thus at right angles to both the velocity of the mass and the angular velocity
of the frame. Figure 5.27 shows a simplified model for a vibratory gyro. In this Ggure, velocity
v is along +ve X-axis (on the plane of the paper), angular rate £ along +ve Z-axis (vertical up
and perpendicular to the plane of the paper). Then the Coriolis force F, is along +ve Y-axis,
and it will be on the plane of fhe paper.

Figure 5.27 A simple model for vibratory gyroscope:
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This vibratory system has two orthogonai vibration modes which are vibration of mass #,
in the driving mode (X direction), and the second is the sensing mode (Y direction) with the
corresponding resonance frequencies as @, and @,

When the mass is driven into vibration in the X direction shown in the figure with a
frequency. @y = @,, if the frame on to which the mass is anchored through the flexures rotates
with an angular rate of £ around the Z-axis (normal to the plane of paper) as shown, an
alternating Coriolis force appears in the Y direction driving the system into vibration in the ¥
direction. if the vibration in the X direction can be represented as x = A, sin @dr, the Coriolis

force F, is in the Y direction is obtained from Eq. (5.30). Thus, we have:
F, = 2@}%9 ={2MA @, Q) cos w,t # (531
“The differential equation for the mass movement in the Y direction is given by
M ‘i; vb, P g y= F, (5.32)

whers
b, = damping term
k, = flexure spring stiffness
Using Eq. {5.31} in Eq. (5.32) and solving it can be shown that, when @, = v,, the amplitude
A, of vibration in the Y direction is given by
24, 0.0
Apy = (5.33)

@,

Thus it is seen that the amplitude A, is proportional to the angular rate 3. Hence {2 can be
measured by determining the displacement amplitude A This can be done by any one of the
techniques, namely, capacitive or piezoresistive or piezoelectric sensing method. Capacitive
sensing method is often used because high sensitivity and temperature insensitivity can be
achieved with this approach. It is to be noted from Eq. (5.33) that the quality facior Q. in the
sensing mode and the driving amplitude 4, should be as large as possible, while the v;bra{mn
frequency ¢, should be small to achieve high sensitivity. This is particularly important because
Q<<m,.

The driving of the micro gyro can be done by electrostatic activation, piezoelectric or
electro-thermal means. The sensing can be done using capaciiive, piezoresistive or piezoelecitic
methods. Even though many designs for MEMS vibratory gyro have been attempted, the most
popular design is the tuning-fork gyro design. Therefore, the working of this type of MEMS
gyro is presented in the following Section 5.6.2.

5.6.2 Tuning Fork MEMS Gyro

The structure of an operating tuning fork gyro, described further, is not like a conventional
tuning fork. It consists of a pair of mass plates marked as the moving plates A and B which
are connected using wide and stiff cross bar as shown by a schematic diagram in Figure 5.28.
These two mass plates can be excited with electrostatic forces by applying a voltage on the fixed
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electrode marked C and oscillate in phase opposition in the X direction. The natural vibration
frequency for the X and Y directions are @, and @, respectively. The operation of this type of
gyro is described further. '

The two mass plates—aA and B are diiven into vibration by slectrostatic actuation of the
comb drives In an out-of-phase pattern as shown by the arrows on the two mass plates in
Higure 5.28. In this diagram, the +ve velocity is along X, angular rate is about Z-axis which is
perpendicular to X, but both these axes are lying on the plane of the paper. When the device is
rotated about the Z-axis, the Coriolis forces act on the two mass plates—A and B along Y-axis,
where Y-axis will be perpendicolar to the plane of the paper. Since the plates are vibrated in
out-of-phase mode, the Coriolis force on plate A will also be out-of-phase with respect o the
Coriolis torce on plate B. For the velocity directions of the platés, marked by arrows (solid
lines) in the figure, when the Coriolis force causes plate A to deflect into the plane of paper,
the Coriolis force causes plate B to bulge out from the plane of paper. With electrodes provided
underneath of each plate, the plate deflections can be detected by the differential capacitance of
the two plates using a custom CMOS ASIC.

Spring (Torsion)

E:E E Beam

.
-
Moving
plate A
7
Capacitance to
Electrode underneath measure deflection
1o measure Coriolis [
induced motion Anchor Electrode underneath
to force feedback
I
Anti-parallel

reference vibration

Figure 5,28 Schematic view of a tuning fork gyro,

The tuning fork is fixed to the substrate at the anchor points D and E. The outer electrodes
F and G are used to control amplitude and phase of the mechanical reference vibration, The gyro
will be exited at resonance frequency to achieve highest amplitudes. Capacitor plates are located
underneath each of the electrodes A and B for measuring the Coriolis induced movement, Le.
the gyro signal, for force feedback usage and to apply a static voltage to trim the torsional
resonance frequency. '

As the differential capacitance of two comb drive resonators is used as a measure of the
angular rate, the gyro will have much higher immunity to the interference from environment
because the interference are usually commeon mode signals. As the two masses are oscillating
cut of phase, the dual resonator structure is often referred to as a tuning fork structure.
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For 4 gractical gyro device, the design, fabrication, packaging and signal conditioning
circuitry are quite involved. The design is related (o the driving schemes, damping control and
sensing details. The fabwication is rather tnvolved as the requirement for the resonant frequencies
of the structure is rigid, and guite often, the structure will have to be encapsulated in vacuum
to achieve high . The signal detection is difficult because of the extremely weak signal and
the phase differences among the electrical driving signals, driving vibration and the detection
vibration caused by mechanical reasons and the air damping effect.

Une of the most important requirements in a MEMSE gyro is to control the drive frequency
and drive amplitude. This is normally achieved using Phase Locked Loop (PLL) for such function.

4

The bensfits of miniaturisation of mechanical components such as the inertial seusors and
actuators were first presented. The implications of using silicon for this purpose was then
described pointing out that the batch processing and miniaturisation are possible when silicon
is used for this purpose. The micromachining processes such as the bulk micromachining,
surface micromachining for mechanical sensors and actuators are detailed; the LIGA and SU-§
processes suitable for high aspect ratio devices were presented. Both wet chemical etching and
dry eiching processes have been described in detail, The applications of these micromachining
processes for realising inertial sensors such as accelerometers and gyros are discussed at length
with examples of the device structures.

5.1 iIn the worked Example 5.1, if the etch duration is only 3 hours, draw the cross-section
and top view showing the dimensions. {Amns: H = 150 um; W = 787.9 um]

5.2 Inthe worked Example 5.1, draw the cross-section and top view if the oxide window size
were 2 mm x I mm.

[Amns: H = 300 um; Top surface: 2 mm x } mm; Bottom surface: 1576 um x 576 pm]

5.3 A (100) silicon wafer is 210-pm thick. A square window of unknown size is created by
photolithography. The sides of the window are parallel to <110>. After through wafer
eich, a hole size of 100 pm » 100 pm is formed on the other side of the wafer. Determine
the size of the oxide window, assuming that the etch rate along the <1113 direction is

negligible, [Ams: 397 x 397 um]
5.4 In the worked Example 5.2, the longitudinal strain on R, is 2¢ and on R, it is € with
£ = 107, determine the output voltage V), of the bridge. fAns: V,, = 0.22 V]

5.5 Work out the details same as for the worked Example 5.3 keeping all the details same
except that the mass is supported by four flanges B, B,, B; and B, as shown by the top
view in Figure E5.1.

fAms: (a) C) and C, are same as in Example 5.3 (b) Acceleration = 473 m/s*
= 48.26 ¢ (c) Sensitivity =M _ 415 pm/g (&)1, = 54742 kHz]
eff
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Satellite Navigation provides extremely accurate three-dimensional position and velocity
information to users anywhere in the world. Curvently, there are two proven sysiems: the
first one is called Global Positioning System (GP8), while the second one is called Clobal
Orbiting Navigation Satellite System (GLONASS). The evolution and the basics of satellite
navigation have been introduced in Chapter 1. It provides accurate position, velocity and time
information. Additionally, it can provide attitude information also. Hence, satellite navigation is
an independent systers and capable of providing all the useful data to any user across the globe,
covening land, air and space. However, it #s not autonomous in the sense an INS is described w0
be autonomons, as major ground and space segments are involved in its operation.

GPS and GLONASS are military funded programmes of USA and Russia respectively,
The basic operational aspects of the two systems have considerable similarity between them
and because of this similarity, currenily receivers can be realised so that all the saiellites
belonging to these two systems can be tracked and navigation data can be computed which
increases the robusiness of the Sateliite Navigation System (SNS), However, the system is very
costly to initially operationalise and later to maintain it over the years. This happens as these
orbiting satellites have limited life time requiring replacement at regular intervals. Fortunately,
eiecironics technology has made the receiver to become progressively cheaper and has enabled
growing coramercial usage across the globe. lis growing application has triggered other space
powers, like India, China and Japan, to configure their own satellite navigation system which
will, instead of global coverage will cater for regional 'éqvar. As considerable publications have
already been made on GPS, its description in the following sections will effectively serve in the
understanding of SNS, in general.

231
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6.1 Global Positioning System

Global Positioning System (GPS) consists of three major segments (refer Figure 6.1) known

as the space segment, the control segment and the user segment, which is also known as the
receiver. These three segments are further described in the sections to follow.

Navigation satelites in view of receiver

'
'
b
1
1
i
1
i
3
1
3

Up/down link \\‘ ! /
o \‘ .’ ; ’ .

all GPS satelites 4 ¢ Downlink

? i Ajrborne

receiver

Master contref | R

stations
TR T I TITT S Harth surface

Figure 6.3 Architecture of satellitc navigation system,

6.1.1 Space Segment

Presently, the GPS space segment comprises a consteilation of 28 operational Navstar
satellites with four as spares. These satellites orbit the earth with a period of one-half a
sidereal day, which is 11 hour 58 minutes to be precise, in nearly circular orbit of radius
approximately 26360 km from the centre of the earth. This is at an altitude of approximately

20,200 km. There are six orbital planes with four satellites in each plus four orbital spares. A
view of the constellation is shown in Figure 6.2.

GPS sateilites

GPS orbits

Figure 6.2 GPS constellation of crbiting satellites.
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The full consteflation ensures global coverage with 6 to 11 simulianeously observabie
satellites to users located anywhere in the world at any time of day, thus ensuring considerable
redundancy over the minimum four satellites needed for position computation. Each of these
satellites contimuously fransmits coded i-band radio signals that the receiver will decode o
determine important sateflite parameters. The receiver tracks the RF signals of selected saiellites
and calculates three-dimensional navigation data and time. The satellites have vasious systems of
identification such as (i) Launch sequence number (i) Assigned vehicle Pseudo Random Moise
{FRM) code (iif) Grhital position number (iv) Catalogue number (v) International designation
and so on, Fach satellite carries a highly accarate Cesium or a Rubidium atomic clock o
provide timing for the satellite signais, Internal clock correction is provided for each satellite
clock. Ali signal componenis are precisely controlled by the atomic clock. The sateflite employs
- transmitting antenna whose shaped-beam gain radiates near uniform power to system users.

| &.1.2 Controel Segment

The control segment comprises a Master Conirel Station (MCS), an alternate master control
station, six worldwide monitor stations and four dedicated ground antenna stations. The ground
moitoring stations measure signals from the overhead satellites at fixed interval of time and
corrected data is transmitted io master control station. MCS determines the orbital model, clock
performance and the health of the satellites, and these are then relayed to the uplink ground
anptennas for transmission {o the satellites, which is further broadcast to the user segment. Main
operations and tasks of MCS can be listed as:

{a} Tracking of satellites

{b} Orbit determination

(¢} Prediction, modelling and time synchronisation of satellites

{(dy Upload of the data for broadcast to the user segment

(e) Monitoring the health siatus of the satellites.

$.1.3 Uszer Segment

The user segment, normally cailed a receiver, consists of an anienna along with the receiver
elecironics that receives and decodes satellite transmissions. The receiver also converts sateilite
signals to computed position, velocity and time (P, V, T) estimates. The receiver performs the
following primary tasks:
{a) Selection of one or more satellites
(b) To acquire sateliite signals, measuring the range to the satellite and tracking more
sateltites
{c) Processing of measurements in real time to compute navigational data in a navigation
frame that is needed by the user application.

The receiver maintains a time reference used to generate a replica of the code tansmitted by
the satellite. The amount of time the receiver must apply to corvelate the replica with the satellite
clock referenced code received from the satellite, provides a measure of the signal propagation
time between the satellite and the receiver. This time when multiplied by the velocity of light
provides the range distance.
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6.1.4 GPS Bignal and Navigation Message from Batellite

Prior to the modernisation of GPS and also as not all the satellites have changed over to new
scheme, each of the older satellites transmits simultaneously on two L-band frequency carriers
known as L, and L,. The L, carrier has an in-phase as well as 2 quadrature component. The
in-phase component is biphase modulated by a 50 bps data stream and a pseudorandom code
known as C/A code, The quadrature phase is modulated by the similar 50 bps data strearm,
but with a different pseudorandom code known as P-code. The L, signal is modulated by the
50 bps data stream and P-code. Only, (/A code is available to the civilian user, whereas, P-code
is for defence and is not available to the civilians through a process of encryption.

Navigation message from satellite contains the data, which the receiver requires to perform
the operations and compilations for successful navigation. The requirements and characteristics
of the data are shown in Table 6.1.

Table 6.3  Requirements and Charscteristics of SNS Navigation Data

ﬁe@wr&meﬁm L i iﬁiﬁ*’mﬁ%@ﬁﬁm‘* ded i‘f‘? @@M"iﬁaﬁm@ém

Precise satellite position at the time of Satellite ephemeris using a modified Kebler model

trapsmmission {sinusoidal perturbations} in an Earth Centred
Inertial (ECI) co-ordinate frame with transformation
to Earth Centred Earth fixed (ECEF) co-ordinates

Precise satellite time at time of transmission Satellite clock error models and relative correction

Select the best set of satellites for fowest A moderate accuracy almanac that gives approximate

appropriate GDOP within elevation angle  position, time and satellite health for the entire SNS

constraint (requires approximate knowledge of  constellation

satellite position)

Time transfer information SNE time to Usiversal Co-ordinate Time {(UTC)
conversion data

Ionogpheric correction for single freguency  Approximate model of ionosphere vs. tine and user

USArs location

Quality of satellite signal/data User Range Accuracy {URA} index N is transmitted
that gives a quantised measure of space vehicle
accuracy available to the civil users

The receiver determines the satellites visible to the antenna and searches for the signal
both in frequency and in (/A code phase and confirms detection of both. Thereafier, the
receiver locks onto the C/A code as well as locks onto the carrier. After necessary processing,
the receiver demodulates the 50 bps navigation data. The code tracking loop is important for
the precise measurement of the time of arrival of the received code for the purpose of range
estimation. Time of arrival cannot be made directly from the received signal due to the presence
of noise. The code tracking loop process aligns the received code with a generated reference
code, and this enables the range measurement to be done using the reference code rather than
the noisy received signal code.

Modern aerospace receivers are increasingly designed with multi-channel capability, some
times called all-in-view. This means that with around 6-8 satellites visible most of the time © a



Sateliite Navigation 218

receiver antenna, the multi-channel feature of 1Z-channel receiver enables one receiver channel
to lock onio one satellite and still having spare channels to lock for new sateilites appearing
on the horizon.

6.2 Position and Velocity Determination

The principal observation in SNB is the measurement of tme interval between the receiver and
the satellite. This time interval /. multiplied by the velocity of light ¢ can be converied to a
distance, which is defined as range. Meglecting the clock and other measurement errors, the true

range 2, to satellite is then given as: -

£ = Cf.s‘ = ({fb - Iu) (© i)
where
7y = time tagged with the satellite position information received by the receiver
1, = recetver clock tme when satellite data is received
Taking the range measurements pf” with 7 satellites (7 = 1, 2, 3), the user position location can
be expressed as:

it

Pl = I =P+ (7 - 3y + (2 27 6.2)

X087 = ith satellite (= 1, 2, 3) position co-ordinates in ECEF frame at the time of
transmission, known from ephemeris data
X, ¥, 7 = receives position, in BCEF frame, t0 be determined

Equation (6.2) represents equation for three spheres, and for each, the radius is given by the
observed range and the centre at the corresponding satellite, These spheres infersect at the user
tocation to be established that has been shown in Figore 1.13 in Section 1.5. This aspect of
position determination is explained further. True range is also known as the geometric range,

If the surfaces of two spheres imtersect at more than one point, they intersect in a circle.
‘This means that with two observations, the user lies anywhere on the circle., When a third
observation is taken and it is known that the user lies anywhere on its spherical surface, then
the intersection of this third sphere with the first two resulis in two user locations where one of
them is true. Appropriate algorithm can then find out the true one. When a fourth cbservation
is added, then it can uniquely define the user position. This process of finding the frue position
is normally calied Trilateration.

Similarly. the Doppler measurement of range rate £, provides means for the determination
of receiver velocity as follows:

pr = —H{X = X)X = )+ (Y = )Y =~ )+ (2 ~ 2} Z = 2)] {6.3)
where
£, = range tate (known)
X, ¥, Z = saellite velocity (known)

X, ¥, £ = receiver velocity (to be determined)
x, v, z = receiver position [known from solution of Eq. (6.2)]
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The receiver position will be thus availabie in the BCEF frame. But, for terrestrial
application. it will be necessary to convert the solution to the user defined frame, typically a
geographic frame. Figure 6.3 represents this aspect of the navigation,

ith Satellite

Harth polar axis

@®

\L-v

Receiver
position

Prime
meridian i \ 3
| [e7
@,
Vernal oo £ @ Latitude
ernal equinox y XE ¢ : Longitude

Equator 0, : Harth rase about polar axis

Figore 63 Position determination in the user defined geographic frame.

The iransformation equation that converts to the user defined G-frame can be expressed as:

RE =¥ RE +RE (6.4)

where

R = position vector wansformed to user defined G-frame

Cf = transformation matrix from the ECEF {E-frame) 1o the G-frame

RF = solution of position vecior in E-frame

_Ré;‘. = ransformation necessary to G-frame due to shifting of origin between the frames
These transformations, after defining the G-frame as BN, have been worked out, and the
readers can refer the book by [Grewal et al., 2601,

6.2.1 Range Bquations with Errors

In the actual range measurement, several errors crop up and foremost error amongst them is
that the receiver clock is not an accurate clock, unlike the highly accurate atomic clock used
in satellites, Even 1 us error leads to an eiror of 300 m, which can be seen from Eq. (6.1).
This emror is known as the bias error b, in the receiver clock, While all the atomic clocks of
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the satellites are synchronised, the receiver clock is not synchronised with the satellite clock
which further resulis in the recetver clock bias value b, The bias value will also vary due to
receiver clock drift and needs to be assessed. The clock bias leads to error in the measurement of
ranges and these observed range measuremnents are then known ag pseudo ranges, This modifies
Hgs. (6.1) and (6.2) as follows:

P =p' v eb,
f)(i) a \/[(Xm —x) 4+ (Y(i} "—y)?" + {:Zm ~ 2V 1+ ch, (6.5)
where .
. psendo range measured to ith satellite (i = 1, 2, 3, 4)

Pt = geometric range to the sateBite
ch, = etror in range due o0 receiver clock bias with respect to ith satellite clock
To eliminate the large error associated with receiver clock bias, the bias is modelled as an
unknown parameter and estimated along with estimaies of the three-dimensional position from
the pseudo range measurements taken from four satellites. Since the clock bias is estimated st
each measuremeni update, the requirement of a highly stable clock, stable over a longer time, is
thereby eliminated. Besides the clock bias, there are other parameters, which corrupt the pseudo
range measurements. The total pseudo range error plerror). due o these remaining sowrces, is
collectively defined in the following equation:
plerrot)y = cb_&” + cfff) + ED 4 Pt 4y {6.6)
where
C‘I’f-z} = range crror due to satellite clock error
ct ) = aimospheric delay error
E¥ = error in the broadcast ephemeris data
MPY = mulii path error
1 = receiver ervor tracking noise
i = superscript that denotes the satellite number

These pseude range error sources are depicted in Figure 0.4,

COrhit errors

Iorospheric delay

e

Satellite clock /" gaseitite

ETror geometry Tropospheric delay

Recetver noise

Receiver clock
error

Reflecting surface

Figore 6.4 Errors in pseudoranging.
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The GPS control segment monitors and determines the satellite clock bias with respect to
GPS time and upload to the satellite. The recefver receives the correction information from the
satellite and uses it to correct the measured pseudo range.

An estimate of these pseudo range errors is brought out in Table 6.2 [Kintner et 8l

Table 6.2 Typical Estimated Values of Range Error

Sateliite clock error
Atmospheric delays
Group delay {satellite equipment)
Multi-path

Receiver noise + Resolution

6.2.2 UGeomeiric Dilution of Precision

Geometric Dilution Of Precision (GDOP) is a measure of the goodness of navigation measurement
due to the quality of satellite geometry that is tracked by the receiver antenna, and it is roughly
mterpreted as ratio of position error to the range error precision. The geomeiry aspect can be
expressed mathematically and from there the dilution of precision is also derived.

Y, H is the satellite geometry observation mairix, mathematically, GIXOP is defined as the
square oot of the trace of the co-variance matrix [#"- A1, Imagine thai a square pyramid is
formed by lines joining the four satellites and receiver at the point. The larger the volume of
this tetrahedron, the better is the value of GDOP: while the smaller its volume, the worse the
value of GDOP will be.

The geometry aspect of the satellites under view of the receiver is shown in Figure 6.3 1o
explain a good GDOP or a poor GDOP. The most optimum value of GDOP is 1.6, while a
realistic value may le between 2 and 3, and in worst case it can exceed 10, When the number of

Mavigation sateflites in view of receiver
Navigation satellites in view of receiver

Atnrtborne Airborne
TECEIver receiver
IR Earth surface o 7

- Good GDOP Poor GDOP
Figare 6.5 Husiration of GDOP,




Satellite Navigation 218

satellites in view is much more than four, GDOP provides a criterion for selecting the optimum
four.

The co-variance mairix [H7H}™ is a {4 x 4) matrix and the diagonal terms define some
important aspects of the different types of dilution of precision which are normally associated
with satellite navigation. Some of these useful expressions are as follows:

GDOP = {ay, + ay) + a3 + as5 ) is called the Geometric Dilution Of Precision  (6.7)

PDOP = (ay; + ayy + a33)'"? is called the Position Dilution Of Precision (6.8)
HDOP = (a, + a,, 7 is called the Horizontal Dilution OF Precision  (6.9)
VDOP = (a5;)" is calied the Vestical Dilution Of Precision (6.10)
TDOP = (g,)1? is called the Time Dilution Of Precision (6.11)

Swhere (44, dy, a3, a4) are the diagonal terms of the co-variance matrix.
The significance of the above non-dimensional DOPs is that if the pseudo range measurement
- BETOES Upp are assumed io be uncorrelated, then they can be transformed into estimation errors
as!
Cre sigma error of (geometric, position, horizontal, vertical, time)
= {GDOP, PDOP, HDOP, VDOP, TDOP)0pg {6.12)

5.2.3 Position Computation

The position computation, using the measured pseudo ranges, is required to be done fast and
accurately using the user processor. As a result, numerons schemes have evolved over the vears.
Hyuation (6.5) describes a set of four nonlinear equations which have four unknowns {(x, v, z
and b,), to be determined. These nonlinear equations are typically solved by either iterative or
non-iterative technique. In the iterative approach, an initial estimate of the user position and
clock bias is made. If the first estimate of this user position is x, ¥, 7;, then Ax, Ay, Az and As
constituie the displacement from actual position x, y, z and from time b,
Typical steps [Barin ef al., 2012] involved in such tterative method are as follows:
1. Set initial position components as {0, 0, 0) and the clock bias as 0 #f no other injtial
estimates are available.
2. Calculate range r| to all satellites with the approximate user position.
3. Calculate the sateliite geometry matrix A, This is obtained from the matrix coefficients
@q Oy @y Where these coefficients denote the direction cosines of the unit vector g
pointing from the approximate user position to the ith satellite. Mathematically, the
eguaiions are:;

A=l =% P+ = 3) +(Z -] (6.13)
. Arf . yl‘ — Zf -
ay ="t g = ld g 2200 (6.14)
" ) ?‘Li . o ril ?";

dy c'z:),l' a, |

H': tyn ayz a22 . i .
2y 2y a4 | {6.15)
Uy dyg gy 1
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4. Compute H' and Ap
ap=pi - pf (6.16)

where Ap is the difference in the pseudo range estimate from the first approximate user
position and the actual measured pseudo range.
5. Compute AX from:

AX - H“l Ap (6.17}

8. Add the values of Ax, Ay, Az and Ar obtained from AX matrix to the initial estimate,

7. Continue the iteration till the root sum square of these foar variables become less than
a specified threshold. At this stage, the iteration is stopped and final values of the user
position {(x, y, z) and clock bias b, are declared,

8. If more than four satellites are available with acceptable GDOP, then a least square
solution is applied to AX matrix computation and this can be expressed as:

AX = (HTH YHAp (6.18)

Ireration is repeated till a convergence is reached.

In the Bancroft method [Bancroft, 198%], the method adopted is to solve the nonlinear
equations using non-iterative techniques. This method has the advantage of reducing the
computational time when compared with the iterative method described earlier. The choice of
navigation frame for position computation depends on the user requirement, and for the majority
of earth based users; the frame is geographic such as ENU or NED.

6.3 Range Error Minimisation Schemes

The accuracy with which the computed position is available depends on, besides the GDOP
factor, the error in range measurement, and these aspects of errors have been described earlier.
The receiver clock bias s the largest error contributing to range error. With the correction
for receiver ¢lock bias implemented in the position computation, the error parameters which
rémaift to contribute to the ranging error in GPS is showd i Table 6.2. Some schemes have
been evolved which eliminate or reduce some of these errors and the schemes are known as:

1. Differential operation
2. Dual frequency measurement scheme
3. Carrier phase measurement scheins.

6.3.1 Differential Operation

Differential operation is a method by which measurement errors inherent to the same sateilites,
particularly the ephemeris errors and those caused by reduction in the velocity of light during
travel through the atmospheric layers, are eliminated to a great extent. Earlier, when Selective
Availability (SA) was in operation to intentionally degrade position accuracy, differential
operation provided significant improvement in position determination by completely eliminating
the error due to SA. This was, perhaps, the bi geest motivation to conceive differential operation.
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The differential operation consists of partial compensation of measurement error of psando
ranges by means of their evaluation at correcting stations located at points of known co-
ordinates and transmission with the help of special instrumentation of corresponding corrections
to the receiver. It is also to be noted that as the object moves away from the reference station, the
effectiveness of compensation becomes less, thus creation of a network of moniforing stations
becomes important. From earlier days of GPS usage, correction methods and systems have
progressively evolved through local arca DGPS and wide area DGPS involving ground siations
to sophisticated Wide Area Augmentation System (WAAS) and Satellite Based Augmentation
System (3BAS). Hach of the six space faring nations has evolved its own SBAS to serve i
own requirement especially for civilian aircrafts and the airports. En%ian GAGAN is also such
a SBAS to serve its airports and aircrafts. While actual SBAS configaration is country specific,
a general configuration imvolves a set of adequately dispersed reference stations, a master
station along with a stand by, up linking station with dish antenna and all these are located on
ground. There is one space based geo stationary satellite and all linked through a system of
communication (Figure 6.6).

% {Geo stationary
(PS8 satellites satellite

Correction
signal

Figare 6.6 Space Based Augmentation Systern (SBAS).

All the reference stations receive data from the corresponding GPS satellites and the data is
forwarded to the master station, which processes the data to determine the integrity, differential
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correction required and jonosphere related information for each of the monitored satellite.
Muaster station sends the data to the up linking antenna station to uplink the message (o the geo
stationary satellite. This data, called corvection signal, is then downloaded o the receiver in the
same L-band ranging signal frequency with GPS type modulation. The receiver then corrects
the received GPS data to get an enhanced acouracy.

During the operation in the differential regime, considerable improvement in accuracy for
the estimation of the co-ordinates is achieved duoe 1o the use of phase measurement of sateilite
navigation system. Accuracy of single frequency receiver has considerably improved under the
organisation of the differential regime as shown in Tabie 6.3.

Table £.3 Regimes of Use and Accuracy of Differential Operation

Position Veloeity
Conventional, single freguency 15-30 m 0.1-0.3 mfs
Differential, single frequency 2-10m 0.05-0.1 m/s
Use of phase measurements with DGPS 20--38 cm

6.3.2 Dusl Freguency Measurement SBcheme

Accuracy can be improved through precise monitoring and measurement of existing GP3
signals in additional or alternate ways. One such scheme is the dual frequency receiver that
takes advantage of the dual frequency signal spectrum for civilian use that the modesnised GP3
system is providing since the vear 2005,

As seen from Table 6.2, the largest remaining error is wsually the unpredictable delay
through the jonosphere. The spacecraft broadeast ionosphere model parameters, but errors
remain. This is one reason that all along, GPS spacecrafts transmit on at least two frequencies,
Ly and L,. lonospheric delay is a well-defined function of frequency and the Total Electron
Content (TEC) along the path. The frequency delay is inversely proportional to the square of
the frequency. Thus by measuring the arrival time difference between the frequencies determines
TEC, and thus the precise ionosphere delay at each frequency.

In the era previous to the modernisation of GPS, military receivers only could decode the
precision P(Y)-code transmitted on both L, and L,, and thus correct for the ionosphere error and
provide high accuracy. Without decryption keys available to a civilian user, it is still possible to
use a codeless technique to compare the P(Y) codes on L, and L, to gain much of the same emror
information. However, this technique is slow, so it is currently available only on specialised
surveying equipment. In the modernised GPS, each satellite transmits the same C/A code on 1,
frequency {1227.6 MHz) as well as on L, frequency (1575.42 MEz). This enables all ¢ivil users,
equipped with a dual frequency receiver, to perform dual-frequency measurements and directly
compute jonosphere delay errors and get high position accuracy. Old receivers can continue to
work with L, frequency. Addition to the above modernisation, the new GPS is also providing
a new Ls signal (1176.45 MHz) moedulated by a new code structure, different from C/A code,
that will also be available to civilian user especially for higher accuracy application.
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§.3.3 Carrier Phase Meassurement Scheme

While pseudo range measurement using the C/A code provides an unambiguous measurement
scheme for user position, a much higher fevel of precision measurement is seen to be possible
by measuring the received phase of the carrier, either L, or L,. This happens as the carrier waye
has a very short period of .63 ns (for ;). and the noise induced error in measuring the signal
delay is around 100 times smaller compared to that encountered in code delay measurement,
However, what is observed is the fraction part of the phase as the phase angle repeats at 2%
intervals, and this result in an integer ambiguity number N' for each of the observed satellites
at any point of time as shown in Flgure 6.7, =
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Figure 6.7 Carrler phase measurement and the ambiguity.

The carrier phase observation (variables observed directly) model of the signal sent by the
satellite which is received by the receiver antenna at time 1, is expressed as:

D)= p'(t) - AN' + &} + Frror terms (6.19)

where
i = observed satellite number (1, 2, 3, 4, ..
A = carrier wavelength (19 cm for £, carrier)
o' = geometric range from the anfenna to the ith sateilite

@& = initial phase at the time of transmission

N' = integer carrier phase ambiguity cycles contained in the range between the satellite and

the antenna,

Frror terms contain all the errors described earlier in Eg. (6.6). Yarious schemes have been
evolved to narrow down the uncertainty range of integer values, sach as the use of pseudo range
measurements from the same set of satellites or the use of dual frequency receiver, to assist in
establishing snambiguously the integer value N, But it is seen that with a single receiver, it is
not certain to completely eliminate the ambiguity. As a result, currently, high position accuracy
with the carrier phase measurement is obtained only with differential scheme discussed in
Section 6.3.1 and extent of achievable high accuracy is shown earlier in Table 6.3,
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£.3.4 Attitude Determination

The principle of differential carrier phase measnrement has been extended 1o determine the
attitude of a vehicle. Various schemes of differential observations have evolved over the years
primarily to improve upon the accuracy of attitude measurement and these are known as single
gifference scheme and double difference scheme. In single difference scheme, refer Figure 6.8,
there are two antennae which are separated by a baseline distance. Hach antenna is connecied
to its receiver. Carrier phase measuremenis are faken from each antenna to the ith satellite
and then difference is taken. With the difference, some of the common mode errors, such as
satellite ciock error and initial phase error, are cancelled out. The single difference scheme can
be represented by

AL (1) = APL, (1) — AANE, + Ervor terms {(remaining) (6.20)

where A represents the difference in observations made at a time, for example
i e i Pood P g
Ay, = @ 6o Aoy = oo ANG =Ny - N

Remaining errors are those which do not get cancelled out by single difference.

There is another model [Garcia e al., 2085] 1o represent the single difference ohservation
model for aititude determination, and it is called carrier phase interferometric model, This model
is based on the premise that the distance fo satellite is extremely high in comparison to the
antenna baseline distance that makes the received signal as 2 planar wavefronl, This means that
the line of sight vector from antenna 1 to the ith satellite, 1] is paraliel to the line of sight vector
u) from antenna 2 to the same satellite. So, the difference in distance between the satellite with
each of the antennas can be approximaied as the vector dot product between the lne of sight
unit vector ' and the baseline vector r);. The interferometric scheme i shown in Figure 6.9,

Satellite |

\
Z_X Baseline [ik

Antenna i Antenna 2

Figure 6.8 Single difference observation scheme for attitude.
The interferometric obsérvation can be represented as:

APL (D) = [p(1) - plit] = rhul = () ! (6.

i
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The superscript @ in )} implies that the baseline 21 is referred to reference co-ordinate sysiem
of the GPS which is ECEF {(Kaplan, 1996). Since the antennss are fixed on the vehicle body,
a transformation is needed from bedy to ECEF system and this can be represented as

5 =C; 1) (6.22)
where (] is the b-frame 10 e-frame transformation mairix and Cf = [CF17

I~

Planar wavefronts

™

Baseline

Antenna 1 Antenna 2

Figure 6.9 Interferometric model for single difference scheme.

In the b-frame orthogonal co-ordinate system, r2, the baseline vector can be represented as:

’73‘:2 - x}

o
Yo =¥ =W
LZZ TR

The matrix is known through measurements at the time of antenna instailation. Normally,
the receiver navigation frame is a local level G-frame and initially, the vehicle body axes (pitch,
yaw and rolf) are aligned to this G-frame. The attitude of the vehicle is defined as rotation about
pitch, yaw and roll with respect to the G-frame and then the transformation fakes the shape as:

L =CPCe (6.23)

Finally, using Eqgs. (6.21), (6.22) and (6.23), the differential phase Eq. (6.19) can be rewritien.
The integer uncertainty AN, rerains to be resolved as the baseline distance most likely to be
more than A2 (~ 8.5 cm), the length up to which integer resolution is not an issue. However,
since the baseline distance is known in advance, it is possible to know the maximum pumber
of A which the baseline can accommodate and which is one factor that helps in resolving AN,
Depending on application, attitude algorithms have been developed that cater for the resolution
of integer uncertainty as well as reduction of multipath error, receiver clock bias and noise.
Currently, the phase error has been reduced to around 5 mm rms which provides a guideline on
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the choice of baseline distance with respect to aititude accuracy desired. Por three-azis rolational
measurement, three non-collinear antennae are reguired.

Double difference scheme is an extension of the single difference scheme, In this scheme,
two single difference observations are made, one for the ith satellite and the other for the jih
sateliite and then a forther difference is taken. The objective 15 to cancel out the recetver clock
BTTOT,

6.4 Velocity Measurement

Precise velocity measuremeni is important for all applications énifoiving aerospace and also
in several land based usages. The conventional way of measurement of velocity is either by
directly estimating from the Doppler shift of the received carrier frequency or by differencing
the position sohution. The Doppler shifi relating to the user velocity can be expressed as:
S ':*'%:{V'ﬁi ~viw)+ f (6.24)

where

Jy = Dovpler shift in Hz with respect 0 jth satellite carrier freguency where 1= 1, 2, 3,..,

¥ = unknown velocity vector (v,, v, v,) to be determined

v; = known velocity vector of the ith sateilite
unit vector from the receiver anienna to the ith sateliite
= receiver clock bias.

[+
i

sh
1

If py 18 the displacement vector from the receiver to the fth satellite, then unit vector u, is
determined from the relation:
iy = where = [{x, = X),(y, = V), (z — Z)}T (6.25)
1?}1[
The receiver position can be established using the pseudo range equabions described earlier
Another method of determining the velocity can be made by computing the Doppler shift
from the carrier phase measurements using the time difference technigue which can be expressed
as:

D+ O — @,{t - AD
AP e £ it
nfdz{} 2&5

{6.26)

where
t = epoch when the velocity is calculated
B, = carrier phase measwred with #th satellite
Ar = sampie time of measurement.

The Doppler shift is approximate when acceleration is not constant during the measurement
sample time. Considering the dynamic limitation of the approach in Eg. {(6.26), new algorithms
[Ding et ak, 2009] have been developed which computes ‘delta position vector” io take into
account change of acceleration during the interval. The acceleration change is approximated as
piece-wise constant between the two epochs 1, and £,. The position is calenlsted using the carrier
phase measurement scheme that has been discussed earlier.
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6.5 GPE Time

P is a versatile and global tool to distribute time o an arbitrary number of users and synchronise
clocks over large distances with high degree of precision and accuracy. The accuracy comss due
to the use of atomic clock in each satellite, and each receiver is abie to receive the accuraie time
tagged signal. As a part of the navigation solution, the computer within the GPS receiver can
determine the difference between the user clock ang either (i) GPS time, or (i1} the reference
time for GPS which s UTC (USNOG). The local receiver can be programmed to display either
the UTC (USMNO) as broadeast by GPS or the (3PS time since Lhe navigation solution yields
the difference between the local clock and the GPS time. The UTC (JSNO) is steered to UTC
determined by Bureau International des Poids et Measures (BIPM) and usually kept within
about 10 ns of UTC. The GPS synchronises time over large distances by a technigue known
as Common View {CV) where two stations observe the same satellite. The two users record
their diffevences between local time and GFS time at the same instant using the same satellite
in order to minimise the effect of errors. Then one can calculate the difference between the
two tocal clocks.

6.6 Feaptures of GLONABS

Over the last few years, considerable efforts have been made on the design and manufacture
of dual GPS and GLONASS receivers. This is bkely o increase the acceptance of GLONASSE
sysiem and increase the robustness of Global Mavigation Sateliite System (GMES) for world
wide navigation. Comparative features of the GLONASS with respect to GPS is shown in
Table 6.4.

Ta%ﬁe 6 4 Csmpamon of GFS and GLOMASS Features

51 N, o Gps e CCLONASY _
i Beveloped and maintained by US Deve]oped by USSR now mmmamed by
Government Russian Republic
2 MAVSTAR satellite sysiem (Hobal Orbiting Navigation Sateilite System
3 24 Satellites 24 Batellites
4 6 Orbits of 4 satellites each 3 Grbits of 8 satellites each
5 Orbit inclination: 33° Orbit inclination: 64.80°
& Orbit radius: 26, 560 km - Orhit radivs: 25, 510 km
7 MNon-geostationary : MNon-geostationary
8 Orbit right ascension 60° Crbit right ascension 1207
9 Period: 1/2 sidereal day Period: 8/17sidereal day
10 17 Revolations in § days 16 Revolutions in 8 days
11 i-band carrier signals L-band carrier signals
Ly with f| = 157542 Miz Ly with f; = (1.597-1.617; Mz
L, with f, = 1227.6 MHz Lo with f; = {1.240~1.260) MHz

12 Receiving and analysing similar Receiving and analysing similar
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By November, 2011, GLONASS reached its full 24-satetlite constellation to provide werld
wide coverage. According to Russian system of differential correction and monitoring of data as
of 2010, precisions of GLONASS navigation definitions (for p = 8.95) for latitude and longitude
were 4.46-7.38 m with mean number of navigation satellite visibility eguals 7-8 (depending
on station). In comparison, the precisions of GPS navigation definitions were 2.00-8.76 m with
mean number of visible satelittes equals 611 (depending on station). Civilian GLONASS,
when used alone, is therefore slightly less accurate than GPS. On high latitudes (north or south),
GLONASS accuracy is betier than that of GPS due to the orbital position of the satellites.

Some modern receivers are able to use both GLONASS and GPS satellites together,
providing greatly: improved coverage in whan canyons and givingea very fast time to fix due
to over 50 orbital satellites being available. In indoor, urban canyon or mountainous areas,
accuracy can be greatly improved over using GPS alone. For using both the navigation systems
simultaneousiy, precisions of GLONASS and (GPS navigation definitions were 2.374.65 m with
mean number of visible satellites equals 1419,

6.7 Comparicon between INS and BHS

1. INS is autonomous in nature and thus the method of INS operation protects itself against
Jamming or similar other interference during war. SINS operation is not autonomous and
susceptible to jamming or other interference as the operation of the system is in the
hand of the country that is responsible for the system.

. INS shows a time growing low frequency error characteristic, while the SNS error is
of high frequency characteristic devoid of time growing propagation.

. Standalone INS can provide navigation ocutput at a high update rale greater than
50 Hz, whereas a standalone SNS normally provides navigation output at 1 Hz to 10 Hz.

4. All strapdown INS provide vehicle attitudes and body rates at equally high update

frequency, whereas some SMNS receivers have been designed with widely spaced
multiple antennae to provide attitude but at a slow update rats,

5. INS operates below the sea, inside a tunne! or inside oil drifling rig. SNS does not work

under these conditions.

6. Loss of lock can be a serious problem in a standalone SNS under high dynamic condition

where lime to regain locking may be too large for the safe working of the vehicle.

[

[ 98]

‘These comparisons show some of the deficiencies in a standalone SNS inspite of its superior
position performance and considerably lower cost in comparison t¢ INS, All these shortfalls in
SNS are overcome by integrating with a low cost inertial system.

6.8 Spaceborpe 8BNS

An emerging area of application of SNS is in spacecraft navigation to provide its current
position and velocity whicn is not feasible with INS as the spacecrafts are in freefall condition.
The bigh velocity of the orbiting spacecrafts, typically 7-8 ks, poses interesting problems for
the receiver design, where the signal Doppler and Doppler rate are high, which are normally not
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encountered in earth based usage including afrorafls, Also the visibility of a SNS sateliiie under
tracking from a spacecraft receiver, is only around 45-50 minutes as against arcund 6 hours for
earth based usage. These requirements show that for space bome receiver, considerable design
augmeniation is needed on a receiver that is gualified for nsage over land and in afr. Another
reguirement arises is to provide three-axis attitude of spacecraft which is currently met with
gyros, star sensor and sun sensor. Attitude information from SME is an evolving technslogy,
especially for use in spacecraft ag it provides independence from the vse of the costlier attitude
sensors mentioned earlier. it is an evolving technology as obiaining three-axis attitude with
adequate accuracy, low noise and the required attitude npdate rate, require continuous research
and development efforts. Radiation tolerance of space borne receiwver electronic devices is
ancther key requirement to be ensured.

The development of SMN3 receiver has been extended for use in geostasionacy orbit, the orbit
that is higher comapared to SN satelfite orbit. This has additional and different sets of problem
as it can receive signal with adequate signal-fo-noise ratio {roam SINS satellites which are located
on the other side of the sarth, and which are also not obstructed by the earth. The number of
such visible satellites at any time are cwrently around 6, with GPS coverage alone, having
signal-to-noise ratic »>20 dB-Hz. However, these visible satellites offer poorer GDOP, and the
compuier simuiated position error i »>730 m primarily due fo poor GDOP of the observed
sateilites [Chibout et al., 20071

With the cost and the size of the receivers reducing, considerable number of emerging
applications {Bauer st al., 1998] are predicted for space borne ENS covering areas, 2.2,

L. Autonomous onboard navigation, operation and orbit control
2. Attitude determination and conirol

3. Rendezvous and proximity operations

4. Formation flving and co-ordinated platforms.

The chapter has described the working of satellite navigation system to provide position, velocity,
time and attitude. The errors associated with the range measurement process and the measures
to reduce the error are described, which inclade the current operation of differential schemes,
two-frequency receiver and the carrier phase meastrement., The typical position computational
steps are brought out with iterative scheme along with explanation for dilution of precision and
their effect on navigation error. The new features of the modernised GPS signals have heen
brought out that aims to give much higher accuracy through the use of /A code. Features of
GLONASS have been brought out as this sateliiie navigation system is already operational and
receivers are manufactured which can track both GPS as well as GLONASS. A comparative
characieristic between INS and NS has been brought out indicating how an integrated INS and
SN5 can provide a low-cost solution to a large number of applications. Lastly, how the space
borne 3N8 is finding newer application has been brought out.
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6.1 If H is the satellite observation matrix, then
(5 If number of satellites observed is four, what is the size of the & marrix?
{iiy Explain the significance of the term DOP. How do you mathematically express the
GDOP of the observed satellites?

{(iii) The covariance matrix ¥ is given as:

0672 00 G.0 0.0

0.0 0.672 00 0.0 =
0.0 4.0 i.6 —0.505

4.0 8.0 ~3.505 0409

Calculate the GIDXOP. Is it good or poor? fAns: () 4 » 4, (1) 1.831, Good}
6.2 Two GPS type RF transmitters and the receiver are located on the same plang XY,
(1) Skeich the problem and write the range equations to obtain the receiver location.
(if) What is the difference between pseudo range and geometric range? If the receiver
clock has a bias, how many more transmitters are needed to locate the receiver co-
ordinates? Write the range equation under this scenario.
6.3 Co-ordinates of a navigation satellite in BCEF frame is given as:
£,=20050km X =¥, =0
Similarly, the co-ordinates of the receiver position are given as Latitude = Longitude =
45° and altitude as 0. Compute
(1) Geometric range io the satelite
(it) Elevation angle of the line of sight to the satellite
(Assume a spherical earth model! and nominal earth radius of 6378 km).
fAms: () 22,506 km, (i) 101.587)
§.4 (i) In the computation of pseudo range with observation from four satellites, should the
receiver clock bias estimation vary from one 1o the other? Give reason to your answer,
(i) One form of error in pseudo range is associated with electromagnetic wave propagation

through atmosphere. Briefly describe the reason for this error and describe the methods
adopted to reduce it,

(iiiy If the number of ohservable satellites with accepiable GIDOP is more than four, what
is normally done for computing the position?

6.5 For the Problem 6.1, compute PDOP, HDOP and TDOP. What are the significance of
these terms? {Ans: PDOP = 1.71, HDOP = 1.15, TDOP = 0.64}
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Integrated Inertial Naﬂggﬁ{m

Integrated inertial navigation is the process of estimating the navigation siates such as position,
velocity and atiitude by using measurements from multiple navigation sensors one of which is
ant inertial system. Integrated stellar—inertial, integrated Doppler-inertial, barometric damped-
mertial system, integrated stellar-inertiat-Doppler and integrated SNS-IMS, are some of the
examples of integrated inertial navigation systems. Integrated GPS-INS system, which is
currently operational, is being further extended for operationalisation of integrated INS-Global
Navigation Satellite System (GNSESE), as integration will be possible with emerging satellite
recetvers such as GLONASS or Galileo or even with a combined GPS-GLONASS receiver.
Inertial anitude reference system for spacecrafts routinely uses star sensor or sun sensor data in
orbit for calibration of gyro drift. Such involvement of more than one sensor has given rise o
another name for integrated inertial system and is called multisensor system. Quite often, the
terminology used is ‘aided inertial system’ that normally refers to unidirectional aiding to limit
inertial navigation system time dependent error growth,

While the underline requirement and the basic principle of integrated inertial navigation
have been stated in Section 1.6 in Chapter 1, the mathematical formulation of the basic principle
of aiding with Kabman filter, various integrated configurations and their working methodologies,
which are currently in operation, are furiher elaborated in this chapier,

Halman filter advantagse

The integration algorithm or the estimation methodology must consider the deterministic and
statistical properties of each of the sensors being integrated to schieve optimal performance.
Kalman filter framework, with many advantages over other methods, is considered o be the
most optimal approach for muliisensor navigation systems. Kalman filter estimator is the
optimal observer [Lewis, 19861 of a linear dynamic system for both time invariant and dme
varying in which the statistical disturbances are assumed to be zero mean white Gaussian, either

232
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stationary or non-stationary. From the estimation thecretic point of view, 1 is a2 linsar Bayesian
Minimum Mean Squared Hrror (MMSE) estimator [Kay, 19931, which 15 different from classical
estimators such as Best Linear Unbiased Estimator (BLUE) and Mazimum Likelihood Estimator
{(MLE), wherein the parameters i be estimated are freated as determimistic but unknown. In
classical estimators, there s no way of fesding in the priori information inte the estimation
process. Bayesian estimation, on the other hand, freats the parameters to be estimated as random
variables with conditional posteriori Probability Density Function (PDF) wherein available prior
information can be fed ag Random Vartabies (RY) with priori PDEs. Hence, Bayesian estimaiors
are considered superior to classical estimators in general

Kalman fitter is a formulation in state space form for time domain approach to Multd Input
Mol Output (MIMO) systems and it naturally accommodates linear time varying systems and
non-stationary noise statistics which frequency domain approach cannot handie. In {act, this is
one of the key differences between 2 Wiener fler and 2 Kalman filter where Wiener Slter ks an
optimal filter design uvsing frequency domain appmam w‘z;cu demands linear timP invariatce
and stationary noise statistics,

7.3 Processing of Measurements

One primary objective of processing of measurement is o obtain a best estimate of the
measurements in the presence of noise. In the simplest case, we deal with single sensor and
obtain a series of measurements which are spread over time, Then there i3 the more complex
case where more than one sensor 15 involved and we &y 1o get measurements from all the
sensors af the same time and then compuie the best estimate in the presence of identical noise
in each. Section 7.1.1 explains the basic method followed for each.

7.1.1 Siogle am’ﬁ Multipie Sensor Cases on 8 Btationary Vehicle

Assurne a single sensor makes n omeasursments spread in time of a statiopary state X Let
X, i=1,72, .., nbe the differenmt measurements spread in time of a true siate X -
X, i= 1,2, .., n are the different realisations of the random variable X with N(}‘{w ) at

different instants, The mean of these n measurements is an estimate of the true state X)) al instant
/. Thus the estimate is given by

st 7.9)

&) is normal distribution with mean X, and variance &%

i
&
X, =
Vn

mean estimator is another random variable, wiich reminds us that the performance of an

estimator can only be determined statisticaily. Lower the variance of A, the better is the
estimator.

where N(X,

The new random varisble X 4 has the distribution N [ j Note that this sample
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in this example, we have assumed a single sensor with # measurements spread in tinue and
hence the above sample mean is actually the time average,

The same resclt could be obtained if we assume 2 identical sensors are used to get n
measurements at the same instant and each is affected by identical noise source of zero mean
and can be expressed as: N(0, ¢). In this case also, the mean of these n measurements, which
are available simultaneousiy {commoniy referred as n-ensembles), is same as:

1 "
M;;g;{i

This ensemble average [Taub et al., 1986] has the same statistical Property as the time average.
The laiter case can be thought of n-sensors on a stationary vehicie, but each sensor is affected
by identical noise statistics.

7.1.2 Multiple Sensors on a Stationary Vehicle with
Different Noise Statistics
For simplicity, we assume two sensors X; and X, on a stationary vehicle, but each one affected

by different noise statistics N0, o) and N(0, 0,) respectively. Then the optimal way o combine
these two measurements at Instant { is given by

2 2
- s} 41
Xy =gt X b X, (7.2
P lgt et ol+ot 7.2)
55'2
=Xy + (= A0y where A =——2— (7.3)
&, "’:"65'2

in addition, since the state being estimated is stationary, which means /{ is consiant, each
sensor can be time averaged and then combined to get better estimate. ﬂ}r the above two
sensors, this result is as follows:

. o
- 2 i mezthN(pr/__;;)

z{’ :—ZXg,s X \MthN( ' G}_] (7.4)

11 Vlﬁ

Combined estimaie is given by

Koy 7 5 Ay, T 3 R
EREYRCYREY |

X#n m}"!“Xfil 'j”l ) g 3 71 = n
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A (1 — Ay ) are the weightages for individual estimates in the combining process. The
e in g g g2 P
weightages are ‘Convex Coefficients” which can be defined as;

llhg 4~ {:§ - t%/ln) = i

it can easily be observed that higher the variance, lesser the weightage for the same and vice-
versa.

7.1.3 Combining Measurements and Prediction in Halman Filter

In the case of dynamic system, where the system states are changing with time, the optimal
- estimale at every update time interval is provided by Kalman filter estimator using the available
measurements, and which also predicts the best estimate when the direct measurements are not
available, This mode of working of Kalman filier is described further.

Enter prior estimaie
Ay and Cov Py

Compute Kalman gain
T T -1 Trput
Ke=Py B (HPy  H +R) measurements
Zp 2
Project ahead 7
Eerr = P&, ) Update estimate with measurement 2,
P = BPB + @ Be= Ky + K By = 2y )

Computs error Cov for updated estimate
Py =~ EH) Py 4

~

Ko, Ky oo
Estimates output

Figure 7.1  Discrete Kalman filter implementation steps.

The dlock schematic, shown in Figure 7.1, depicts the discrete Kalman filter implementation
steps in a concise way. Here it is important to note the step ‘update estimate with measurement
Zy (shown in the right box). This step is repeated here for convenience.

XKy =X+ K2y — Zpp i3 (1.6
where
Xy = state vector estimnate at instant &
Xy = predicted state vector at &, with given information at & - 1

Zy = actual measurerment malrix at & with dimension m x 1
Zpg- = predicted measurement at &, with given information at k ~ 1
E, = Kalman gain at instant & with dimension n x m
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@, = state transition matrix at instant k with dimension n % n
}‘;{Q = initial state matriz of dimension n x 1
}A’E, = initial covariance matrix of dimension a2 % a of }’;{0
Further
gﬁ;icwi = ﬁngiz—l
where

H = measurement matrix with dimension m X »n
Py = covariance matrix of X,
The scalar form of the above equation is useful to gain insight abbut the measurement update
equation and it can be expressed as:

Ap o= Ky + B {2y = 2y )
=K Zy (- K ) Ky (7.7)

The weightage X applied to Z;, the current measurement and the weightage (1 - K, &) is applied
to the predicied state X, ;.
O = 1, funit matrix), Hg. (7.7} simplifies further:

};}k m K';{Z‘g[ + {.‘E - KA—_}‘Xkﬁk_i

‘The weightages are & and (1 - &) for measurement and prediction respectively. We have two
information about the state to be estimated, One of these is the measurement Z, at instant k,
The other is the predicied stale at instant £ using the previous estimate and the modeal, which
represenis the state propagation with respect to time. Then to combine these two information
with optimal weightages is the true optimal estimation problem.

7.2 Complementary Nature of Sensors

In aided inertial navigation systems, the sensor error behaviours are complementary in nature.
For example, in a GNSS-INS system, the INS errors grow with time, and hence its long-term
accuracy is poor, but short-term accuracy is good. On the contrary, for GNSS, the long-term
accuracy is good and the shori-term accuracy is poor. A GNSS receiver stationary at a point
will give its position over several days or months with an error bound determined by its short-
term error behaviour primarily due to ionospheric and tropospheric fucteations. The position
error does not grow with time. This nature is complementary to that of an INS. Similarly, star
sensor output noise characteristic and low frequency gyro drift characteristic are defined as
complementary sensor characteristics.

In such cases, this priori information of the complementary error behaviour can be used
systematically to obiain an optimal estimate in all multisensor systems provided they have such
behaviour. The Kalman filter framework facilitates the use of such priori information and is
ideally suited for the fusion of these complementary sensors. The following simple example
itlustrates the idea of using prior information.

Let the problem be recovering a DC signal corrupted by additive zero mean white Gaussian
noise. The above problem has the inhetent prior information fhat the signal is DC. This can be
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written as a signal model by the following state equation:
Kpar = 4 {7.8)

where & is discrete time index with sampling time T
The signal is corrupted by additive measurement noise v, and this can be expressed as the
following measurement equation:

AZ;\, = Xr’c + Vk,‘y’k B IN’{@; f}') {?9}
All that is required for Kalman filter immplementation is available in the above two equstions. In
fact, the Kalman filter performance in this case can be compared with a classical Butterworth

Low Fass Filier (1LPF) with different cut off freguencies, and we can easify find that the Kalman
filter performs always better.

7.3 The Basic GNEB-INS Fusion Using Kalman Filter

We know that the INS errors grow with time primasily due to integrating effect of errors
in accelerometers and gyros that eventually contribute to continuocus change in velocity and
position errors. This motivates us to use the above prior information, and to model the INS
error dynamics by a vector state equation of the following forin:

Ky =BX, +wy (7.16)

where
X, = vector of INS ervor states
@, = linear time varying state transition matrix, independent of X,
wy, = model uncertainty (process noise) with statistics of zers mean white Gaussian with
- covariance
Further using the priorl knowledge of the complementary nature of GNSS and INS, the
measurement equation can be formed as follows:
INE-GNEE =2 = HA, + v, (7.15)

where
vV, = GNES noise + Any short term noise of INS

The basic GMEE-INS fusion scheme using Kalman Blter as an estimator, 1s shown in Picure 7.2,
g g

ms | SN (M8

4
¥ (N 17 o 2) [ s iy Ej/

Hstimator 7
1

ONBS

Figure 7.2 A basic GNES-INS fusion using Kalman filter.

Here

8§ = true state vector to be estimated
N, = slow varying, time growing INS error vector
N, = relatively fast varying GNSE noise vecior
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Ny — M) = measurement input to the estimator
f‘gfl = estimated INS error vector
§ = estimate of the true state vector §

This is the classical complementary filter configuration [Brown et al., 1997]. I can easily be
identified that a classical choice for the estimator above is a proper Low Pass Bilter (LPF) in the
frequency domain approach. If the measurements are position and velocity what we reguire is 6
inputs, & cutputs LPF, and hence the estimator will be 6 x 6 transfer function matrix assuming
coupling of all inputs 1o all cutpuss.

But as we discussed earlier, Kalman filter is the ideal choice for optimal performance and
also 1o easily deal with MIMO systerns and linear time varying INS error dynamics @, Now,
the basic equations for Kalman filter for the GNSS-INS fusion can be wrilien as:

Ky =B X vy {7.12)
Zk :H;{X&@v,‘ (7.13)

where Eq. (7.12) represents INS error dynamics, while Eq. {7.13) represents the measurement
squation,

A typical example of INS error states, the formulation of @,, 5, for chosen error states and
basic assumptions on w, and ¥, will be elaborated in the following sections. The error state
formulation, instead of total state, has the bmportant advantage that the dynamics is linear 1o a
greater extent, which is a major requitement for the Kalman flter,

A typical set of error states in an INS can be writlen as:

H=[Ax Ay Az ik by bz b, by bym my, m, |

where
Ax, Ay, Az = position error components of INS in ECI frame
Ak, 4y, Az = velocily ervor components of INE in BCI frame
b, b, b, = accelerometer bias in body frame
#ly, m}:, m, = computational frame misalignments
Measurements

Lo (Ax)ys ~ (BxX)grss

(&Ys ~ (B)guss

(AZ)ns — (Azdguss

{(B8)ns — (4% ) gwss

(AV) s — () gass

(A2 g — (A2 ) gss

From the definition of states and measurements, the measuremnent mairiz H is:

B e o

106000006000 0
0160000060000
gol0 01000000000
6010600006000
6009010000000
00000106000 0 8
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And the error dynamic is defined in continuous time at instant £ as follows:

0 7 0 ©
Jo 0 Cy f

A, = .
6 ¢ 0 0 (7.14)
0 ¢ o 0

B, = Fy + AT AT+ (4T 16+ 715

where
Ay = sub matyix
T = sampling Hime interval of the discrete system

A . . TN
(s = ransformation matrix from body to inertial frame
Jo = Jacobian of gravitation defined as below for spherical earth assumption

r d ~ a
H 3x° Hi3xy | J| 3xz
Jom =77 -1 ""“”""'5""} Jona 2'”“'3{“"{‘}: Jen3 :“3'{“‘5‘]
i r rLr P
e iz 3w e
Jon =515 5 Jgn =g -+ =51 Jon mﬁ?l— 7
¥ F ) ¥ :

pildxz] i3z i 7,2
i :;,? %E{I’ Jeis2 =:§{*;§*} Jei33 —”":g‘[ﬁln% 7

]

where
x, ¥, z = position componenis in ECL frame

[ 2 2 2
FEAfxt Ay bz

i = gravitational constant (zefer Section 2.3 in Chapter 2

U
F=\~1z 0 fX
Sy =fy 0

S v fr are the specific force e::dmponent_s expressed in BCI frame.

7.4 Kalman Filter Equaﬁ@ﬁs iDiscrete Form}

Kalman filter theory is coversed in various publications such as the theoretical aspects can be
found in [Lewis, 19868], while an application oriented approach can be found in [Brown & al,
19971, The Kalman filter formulation in continuous time domain and in discrete time domain
has been covered in these references. The standard Kalman filter eguations in discrete time are
given below. The covariance update equation Py has alternate form such as Joseph stabilised
form that has better numerical property but is not described heve. Other forms of implementation
such as square root filtering and ULr factorisation methods can be found in [Blerman, 19771
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The divergence issues, inpovation seguence (defined as actual measurement-predicted
measurement) analysis, whitening compensation for non-white measuremen! noise, process
ngise and cross correlation between the measurement and process noise are important that are
discussed in [Kay, 1993; Blerman, 1%77]. The observability and reachability grammians and
their relation o the uniqueness of the selution of the matrix Ricatti equation (Fyy ), which has
direct relation to the Kalman gain, are covered in these references.

The backward form of Kalman filter 18 known as information filter, which are used in
smoothing applications relevant to offiing processing.

In the standard form given below, the process noise {2, measurement noise R and measarement
matriz H are assumed to be constant, but they can be Hme varying as well,

Plant model:
Hygot = B 1 Xy ppm + Way

Measurement eguation:

&y = HX, +V,
Initialisation: X, and £y covariance of X,
Time update:

Kooy =B i X sy kik--1: prediction at &, given & ~ 1

7 . , .
B =B .fmaﬁrulg%u; +¢ -~ - irestimateatk— L given b — 1
Predicted measutement:
Ky = HE
Computation of Kalman gain: E !
- 7 T -1

‘Kﬁi = Eﬁ{!z-mlﬁ {HPJ’Q!{—!H + R]
Measuremen? updaie:

How = Ky & L8 — 2y 1]

Pqu =1 - Kﬁﬂ%-z
The cycle continues. Estimator or the observer as a dynamic system can be shown as:

X, =[®,~K, HB X, + K,Z, (7.16)
It is 1o be noted that the Kalman gain X, behaves as inpul mairix and measurements £, act as
input to the system. The system dynamics [@, — K, H$,] is time varying.
it is clear from the above that since @, and K, are time varying, the above estimator is 2
titne varying dynamic system, which means a time varying filter in classical sense. Hence this
optimal filter cannot be designed by conventional time invariant filter by frequency domain
approach.

7.5 Classification and Description of
- GNSS~INS Integration Schemes
Thefé are s_é;verai.GNSS&NS im@g&aﬁon schemes in existence. Hach has its merits and dermerits

based on ease of implementation, accuracy reguirement, computational load and user dynamics.
The major schemes are:
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{a) Uncoupled, (b) Loosely coupled, (¢) Tightly coupled, (&) Ulira tightly counled/deep
integration.

These coupling scheimes have been categorised based on the level of coupling between the
two sensors, which are described in the subseqguent sections.

In most of the GNSS-INS integration applications, a GNSS receiver with position, velocity
ang {ime outputs are used. While using this type of receiver, aiding for attitude, in general, is
not possibie because:

1. GNSS receiver does not provide attitude output
4. Attitude may not be observable in many cases from position angd velocity measurements.

However, GPS receivers are now available with attitude measurement capability using
multiple antennae separated by known distance and baselines on the user vehicie Aitzwée
information is derived from phase difference measurements of the signal from mteih‘é:es as
received at different antennae using interferometric principle [Parkinsen et ak, 19961, There
are many Jifficulties still exist to get reliable attitude information mainly due fo difficulties in
ambiguity resoiving uncertainties. In some cases, attitude may become observable from position
and velocity due to the nature of the trajectory itself. The discussion o follow assumes that the
GNSS receiver provides position, velocity and time output only.

Currently, many receivers compute the navigation solution by using an Bxtended Kalman
Fiiter (Ei(?} in the receiver itseif. In such receivers, the solution error gets coloured, which is a
non-while noise and that is not desirable for GNES-INS integration using Kalman flter. Hence
iterative least square solution of the nonlinear range and range rate equations [Velk et al., 2007]
is desired for the receivers intended to be used for such INS-GNSS fusion.

Yarious data paths between INS, GNSS and integration processor can be used in varying
degree o get more and more accurate and robust performance under higher user dynamic
conditions and for long duration of operation.

7.5.1 VUncoupled Scheme

In this configuration, INS consists of IMU and navigation processor and the INS along with
GNSS, produce independent navigation solutions with no influence of one on the other. An
external integration processor mechanises the integrated navigation solution with Kalman flter.
it 1s the easiest, fastest and cheapest approach when GNSS and INS are both available, but
cannot communicate with each other due to restrictions imposed in such communication. The
uncoupled scheme is shown in Figure 7.3.

The characteristic feature of this scheme shows that INS and GNSS are 111depwndent systems

where the Kalman filter computes INS position and velecity error estimates f - 4 o dms . which
in turn corrects the time growing INS navigation parameters and the resultant output is called
(P V)sigea- Data synchronisation needs to be carried out in the Kalman filter implementation
processoi prior (o mixing INS and GNES data in order that the error estimates are proper. If INS
processor, GNSS receiver processor and the integration processor are all equipped with MIL~
13538 interface, then synchronisation can be achieved with a typical residual synchronisation
uncertainty of < 100 [ls. Further, inertial acceleration (4,), which means specific force in inertial
frame with gravity correction, is required for this data synchronisation.
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Figare 7.3  Uncoupled integration scheme.

The Kabman filter algorithm, data synchronisation logic and formation of measwements for
Kalman filier are executed in the integration processor. It is important to note that the computed
position, specific force transformed to inertial frame and the transformation matrix Y are passed
on to the Kalman filter to compute error dynamic matrix 4, and state transition matrix @, in
each cvcie.

7.5.2 Loosely Coupled SBcheme

In this scheme, as shown in Figure 7.4, the estimated NS emor states can be fed back o INS
for commecting Hs position and velocity solution, Henee INB esror in position and veloeity are

NS
i s e e
_______________ B I W .
v H ¥ ; y (P, V. 8, Dins ey
i iU Navigation E L4 [N B Ve 6,7
i PIOCESSOr T ” \“/

; | P Vst 5
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A __/\’ : alman :

GMES filter *
(P, Vignss P Vs

P, Ch 4

Figure 7.4 Loosely coupled integration block schematic.
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reset in a continuous manner, which makes the INS error dynamics in the integration filter more
and more linear due to the fact that the INS error is always kept in 2 small range. Thus the
accuracy of integration is enhanced for long duration of operation,

Sensor bias, drift and misalignments, which may be the outpuis of the integration Kalman
filter, can also be fed back to INS for sensor error and misalignment correction. This has to be
done with great care since proper convergence on these parameters is required, which depends
on convergence time and observability issues. Quiie often, requirement stipulates to retain the
‘INS only’ solution from INS even when the above said feedback is effected. In this case, INS
processor has to keep two parallel paths one for NS only solution and the other aided solution
after effecting the feedback from the integration Kalman flter. e

7.85.3 Tightly Coupled Scheme

In a ughily coupled architecture (Figure 7.5), the raw measurements from the GNSS namely the
pseudorange vector £ and pseudorange rate vector 2 and the raw measurements from the INS,
namely, incremental velocity vector Av and the incremental angle vector A8 are combined in
one integration processor that mechanises an appropriate single high-order integration filter. In
this scheme, a common clock is preferred for INS and GNSS hardware, which implicitiy avoids
the problem of time synchronisation of the two systems.

Antenna - :I! {Integrity data for GINES)
o~ +
(o)
GMES
Ephemeris data Integration N
l o PIOCES|Or E PV, 5
Algorithm o] N i
iR 4 (4w, A8) ;

Computed, (3, & i
Figure 7.5 Block schematic of tight coupling.

The higher order integration filter is usually formulated in total states rather than in error states
[Parkinson et al., 1996], which results in an Extended Kalman Filter (EKY) implementation.
Acceleration measurements (v) from INS, are also used as siates in the integration EXF and
hence the user dynamics modelling required for the EXF becomes more accurate particuladly
for high dynamic users. Usually receivers, such as GPS, output navigation solution nominaily
at 1s interval. However, internally most of the receivers have the raw measurements [ 2, { §)]
typically every 20 ms (data bit period) and GPS navigation output is usually computed using
smoothed {(£), (£) over several future and past samples centred at the pavigation sclution
instant. Due to the above said smoothing involved in a GPS receiver output, the standalone GPS
solution becomes less accurate under fast varving acceleration (high jerk conditions) profiles of
the user dynamics.
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In the case of tight integration, the (), (£ data at 20 ms intervals can be directly processed
with outputs from INS typically at 50 Hz rate. Since the smoocthing can be avoided in the tight
coupling along with the usage of acceleration data from IM5 at high rate, the overall integrated
solution will be very accurate under large usor dvpamics even under jerk conditions.

Bince the tightly coupled solution uses raw measurements, which are available as long as
one or more satellites are being tracked, it is move robust under any GMES outages, where less
than four satellites visibility makes the receiver solution not available in the loosely coupled and
uncoupled schemes, and hence affects the integrated solution considerably in those situations.
It is important 1o include recelver clock bias and drift as states of the integration filter which
facilitates user cloek correction with the estimated bias and dniff. This is particelarly very
important for long duration missions. This clock correction is important for accuraie tim
tagging of range and range rate measuwrements fom the GNES also. Integrity monitoring of
3NS5 raw measurements can also be effectively implemented.

The ephemeris data of the GNES sateilites, being tracked, along with position, velocity
data from M8 can be nsed to check the integrity of the range and range rate of the sateilifes,
The range and rangs rate of the satellites can be computed using position ang velocity ouiputs
of M5, This compuied range and range rate could be compared with the measured range and
range tate for integrity monitoring. The position, velocity cutput of the integration filter shall
also be fed back 1o the INS to keep its P, V estimaie more accuraie so that ifs use for integrity
mopitoring would hold for long duration usage.

The advantages of the tightly coupled scheme are evident from the foregoing discussion,
However, the systers becomes more valnerable to single point failure in either of the two
systems. For critical missions, tightly coupled system is advisable with modular redundaney to
agdress this reliability issue.

A formulation of state equations and measurement equations, reguired in this scheme for
the Extended Kalman Filter, is described below. I is assumed thai the navigation frame is ECL

et X, Vi, 7 = nosition components of ith sateliite in ECL

This can be obtained by converting the sateliite position components, usually available in
ECEF co-ordinate, 10 ECI co-ordinate wsing the BCEF 1o BCY ransformation,

X Y i, 7= velocity components of ith sateliiie in BCT
D> by = bias and drift of the receiver clock respectively
gl = pseudo ranges and pseudo range rate to the ith satellite
The state vector {or the integration filter is defined as:

[xyzbsyzb a a6}

where S o
X, ¥, z = postiion components of user in EC
X, 3, £ = velocity components of user in ECI.

@y, a4y, a4, = acceleration components of user in E

The first step, refer Figure 7.6, is to compute inertial acceleration using body measured AV®,
AB% and gravity model.
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Figare 7.6 Computation flow diagram for a,, a,, a, in BCI frare.

The process dynamics eguation for the integration Kalman filter is as follows:
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where -
O = n x 7 ool matrix -
F=n x nIdentity matrix
Measurement equations for satellite measurements, refer Chapter 6, are as follows:

(1} J[{X(I) x}2 —§- (Y(?} ‘_"})}2 + (Z(f) - 2)2:] “‘}*Cbu

PO = J[(x‘" P @D <57 #2905 |+ e,

where i = 1, 2, ..., N, N bemg the maximum number of satelfites visible to a receiver with
atleast N or more number of channels.
Meaqurements from INS {ECE)

-
it
£ @
e

3]
i
1=
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We have to combine the satellile measurements and INS soeasurements into one measurement
matrix. For this purpose it becomes necessary to repeat the measurements from satellites, as
nonfinesr functions of the state.

gh=fx, oz by fori= 1.2 ... N

o= fiE 3 2 b))

X =,
j=a,
i=q,

To design an EXF in the total state for the tight integration of GNES and IMS, it is
required 1o Hnearise the satellite measurement equations at each of the iterations, The Hnearised
measurement equation in compact matrix form is as follows:

Low HE + v

where, 7 contains partial derivatives of the noniinear measurement eguations with respect o
the states and v is measurement noise. If there are 4 visible satellites, then ¥ is of dimension
{11 % 11) and if 5 visible satellites are there, then & will be of dimension {13 x 11} matrix.
Since the number of visible sateliites can vary with time, the numbers of available measurements
vary. Hence it is convenient to iroplement sequential measurement vpdate [Blerman, 1977] for
this case. In seguential measurement update, measurements are updated one after another until
all available measurements are exhausted.

Tightly coupled integration Kalman filier can be formulated in error states aiso {Gautier,
26031,

in this case, the predicted range and Doppler using INS position, velocity and ephemeris
of satellites will have to be subtracted from measured range and Doppler of GNSS. These deita
range andd deita Doppler will be the measurement input io the Kalman fiiter, Since Kalman
filter, in this scheme, is formulated in error states, the error dynamics is linear, and hence
EKF implementation is not required. Hven though, this scheme has certain advantages, IN3
acceleration cannot be divectly used as a state, which 1s an smportant factor in the formulation
for high dynamic cases. Such aspects are needed 1o be considered while choosing a particular
scheme.

7.5.4 Ultra Tight Coupling and Dsep Integration

In addition to the tight coupling discussed in the previous section, the INS velocity solution
may be fed back to the GNSE code and carrier tracking loops {carrier loop aiding) to veduce
the apparent dynaraic range of these loops. This has following effects:
(a) A fixed bandw.dth aided tracking loop can maintain lock on GNSS signals in the
presence of high user dynamics that would cause the unaided receiver to break lock.
{by The tracking loop bandwidths can be reduced to the mintmum amount reguired o frack
the errors in the IN3S aiding signals.
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(¢} The net result of the above is that the INS aided GNSS receiver can mazintain lock and
provide GNSS measurements over a much wider range of vehicle dynatnics and radio
frequency interference than the unaided standalone receiver.

It is fmportant that the time delay between sensing of inertial velocity and its receipt at the
GNSS carrier loop should be less than few tens of microseconds for the loops to be robust, and
this would require dedicated hardware data paths between INS and GNSS which is realisable
i an embedded design implementation of the tight coupling.

Some authors [Parkinsen et al, 1996] have represented this vifra fight coupling scheme,
which is the coupling of INS data directly with tracking loops of GNSS3, as part of tight coupling.
This interpretation is desirable to be highlighted under ulira tight coubling or deep integration.

7.5.5 Integrated Performance

QOver the last two decades, large numbers of systems have been realised exploiting the benefits
of SNS-INS integration. These integrations with SNS involved high performance INS to low
performance INS and forther extending to micro inertial systems as well. An illustration s
provided on the features of a micro inertial system and substantial improved performance
realised when it is integrated with SNS.

SNS inlegrated with MEMS imsead 355&5&:%5

Considering the current low performance of such micro inertial sensors, standalone navigation
configuration is not usually attempted, instead, such inertial systems are mechanised as an iy
that interfaces with SNS receiver, Kalman filter and navigation software to compute integrated
navigation output. The features and realised performance of one such system [Ford f al., 2807]
is provided.

IMU micro inertial sensor performance (1 sigma value}:

Gyro rate scale factor error 1 150 ppm
Gyro rate bias (in-run stability)  : 10%h

- Gyro angle random walk - 0.1%vh
Accelerometer scale factor error  © 300 ppm
Accelerometer linearity : 500 ppm
Acceierometer bias : 1000 pg

The G?S receiver is a dual frequency 24-channel vession with provision for 3GPS daia reception
and fusion. Mechanising geographic {rame navigation, the test data of the integrated system
shows the following performance: .

Horizontal posmon eTTOY (thh 20 s GPS cutage) 25 m

" Vertical position error (with 20 s GPS outage) 103 m

Steady state error in pitch, roll and heading + 0.05, 0.05 and 0.2°
Tt is thus seen the significant performance to cost benefit of such integration. it also demonstrates
the advantage of MEMS-SNS systems for large number of applications. There are other designs
of micro IMU whose micro sensor performance may be even inferior (so, quite likely to be
cheaper) compared to the above mentioned performance, yet the integrated IMU-SNS has
demonstrated encouraging navigation performance {Brown and Yan, 2084],
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The chapter has brought out some important aspects of modermn integrated inertial navigation
highlighting the merits of Kalman filter as an estimator. Use of Kalman filter for updating the
etror states and finally the method of correcting the navigation outputs, have been brought
out. Such raethodology of updating the error states will have numercus applications including
calibration of sensors and systems. Modern integrated schemes involving SNS and INS exhibit
diverse featares, which are application dependent. Salient aspects of these schemes have been
brought out explaining some of their advantages and disadvantages. Tightly coupled or uitra
tightly coupled scheme has features which individual systems do not possess and is becoming
the choice for aerospace high dynamics area where performance and mission reliabifity are of
prime fmportance. Some design aspects involving extended Kalman filter have been discussed,
which will be suitable for high dynamic application, in general. Satellite navigation aiding is
becorming more important in the context of low cost navigation where low cost strapdown micro
inertial systems are integrated with the SNS receivers whose cost has also come down over
the years. The chapter also provides examples on the substantial enhancement of integrated
performance against standalone performance of the inertial system.
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Signal Protessing of
Inertial Sensors

Signal is a sweam of information. Normally these signals originate as the output of 2 sensor
or a system. These signals are processed to swit the various applications for which they are to
be used. These operations include, filtering, enhancement, digitisation, compressicn, and many
other methods. Although enhancement and filtering can be caried out in analog domain; the
need for digitising the signal becomes necessary because it provides scope {o use rmore compley
algorithm to improve signal-io-noise ratio (8/N), provides compression, provides emphasis and
de-emphasis, all of which can be carried out easily using a digiial signal procsssor.

Digital Signal Processing (DSP) is the mathematical operation that uses different algorithuns
and various other technigues which are necessary {0 manipulate the signals after they have been
converted to a digital form. Statistics and probability play an important role in digital signal
processing applications. Low level signals received from sensors are normally submerged in
noise or inierference. These corrupted signals can be processed, using statistical methods and
probability, to remove the noise components without losing the intelligible information.

For information received from inertial sensors, such signal processing plays an important
role. Inertial sensor ocutpui often needs to be interfaced to onboard computer for further
processing. When the sensors provide analog cutput, the analog to digital conversion process
employed must be very accurate to meet the overall requirements of accuracy and the dynamic
range which is normaily of the order of 107. To avoid the error in conversion as well as o
provide simplification in electronics, digital rebalance sensor loop is aiso used, where the sensor
output can be interfaced to a computer directly. For ring laser gyro, mechanical dithering about
its sensitive axis is ofien emiployed. In order to eliminate the gyro signal corruption due to
this dithering, digital signal processing is used, similarly in capacitive micro accelerometers,
electromechanical sigma delta modulator {s extensively used to improve performance through
closed oop operation and also to provide direct digital output.

Thus digital signal processing is essential to process the inertial sensor data to achieve the
required accuracy and stability,

245
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8.1 Digitisation

An analog signal, shown in Figure 8.1(a) is represented by
5= 55 {8.1)

where the argument 7 is continuous and 5 is given by A sin o1

if this signal is sampled and passed through an Analog to Digital Converter (ADC), the
analog signal gets digitised depending upon its amplitude. This signal is referred to as discrete
signal or digitised signal as shown in Figore 3.1(b).

{2) An analog signal (by & discrete signat

Figure 8.1  Digiilsation.

8.2 Sampled Data Systems

A block diagram of a typical sampled data system is shown in Figure 8.2. The signal before
being digitised is passed through a signal conditioning circuit which does amplification and/or
atienuation and filtering. The combination of low pass and band pass filter, removes unwanted
signals which are outside the bandwidth and prevent aliasing. The signal to the ADC is sampled
at a rate f, and the digital value is presented to the DSP. The DSP carries out all the computations
within the period #. There may be requirements that the final cutput signal be in digital domain
or in apalog domain.

LPE/BFE ADC DSP DAC LPF/BPF

Figure &2 A sampled data system.

Two important parametess to be looked into for analog to digital conversion and digital to
analog conversion are the effect of discrete time sampling and guantisation errors due 1o finite
amplitude resolution. The discrete tirne sampling is shown in Figure 8.3. If more samples are
taken the digitisation will be more accurate; but if less samples are taken, beyond a certain point,

Amplitude quantisation

Discrets time sampling
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Figure 8.3 Discreie time sampling.
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critical informations are lost. This limiting frequency is called the Nyguist limir. MNyguist's
criteria can be staled as for digitising a signal of bandwidth f without loss of information, the
signal should be sampled ar a rate f,> 2fy.

If the sampling is carried out at a frequency less than twice the analog signal bandwidth,
aliasing will occar, In Figure 8.4, the sampling frequency is slightly more than the signal
frequency and does not satisfy the Nyguist's criteria and produces an aliased signal at a freguency
F. = fg and f, + fp. The signal f, + fp seldom creates any problem. It is the component f, —
which creates problem when the input signal f exceeds the sampling frequency fi/2.

-

fF

Aliasing signal f, ~ 1} input f,

J

The frequency domain output of the sampled signal aliases around every roultipie of f; at
frequencie £ Nf, & fp for N = 1, 2, 3,... . Example 8.1 explains the effect of aliasing.

Figure 8.4  Aliasing.

EXAMPLE 8.1 (Nyquist freguency and Nyguist rate): If x(¢) is a band limited signal such
that x{(¢) = 0 for © > @, as shown in Figure E8.1 where @ = 2nf

X ()

i,
Figure E8.1 Band limited signal.

If x(¢) is sampled at a frequency @, = Zay,, the Fourier transform of x{f} has the shified
specira X{w — ka,) periodically repeating x{«w) as illustrated in Figure £8.2.

X{0)

//\ /l\(,% /\ .
— =iy -,

Figure E8.2 Frequency shifted specirum.
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i @, < 2ay, the shifted spectra overlap as shown in Figure E8.3.

X (@)

VANVANAN

—a, -2 —a)? @, *

N ¥

Figure E8.3 Overlapping specira.

The overlapping of the spectral components is called aliasing. Aliasing corrupts the frequency
components of x (@) and dynamic range and x(1) cannot be recovered from the sampled signal
x{wh

If x(r) is a band limited signal by ensuring that the highest frequency component of x{7) is
less than ey and by choosing a sampling frequency greater than w, aliasing can be avoided.

Thus for 2 band limited signal such that

xa) = 0 for [@] > o then x(1) can be recovered from the sampled signals x(nT,) if

3

&

= »izjriw = 2a,
7
The frequency ay is called the Nyguist frequency and @, is the Nyguist rate,

The Nyquist’s bandwidth is defined as frequency spectrum from DC 1o £, /2. The frequency
spectrum is divided into an infinite number of Nyquist zones each having a bandwidth equal to
0.5, as shown in Figure B8 4. If a signal is considered, which is just outside the first frequency
zone, it aliases into the frequency zone as shown in Figure B8.5. Any noise signal, appearing
at any of the harmonics of fp, will aiso fall within the first Nyquist zone. This necessitates the
requirement of a pre-sampling filier before the ADC so that the frequencies which are outside
the Nyquist band are prevented from aliasing into the bandwidth.

The performance of this filter will decide on how much attenvation the filter will provide
for outside the pass band. The effect of aliasing on the dypamic range of a sampled data sysiem
is shown in Figure E8.6 and Figore ER.7,

fa Sote | LSy Y~ | Uit Sy

0.1, i 1.5f, 2,
Figure E84 Nyqguist zones.
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Figure H8.6  Aliasing effect on dynamic range.
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8.3 Baseband Antialiasing PFilters

Baseband antialiasing filter ensures that the signal to be sampled Hes within the first Nyouist
zone. Without this filter, any noise or signal, which Hes outside the Nyguist band, will be
aliased into the first Nyquist zone. Depending on the characteristics of the signal to be sampled,
an antialiasing filter i1s used ir ail sampling ATC (o remove this noise. If the signal is fg,
the antialiasing filter should pass frequencies from DC to fp, at the same ime atienuating
signals above fy to retain the desired dynamic range. The dynamic range is the ratio of the
ampiitude of largest signal to the amplitude of smallest signal to be resoived and is expressed in
decibels (dRB).
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8.4 Antlaliasing Filter Reguirements

in order to design an antialiasing filter, first set the comer
frequency equal to the bandwidth fz,. Hence the pass band
of the filier becomes fl,= few- The stop band of the filter is
then set to start from f/2. Then fj,,, = £i/2, which is shown in %
Figure 8.5. \

The attenuation of the filter is set as the dynamic range in 3 f )
dB. The filter should, therefore, achieve a siop band attenuation . o
equal to the dynamic range over 10g; (foy/fiass) Ottaves. The
approximate order of the filter & can be determined as the
filter vol} off rate is approximately 64 dB/octave. The above procedure does not consider the
requirements of phase and ripple characteristics in pass band and stop band. In addition o this,
there is natural attenuation in the pass band at higher input freguencies. This can further reduce
the order of fiter required.

The above discussion clearly indicates that the requirements on the antialiasing filter
can be relaxed if higher sampling rates are used. The procedure to accomplish this is called
oversampling.

N

Asplitude B

?
i
[

Figure 8.5  Anualiasing filter.
®

EXAMPLE 82 When two different continuous time signals are sampled with a sampling
frequency of 10 kiz, it produce the same sequence x(n) = cos(0.25a%). Find the two signals,

Selutien: A continuous time signal can be represented as x{(f) = cos (2afy) where f is the
signal frequency. When this signal is sampled with a frequency f, it produces a disceate time
sequence

wn) = x{ni) = cos [2%?) y

5

where 7| is the sampling time corresponding to the sampling frequency f,.
For any integer k, the expression can be re-written as:

x{(n) = cos [mm —]—E}—J = cos(me MJ
)T

5 5

S0 any sinusoidal signal with a frequency f; + &f, will produce the same sequence,
With x(n) = cos (0251 -
Eﬁnwf‘l = (258

5

The two input signals that give identical SEQUENCE are:
f(n = 3125‘)‘;
f(}l = 1250 Hz
Joo=Jfor + kf, = 21250 Hz
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8.5 Owersampling and Decimation

The major advantage of oversampling is the resuliing simplification of the antialiasing flter
design. By oversampling, the data rate Increases and the reguirements on the processing circuiis in
real time operations becomes more demanding, An alternative way of handling these constraints
is to use oversampling and decimation. If the signal is oversampled with an oversampling ratic
of K, the roll of requirements of the analog filter gets relazed by that factor since the Nyguist
frequency increases fo Ef/2. After sampling and digitising, 2 digital filter with sufficient siop
band attenuation at f/2 and dynamic range is introduced as shown in Figure 8.6

Data rate Xfy "
. Drigital .
.| Analop : L e Decimate
Filter ADC L};} E;éa;s by K
J‘;ass :f B T ) Data rate f B
&,

Fjgm'e &8 Owreamp}mg and decimation for sampled data system.

Smce ths %mxdw@m has, been reéwed
te f/2 by the digital aﬂtlaanSﬂg filter, the
data coming out of the digital filter contains
redundant information and is not necessary to
consider every sampin but instead it is sufficlent
to include only the Kibh sampie as shown in
Figure 8.7. This provedhire is called decimation, 7, i
The actnal decimation is carried ot in the filter
by computing a single output from every K
input samples.

Digital filter

Analog filter

Amplitude dB

i
]
]
i
1
H L
f
£
!
t
]

Figure 8.7  Effect of decimation.

8.6 Digital Filters

Digital filters play 2 significant role in digital signal processing. The need for powerful computers
and specialised design technigues offen iimited their use in various applications previously. The
introduction of more powerful digital signal processing devices and fast maltiplier—accumulators
cauged a paradigm shift from analog filters to digital even in siimple applications. Compared
to the analog counterpart, digital fillers give a more stable characteristics, sharper roli off and
repeatable perfmmaﬁce The élgitai filrer works with digitised data ofien received from an A/D
converter, :

8.7 Digital Filter Basics

The digital filters are broadly classified into two categories: Finite Impulse Response (FIR)
and Infinite Impulse Response (IR} or more generaily termed as nonrecursive and recursive
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filters. Although, filters are reguired 10 modify the response in the time domain, it is easier to
understand the behaviour of a filter in frequency domain. A filter alters the spectrum of the
output signal by multiplying the spectrum of the input signal by the frequency response of the
filier. This muitiplication, in frequency domain is convolution of the input waveform and the
time domain response of the fiiter. In Figure 8.8, the function H(f) represents a function with
unity gain for sinusoidal signal frequency ranging from O Hz w0 f) He.

L A4 Lo KA L
Figure 8.8 Convolution.

A(f) represents an input signal with spectrum consisting of sinusoidal signals with frequency
fo and f; with equal amplitudes. By passing this signal through H(f), the components of frequency
greater than f) are removed, whereas frequency less than f, are passed with unity gain. In other
words, it is the same as the product of H(J) and X(f), and output ¥{(f) contains only signals
with frequency components f; with unity gain.

For signals which are sampled data, where a function of time consists of a finite number
& of discrete values x(n) per second and k is the sampling rate and w/k is the discrete variable
corresponding to time. Thus a sine signal in discrete time can be represented as sin (2nf/k).

Fourier transform of a continucus signal maps a signal from time domain to the complex
frequency domain, Similarly, inverse transfer function maps from freguency domain to time
domain. The discrete Fourier transform maps signals from discrete functions of time inte
discrets freguency domain and the reverse.

Fourier theorem, which equates muitiplication in frequency domain to convolution in fime
domain, provides a way to get the fime response of product of two discrete time fanctions
directly by convolution:

y{n) = th * zj(n) (8.2
is equal to the sum of the products of the signal and the frequency response
N
yuy= 3 him)* xn —m) (3.3)
m=1

for all values of n. Equation (8.3) represents a series of multiplication and addition. The equation
assumes that Aim) = 1 for 1 <m < N and O for all other values of m. To perform the calcuiation
for equation 1 the values of A(n) and x{n) are reguired which is the inverse Fourier transform
of x(f) and A(f) in Figure 8.8. The transform of x(f) will be:

x(#n) = sin (Eﬁfz %) + sin (?;;rrf3 %) {8.4)
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if £; and f; are known, x() can be calcnlated for various values of mfk. The h(m) value are
nothing but the filter coefficients for each value of x{(m).

EXAMPLE 83 A filter is defined by the difference equation v(n) = av(n — 1} + bx{n) +
x(n ~ 1) where a and b are real and Ja] < 1. Find the relationship between a and b that must
exist if the frequency vesponse is to have a constant magnitude for all @ so that

|H(e™Y = 1
Selution: The frequency response of the above system is given by the difference equation

bee? #
-~

H(e’®) =
1 —ae

The sguared magnitade is given by
(b+eyb+e™y 1+b +2bcosw

. i i 2
{(I—age’"¥1 -7y 1+ -2acvosw

o
H{e/ Y =

So [H(™) = 1 when b = ~q.

8.8 Tvpes of Digital Filters

The FIR filters have no feedback terms. The output is a function of the finite number of the
previong input values and is nonrscursive.

The FIR filters, shown in Figure 8.9, do not have any poles in their z plane transfer function.
Thus their cutput is finite and always stable, They have linear phase response which means the
phase delay between oulput and input increases linearly with freguency. Realisation of this type
of filter is easy, The UR filters, shown in Figure 8.10 and PFigure 8.11, have recursive terms
which means that the value of the output is affected by the previous values of the output y(n}
as well as the input values, The filler shown in Figore 8.11, is the lattice type.

K ) el =1 Yp-2 -1 K3 _-1 g _1
’ & i

M

¥ h]xr: + h2x.vpi + k}anZ + hz%xﬂwi‘; + hixn—ﬁl

Figurs 89 A FIR filter.
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Figure 831 A lattice type filter.

Since FIR filters have no poles in their z plane transfer function, the outpui is always finite
and stable. IR filters need careful design to ensure stability. Bince the FIR filiers are based
on discreie time delays of input variable and have no poles in thelr transfer function, it is
possible to realise filters which do not have analog equivalents. With FIR filiers it is possible
to design filters with phase delay Hnearly increasing with frequency. This feature is very useful
in applications relating to speech processing, sonar and radar. In contrast, HE filters provide
nonlinear phase characteristics with frequency. Even for continuons filters, It is difficult to
achieve linear phase characteristics.

The FIR filters have low sensitivity to coefficient value change and hence less susceptible
to finite word length effects. Because of their stable performance they can be easily designed as
adaptive filters where coefficients can be changed in real time, IR filters nead lesser cosfficients
less computationally intensive and less memory space for storage. Lattice filters are more stable
and requires lesser coefficients compared to equivaient FIR.
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8.9 Designing of Filters

The most elementary form of FIR filter is the moving average filter. They are used in smoothing
data. The input samples x(s) are passed through a series of delay elements. Bach sample is
multiplied by a cosfficient decided by the number of delay elements and finally added to get
the output y(n) as shown in Figure 8.12. The step response of this filter does not show any
overshoot, Hence this type of filter is useful for applications where the shape of the input
needs 1o be preserved. The rise time and fall time of the pulse is equal to the total number
of taps mulitiptied by the sampling time. The response of a moving average FIR filter can be
significantly improved by choosing coefficients with differsnt values, The roll off characteristics
can be altered by increasing the number of tap points. This is shown Tn Figure 8.13. The basis

Y = By T RX Ry g X,

1
:g(xﬂ Xyt Xy X, s)
i Nl .
Yy = ox{n—k) (For N point averaging)
N p=p

Figure 812 A four-point moving average filter.

1.0

| Amplitude |

Frequency {fraction of f))

Fignre 8.13 Frequency response of moving average filter.
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for the design of an FIR filier is that the coefficients h(n) of the FIR filter are the same as ihe
guantised values of the impuise response of the frequency transfer function H(f). For FIR filters,
the requirements to be specified for design are similar to that of the analog filters~like defining
the maximum amount of ripple allowed in the stop band and pass band, maximum amount of
atiepuation in the stop band and roll off characteristics.

The parameters for design are the number of taps N, the pass band cut off frequency S
ihe stop band cut off frequency f; and the ratic of ripple in the pass band to the ripple in stop
band (g/o).

B.2.1 Design of an FIR Filter =

For any filter, the frequency response is determined by the impulse response. The guantised
mmpulse response and the FIR filter coefficients are same. If the input to an FIR §lter is an
impulse as the impulse propagates through the filter, the output of each delay line is the same
as the coefficient of the filter. 8o the procedure for designing the FIR filter is to set the desired
frequency response and find the impulse response of the fikter. The quantised impulse response
gives the filter coetficients. This is shown in Figure 8.14. The procedure for finding convolution
in 2 sampled data system is by series of multiplication and sccumulating. The convolution
operation in time domain is point by point multiplication in frequency domain and conversely
convoluiion in frequency domain is point by point multiplcation in time domain as shown
in Figure 8.15, Filiering operation in frequency domais can be achieved in time domain by
multiplying each frequency component by a 1 in pass band and by a 0 in stop band. The
transfer function in frequency domain either 1 or 0 can be transformed into impulse response
in the time domain by Fast Fourier tansform. Since muitiplication in frequency domain is
convolution in time domain, the filtering can be carried out by convolving the sampled signal
with the impulse response. Generally, various types of transforms are used to design fiters. For
continuous signals, the Laplace transform is used, whereas for the sampled data systems the
Z-ransform is used.

x{(m) xln-1) x(r-5} x{n-6}
FAE B et Il S S
ROy h(1}— A(S) >< ha}
5 — ) STy
x(n) y(n}
1 A3
A1 h(3)

.
Wt
B

!
h(Zy 4}

Figure 814  Coeflicients of FIR filter from impulse response.
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Figure 8.15 Duality of frequency domain and time domain.

8.9.2 Windowing Method for FIR Fllter Design

2831

An idealised jow pass filter is shown in Figure 8.16(a). The impulse response of this filter in
time domain is shown in Figure 8.16(b) and is the sin (x)/x or the sinc function. If this filter is
to be realised, an infinite nuraber of taps are reguired.

Ideal low pass filter
frequency response

Ideal low pass filter
impulse response

sin X

X
. N ]
(sinc function) /

B & SBE
G "xwf\ Lz
f f N t
(a) (b)
Window Windowed
function impulse response
1
J U D
N H e N " 13
O] {e)

Truneated
impulse response

Final filter
frequency response

- .

i

®

Fignre 8,16 FIR flter design using windowing method.
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If the number of taps are Hmited to 2 finite number, the truncaied response in Figure 8.16(c)
is realised. This has truncated side jobes a8 seen in Figure 8.16(d). By choosing a proper window
function, it is possible to smoothen the side Iobes so that the end points of the side lobes are
from zero as shown in Figure £.16{g). The choice of the window function decides the roll off
characteristics and side lobe performance of the filter. The overall response of the filter is shown
in Figure 8.16(0).

8.9.2 IR Pilters

The FiR filters have transfer function without any poles. They do ngt have an analog equivaient.
For 1R filters, they have the analog counterparts like Butterworth ﬁmr Chebyehev, elliptic and
Bessel filiers, They are recursive filters, and they have impulse response extending to infinite
time. They do not have linear phase with frequency lke FIR. They are realised zs cascaded
biguad structures consisting of two poles, using the quadratic equation in z domain roll off
characteristics. The zeros of the wansfer function are formed by the coefficients b, and poles
by a,. The structure of an IR filier is as shown in Figure 8.17.
T ¥in)

by
x(n) # . @

~1

o
P

4
- ;
8 yin)=boa(n}+bx(n -0+ byxln— 2y —qpin—1) — gy yin ~2)
o
b bkz k (Zeros)

M

B y(n) = zf@x(nw&}*zamn B8 HE =
1+Eakz"k {Zeros)

==l

Figure 817 HR filter.

The most popular method of designing an IR filter is to first design an analog filter meeting
the pass band and stop band design requirements. The wransfer function H(s) is then transformsd
into z domain. Multiple poles design is implemented as cascaded biquad. The IIR filters are
more efficient than the FIR. They can be unstable.

8.9.4 Design of IR Fiters from Analog Filters

Since IR filiers have their equivalent in analog filters, it is easier to realize IR filters by suitable
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transformation from analog domain. The mapping of the transfer function from ¢ domain to 2
domain can be wrliten as:

H(z) = Hs)| s = D(D) 8.5)

where D(z) is a mapping function from s to z domain, This mapping should satisfy the following
conditions 1o ensure acceptable performance and stability.
(a) The mapping from the jo axis io the 7 = 1 unit circle should be one-to-one to maintain
the frequency response characteristics.
{(b) Points in the ieft half plane of the jw axis should map inside the unit circle z = 1 10
maintain stability,
{c) The mapping function £X{z) should be rational io maintain tfie rational nature of H{s)
and H{z}.

£.9.5 Impulse Invariance Method

From the sampling theotem, the frequency response of a digital filter is related to the analog
filter as:

PN jo  jink -
}E{gfw)__? E Ha (?—'4--“-2;““ {80}
5 koo 5 s

The mapping between the z plane and ¢ plane is shown in Figure 8.18.

Im(z)

Re(z)

Figure 8.18 Mapping between z and siplane.

Although the j® axis is mapped into the unit circle, it is not one to one. Each interval of
frequency 2777, on the jo axis is also mapped into the unit circle. This is due to the aliasing
effect. Bach strip of width 2097, of the left half of the s plane is mapped inside the unit circle.

If the frequency response of the analog filter is band limited, then Eq. (8.6) can be written as:

- 1 ;
Hie! ):}rﬁa [1’?) (8.7

EXAMPLE 84 The following example shows how the poles of an analog filter gets mapped
to the poles of a digital filter by impulse invariance method.
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Solution:  Let the analog filter is represented as
k

H
Hisy=2,-

p=l ‘\S - Sp}

The impuise response of this is given by
i
H, (=3 H " u(r)
7=l

The digital filter that is formed by impuise invariance is

e

Hy{n}y=H (aT) = Eﬁ’e’) u{nT}*ZH{e’”}u’n}

p=l =1

So the equivalent transfer functon of the digital filter is

‘\Z} P«i’s} E,

Pl (E"‘@P )

Thuos a pole at s = 5, of the analog filter Is mapped to z = ¢ in the digital flter.

8.9.6 Bilinear Transformation

Bilinear transformation is used to map the s domain to z domain, This is given by

,{:(1 -z )
8.8
7.1 +L by 6.8
Uiven an analog filter transfer function F (s) the digital filter transfer function is obtained by

substituting as shown below:
21~
Hiz)=H,

¢ [z d+z }] @.9)

The bilinear transformation maps the left half of the s plane inside the unit circle and the jw
axis on to the wnit circle. The mapping of the jo axis to the unit circle is highly nonlinear and
this effect is called frequency warping.

=7 arg tan(mffs) where @, is the frequency in the s domain (8.1

EXAMPLE 85 A low pass digital filter with a =3 4B cut off frequency of w.=035nis 10 be
designed using a first order Butterworth analog filter with transfer function

H (5} = -

tt+s/m,,

where @, is the cut off frequency of the analog filter.
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Solution: Using the inverse of the warping function, equivalent @, for the desived cut off
freguency of the digital filter is given by

For ¥ =4
o _ m(@m) B

For this revised value of @, the Butterworth filter transfer function is estimated, and using
bilinear transform, the z domain transfer function is calcuiated.

#

Hyisi=

i
14 T2

The 7 domain equivalent can be got by substituting for

-2
T, {1 )

and
1 0.414(1 + 27"
= -"1—"“1}:1—0;7162"
HES \/- 2 \;AH..Z“,..].W__ - /i
R

8.10 Analog to Digital Converters

The most popular ADCs are based on four generaily used architectures. They are the successive
approximation, sigma delta, flash and voltage to frequency conversion.

£.10.1 BSuccessive Approximation ADUC

The successive approximation ADC have been extensively used in signal processing application
for the last few decades. It has been the mainstay of signal processing for many years. Newer
device technology and design methods have extended both resolutions as well as conversion
speed of these devices. Figure 8.19 gives the schematic of a successive approximation ADC.

The analog input is sampled and held. The successive approximation register sets the MSB
to 1 and the analog voltage output of the D/A which will be half the fuli range is compared with
the S/H output. Now, the comparator can have two values either high or low. If the comparator
oniput is high, the value set by the SAR is retained and the next lower MSB value is set. If the
comparator output is low, the MSB value is set to zero and the next lower MSB is set and the
process continues till the conversion is completed. Thus, for an eight-bit A/D converter, eight
comparisons are sufficient to get the digital value. The necessary timings and controi signals
are generated by the timing and control circuits.
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Figure 8.1%  Successive approzirmation ADC.

The overall accuracy of the ADC is determined by the accuracy of the IVA converter. For
better accuracy, laser trimming the individual resistors of R-2R ladder network is reguired
and the process cost becomes prohibitive. For this reason, the switched capacitor or charge
redistribution DAC have become popular. The advantage of this type of DAC is that the
accuracy of the capacitors is determined by the plate area of the capacitors and does not
require precise trimming of values. Moreover, the capacitors can be easily triramed if required
vy adding paraliel capacitors. The schematic of a switched capacitor DAC is shown in
Figure 8.20.
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Figure 8.26 A switched capacitor DAL,

The timing details of a successive approximation ADC is given in Figure 8.21. The ADC
conversion is initiated by a conversion start signal. The busy signal or end of conversion
indicates whether the conversion is in progress or completad. The end of conversion which is
a low going signal can be used to read the digital data.
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Figure 8.21 Timing details of successive approximeation ADC.

#.10.2 Sigma Delia ADC

The sigma deita, symbolically shown as ZAADC is used in applications where low cost, low
power, low bandwidth, high reschution ADC is required. This ADC contains & comparalor,
reference voltage, a switch, integrators and analog sumiming amplifiers and computational
modules which does the function of low pass filters. The imporiant functions, relating to the
functioning of a TAADC, are the oversampling, quantisation noise shaping digital fittering
and decimation. A normal sampling ADC has a guantisation noise given by g/ f12 uniformly
distributed over the Nyguist band DC to f,/2 where ¢ is the LSB value and f, is the sampling
frequency as shown in Figore 8.22(a). If we use a much higher sampling rate Kf,, the rms
quantization noise ¢/ /12 is distributed over a larger bandwidth DC to EfJZ as shown in
Figure 8.22(b}.

£ Cuantisation neise

Nyqist operation = gi12
g g=1138
}
_gs. i
{8)
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Kf, +Digitatfiter J;
_ @ L + Decimation ; " Digital filter
Digital . Removed noise - -
1 ADC filter DEC |= - E - ] " i el
A AL e
Oversampling .~ ®) 2 2
+ MNoise shaping
Kf + Digital filter  f, ooy
L '+ Decimation %
‘/%,Removed noise
A Digital
M MOD filter | oC [ i . !
I LA &
(© 2 2

Figure 8.22 Oversampling, digital filtering, noise shaping and decimation.
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If we use a digital low pass filter without affecting the wanted signal, much of the noise is
removed and the effective number of bits is improved. Thus by oversaropling and fltesing, we
can improve the resolution of a low resolution ADC. The factor K is called the oversampling
factor, and it also enables in simplifying the analog anti-aliasing filter. Since the low pass filter
reduces the output bandwidth, the output data rate will be less than the sampling rate £f,. Thus
it is sufficient to take the Ath value at the output and discard the remaining, This process is
known as decimation. This is shown in Figure 8.13. If the oversampling is used to improve
resolution for an N bit ADC, the oversampling should be increased by a factor 2°% o obtain ¥
bit increase in resolution. But, in reality, it is not necessary to increase the sampling that much
because oversampling not only limits the signal pass band but also provides noise shaping as
shown in Figure 8.22(c), so that most of the noise falls outside the pass band. A first order
ZAADC is realised by connecting 1 bit comparator, an integrator, 2 DAC, a digital low pass
filier and decimator as shown in Figure 8.23,

Stgma-delta modulator

E Integrator {:igfk ; ?f‘
i i e i ¥
Va | +@ | | @ > { | Digital | N-Bits
: ! filter .
: N ( i and /
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: Latched |
‘ comperator | !
‘ (1-Bit ADCY |
: |F e |
: &S : R
E i o : : I}EM
i o 1-Bii data : 7
' 1-Bit I _V‘ stream |
: DAL Pt E

Figure 823 A first order sigma deita modulator,

The functioning of a sigma delta ADC is as follows. For an input voltage V,, applied
depending on the polarity of error voltage beiween V,, and 1 bit DAC output, ihe iniegrator
ramps up and down at node A. The comparator output switches high or low and is fed as 2
bit stream to the DAC input. The negative feedhack provided through the DAC easures that
the average value of the DAC output B is equal to the input voliage V. The average DAC
output is controlled by the number of ones in the bit stream. So the bit strearn at the output of
the comparator is the digital equivalent of V,,. The digital filier and the decimator process the
bit stream and gives the final output. A frequency domain equivalent Circuit of the SAADC is
shown in Figure 8.24. Here the integrator is represented by the tansfer function H = 1 where
the gain rolls of at 20 dB/decade against frequency.

The output ¥ can be written as

- 7
= N A— 815
4 f+1+gf+i (8.11]
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Figure 8.24 Frequency domain eguivalent circuit of sigma delta ADT.

X

As the frequency f approaches zero, the output will be mostly contributed by the signal X and
as frequency increases, the output will be contributed by noise. In effeet the integrator provides
a low pass characteristics for signal and high pass characteristics for goantisation noise. Thus
it provides a noise shaping as shown in Figure 8.22(c). By using higher order filters, a better
noise shaping and higher Effective Number Of Bits {ENOB) can be achieved.

%.10.3 Flash A/D Converiers

The flash A/D converters are also referred to as the parallel ADC and use 2V comparators
where &V is the number of bits, Bach comparator has a reference voltage which is 1 L.3B above
that of the comparator below it. The individual bits identified are encoded to an N bit word by
a digital encoder. The schematic of a flash ADC is shown in Figure 8.25.
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Figure 825 A flash ADC schematic.
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The overall delay in the A/D conversion is the settling time of the comparaior and the delay
contributed by the digital encoder. Generally a strobe signai is apphed to all the comparators
simultaneously. Thus these ADC are also sampling ADC and because of the large number of
comparators and the inherent delay variations between them, for the flash ADC, there will be
degradation in ENOB with higher frequencies. Due to the large number of comparators, the
flash ADC have higher dissipation.

8.10.4 Veltage to Freguency Converter

Another analog to digital conversion scheme which offers very high accuracy and very large
dynamic range of the order of 107 is the Yoltage to Fregquendy Converter (VPC), The term
valtage to frequency implies that the frequency of some periodic signal is varied proportional to
the analog input voltage. The output can be any periodic wave sine, square, iriangle or pulse. A
square or a pulse train is preferred if the output has o finally drive a counter. Figure 8.26 gives
the block diagram of a typical voltage to frequency converter. The analog voltage V., is applied
at the input of the integrator. The output voliage V, of the integrator is given by

. H
Vs —— i V. df 1
, R1C§ 't 8.12)

where R/ C is the integration time constant. The reversal of polarity is due to the amplifier being
connected in the inverting configuration,
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Figure 826 Voltage o frequency converior.

The output voltage V, is compared with either a positive or a pegative threshold depending
on the output. The cutput of the threshold detector triggers the reset pulse generator whenever
V, exceeds the set threshold. The pulse generator provides a pulse of precise amplitude o the
input of the integraior so that a known amonnt of charge is removed or added fo the capaciior.
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A precise and stable reference source is used to generate the reset pulse with a fixed amplitude
#1. During reset period £, as shown in Figure 8.27, the integrator integrates the difference of ¥,
and ihe reset pulse and once the reset pulse duration is over only the input voltage is integrated.
The UP/DN clock pulses are generated by the reset counter during the reset period. The overall
input/output relation is given by

ey [ RS
fwﬂn(&wf] (8.13)

where
Ry = feedback resistance
1. = clock frequency “
#; = inpul resistance

Vr = reference voliage

+Vri:f

v

Y et

Figure 8.27 Operation of a voltage to frequency converter.

8.11 Digital Pulse Rebalance

This method provides a direct digital output by providing digital control loop for the inertial
sensor. So the requiremnent of an A/D converter is avoided. The gyroscopicaily generated forque
due to the input rate is balanced by a carrent pulsed mode control of the iorgue. In the case
of an accelerometer, this is done by applying the current pulses to the force coil 1o rebalance
the force generated on the proof mass due to acceleration, There are different schemes used o
achieve this, which are known as binary, ternary and pulse width modulation,

in the binary scheme, pulse for required weightage is generated by suitably selecting the
ruumber of positive pulses and negative pulses with equal amplitnde and duration in a sampling
period, W' zn there are equal number of pulsés, the weightage is zero, and the weightage will be
positive for more positive pulses and negative for more negative pulses as shown in Figure 8.28.

In the ternary pulse rebalance loop, the cutrent pulse are allowed to flow according to the
requirement. -

The current is maintained at zero for zero correction and pesitive and negative puises for the
positive and negative current requirements respectively. Thus the temary loop has thiee states
uniike the binary. This is shown in Figure 8.29.
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input = any other value

Figure B.28 Binary pulse rebalance.

Positive pulse height —+--

Megative pulse height —} -~

Low positive output

S

Figure 8.2% Ternary pulse rebalance.

in both cases, the pulse height and duration is

constant, but their repetition rate changes with the
amplitude of the correcting signal.

In the pulse width modulated binary system, the
amplitude of the pulse is constant as in the binary
system with fixed values for positive pulse height
and negative pu_ls__é heights. The ratio of the ON/
OFF period of the pulse changes so that for positive
output ON period is more and for negative output the
OFF period is more and 50% for zero output. This
scheme is shown in Figure 8.30,
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Figure 8.30 Pulse width modulated
scheme,
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The basics of signal processing methods which are very essential for inertial systems aie
discussed in this chapter. This includes sampling, Nyguist rate, aliasing effects which are
intradaced in the beginning of the chapter. This is followed by antialiasing filier reguirements
and basic concepts of over sampling and decimation are discussed. The basics of digital filtering,
types of digital filiers and their realization methods are also given. The concept of windowing
and various windowing methods are also addressed. A brief introduction to realisation of digital
filiers psing impulse invariance method and bilinear transformation are also discussed. Varicus
types of analog to digital converlers, voltage to frequency converters and digital rebalancing
technigues are aiso given. A few exampies as well as problems and sblutions are also given.

8.1

8.2

83

8.4

8.5

Given a coatinuous time signal x,(H) what is the minimum sampling rate required for
(2) x,(20 (b) x,(r) cos 3nBr ORENG)

[Avs:  (a) Zf,, (b) 2B, (¢) 3]

Determine the characteristics of the s plane to z plane mapping for the mapping function
given by
¢ = p- 2
R
Using bilinear transformation convert the analog fiter with system funciion
His)= s+l

st +s+25

into an 1R filter using 7 = §.01.

A digital filter has transfer function
P 1
H{z) = -+ -
1-0,3527 1-9252"
If this filter is designed using impulse invariant methed with 7, = 0.02 find the equivalant
transfer function of the analog filter. If this filter is designed using the bilinear transformation

with 7, = (.02 find the equivalent analog filter.

Design an FIR filter approximating the ideal response

1 for sZ
6

bid . A
H Q) =10 for — <<
FACe); p 12 P

1 for ~§<§Q}Sﬂ

{a) Determine the coefficient of a 20 tap filter using the rectanguiar window,
(b} Determine and plot the magnitude and phase characteristics.
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3.1 (a)

 x,{(f} is a band Himited signal and the minimum sampling frequency is f, then the
spectrum of x,{1) can be arbitrarily represented as given in Figure A1, The signal

x,(20) represents decimation of the signal in time. This canses the spectrum 1o expand
in freguency domain

Fx (F3 [ Fix 0 =228

//

fu F ~2f

fur

Figure AZ Figare A2

The minimum sampling frequency required is

=12
(b) Let y() = x,{f) cos 38t

}’(I} 2(} e}'_”ﬂgl + eja‘;’l‘fi’!)
In frequency domain this can be written as

= AL (52 (L2

This can be represented as

AN

_3B12 £ 3R fy
f,=3B2+f, £, =382~ f,

singe y{1) is a band pass signal the mimmum sampling rate is given by

. 2y N "
fg__kmax WheEkSi\jH }

iffH _ff_. =8 thﬁﬂ'fM =

2| by
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and A =
B B
or ';"'max = 2
21y 38 B
te LH o f =l = 2B
) 5 S 55
(©) x (0

Let ¥ty = x (0

In frequency domain

WY =200 % 2 () * x4F)

where ¥ denotes convolution operation.

el EXGNRPAGIREET
far fu Y e e B e Yy
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Thus the signal is bandiimited to a frequency 3fy,. Hence the minimum sampling

TEqUENCY s

[ =200 = 3G = 3,

where f, 1s the sampling rate required for x(z).

8.2 For the mapping function givea by 5 =

P+z72

s+ gt w1
g L-s

T l+s

2 1+

¢ 1—s
o i+
AT

substituting § = jo
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Multiplying by 1 + jw both numerator and denominator

o N _x/i—i—mz NI

Expressing as x + jy

i+ jw 1 . jw

i @
X = VT e
J1+ o i+ o
X =1

P =

T 5 /—/f\\
’ %

o

z=1Re (Z)

N

* The j® axis maps on to the perimeter of the circle of unit radius in z plane.
* Left half of 5 plane maps into the unit circle with centre at z = 0.
= Right half of the 5 plane maps into region outside the unit circle.

s+1

2.3 H(S) = e
s+ 5+ 23

Using bilinear transformation for T, = 0.01

2l -
HD=H() s = 211z - | = 200 1-z -
T A\l+z RS2
1 -z
200 Ty + 1
l+z _{z + D)f201z — 199]
1 - 1Y T 4257° ~ 3502 + 25
200 =5 +200) = {425
142 1+

L 2012° 422 - 199
425:% - 350z + 25
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The zesos are at 7; = 0.99, z, = ~1, Poles are at g = -0.745, 7, = 0.079

ymy byt bz 4 bz 1+ 0.000927 + 0.99z7%
Hn) gy ez +art 1- 082327 ¢ 005827

x(n}

()

84 Hin= — 2 4y L 7mom
1-035270 1 -0.2527

From Impulse Invariance Technique

k=n
iy T4
A = Z; P

Comparing with given F{(z)

H(Z) - Td Al 4+ -Td f‘iz
IR LTS
Tdé£=2 or Ai = }.{}{}, ?;tAgm 1 or AQZg{}
e = 035, €7 =025
5= 035/T, = ~52.35, s5,=1Wn 0257, = 653

The time domain response is given by

k=n
Wiy = 4, 3 &'

k=l
= A" + A,
= 100275 + 50677
Taking Laplace transform

106 . 50
s+ 525 5+692

H(s) =
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Bilinear transformation is given by

2 .i——z”}
& = -

I:;' I‘E‘Z“EJ
i

Z 1+

Tes 1=z

sTy+ 2t sty =2 - 277

Z__i 2 ’““'é?’d -
24 57y
B .2 + 55,
25T,
1
F{z) = 2 -

.%..
1-035:2" 102870

Hisy = H(z)

- = gm:f.gg_ B f"?) I Z-'i 1 -“‘ (\ (}
2457, 1+ 0.0
~ 2 1

+
;4351 001} _ 825( =00l
L+ 0015 [ +0.0ls
21+ 0.015) N 1+ 001

T {065+ 6.1355) (075 + 0.01255)

8.5 Design an FIR filter approximating the ideal response.

by
iforiw|s—
5

Hiw) = 0 for = < | @t <-§

ks
Por—<|wisz
2

(a) Determine the coefficient of a 20 tap filter using the rectangular window.

(b) Determine and piot the magnitude and phase characteristics.

[Hint: First the equivalent impulse response is calculated using

b = |7 H (/e d

which gives m‘is«m( )w 8in ( 3 )} form =0
n
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The 28 tap filter is given by
hMay=hgmy n=0,1,2,3,..19
z x
BA0) = }_‘ dop+ {6 dw+ ﬁda}
6 3
forns=0

3
Ay = %{ 5in (WA - sm(m‘f}
7 37

hinmy = m{zm

forn=1,2, 3

s

< 18

9
The frequency response of the FIR filter is given by H(@®) = . h(me ™" .

n=0
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Inertial Sensors

Traditionally, military market covering different types of aircrafts, missiles of different types,
aircrafl carrters, submarines and mobile armoured vehicles have been the dominant user of
navigation sysiems and inertial sensors, and they still continue to do s¢. From military aircrafts,
navigation systems had a natural penetration into civilian aircrafts with its worldwide wtility.
Besides such large-scale traditional users, there were some specific applications witnessed
over the previous few decades in sateliite launch vehicles, spacecrafis, interplanetary missions,
airbomne remote sensing and precision pointing of payloads.

Similarly, MEMS based inertial systems have found applications in certain aerospace
sectors where usage of waditional inertial systems would have been difficult due to their size
and environmental capability Hmitations. Application of MEMS is emerging in space in the
field of relative navigation. These applications cover autonomous inertial navigation as well as
integrated inertial navigation involving satellite navigation. Use of MEMS based ineriial sensors
in automobile is fast emerging and has been covered as it shows some interesting feature, A
new type of mertial system 18 emerging, although extremely limited in use, covers the use of
accelerometer only, no gyros, in configuring a navigation system. A few of these applications
wiil be discussed in the subsequent sections.

9.1 Inertial Navigation System for Satellite Launch Vehicles

inertial navigation system is in use in satellite launch vehicles for nearly four decades. A launch
vehicle normally follows closed loop guided irajectory to inject the satellite into the desired
orbit, such as an inclined orbit or a Geostationary Transfer Orbit {GTO) or a Sun Synchronous
Polar Orbit (35P0) or a navigation orbit. Table 9.1 shows some such spacecraft orbits,
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Table 9.3 Typical Orbits for Spacecraft

G50 ~36,000 ~36,000
GTO ~36,000 ~200
S5P0C 817 817 98.7

*Depends on launch latitude. GSG: Geostationary orbit,

These orbits aré shown in Figures 9.1 and 9.2,
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Figure 8,1  Transfer orbit and the final geostationary orbit.
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Figure 9.2 A sun synchronous polar orbitf.
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The closed loop guidance scheme needs information on vehicle position, velocity and
attitude in a continuous manner from lift-off till satellite injection so that the goidance scheme
can take appropriate action to correct the deviation of the vehicle trajectory from the desired
path and finally realise the intended orbit through appropriate action to cut-off vehicle thrust.

The actual orbit deviates from the desired one where the primary error coniribution is
from INS in an otherwise nominal mission, which implies that the vehicle deviation is within
the correctable capacity of the guidance, The INS accuracy for launch vehicle is specified in
terms of ervors at spacecraft injection comprising injection parameters such as altitude, velocity
and fiight path angle, which comprise three-dimensional specification. The errors al spacecraft
injection can be further propagated to provide the corresponding eitor in orbital parameters, such
as apogee, perigee and inclination. Cwrrently, operational mission requirements specify these
orbital ervors to lie typically within 150 km in apogee, 3 ki in perigee and 0.05° in inclination
for a GTO mission. Mission requirements stipulate that the INS should be accurate, should have
low mass and perform reliably. The need for these requirements will be explained further along
with some typical procedures followed fo realise these objectives. Location of INS in 2 satellite
faunch vehicle is shown in Figure 9.3

\

[iﬁ{s} L—-,. Spacecraft aren

gl Hquipment
bay

L\

Figure 9.3 Location of INS in the sateliite launch vehicle.

Spacecraft carry propulsion fuel for initial correction of the orbital errors and subsequently
for maintaining the orbit. For a geosynchronous spacecraft, the spacecraft carries additional
propuision fuel for taking the spacecraft to geosynchronous orbit from geosynchronous transfer
orbit; refer Figure 9.4, where the spacecraft is initially injected.
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(GTO—Spacecraft initial
GSG orhit

injection orbit)

— Apogee

T

Raiﬁe.d intermediate orbits
Figure 9.4  Spacecraft transfer from GTO to GSO.

With a better specified injection parameters, implying an accurate INS, correction fuet
needed in spacecrafl, to comect the initial orbital ervor, is less and the conseguent saving in
fuel mass can be utilised for increasing the revenue earning payload mass or for increasing
the Iife of the spacecraft. A low weight INS similarly increases the payload mass or can allow
the spacecraft to carry exira fuel for increased life where orbital e of modern spacecraft
is primarily governed by the fue! mass it carries. It may be noted that the INS is normally
iccated on the uppermost stage of the vehicle, often called equipment bay, which along with
the spacecraft attains orbital velocity and gets injected into the orbit. At a point of time, the
spacecraft is separated from the equipment bay by adding some velocity to the spacecraft,
Thus the INS mass adds ¢ the spacecraft mass (ill this separation from equipment bay. In a
multi-stage vehicle, the lower stages are jettisoned as the vehicle chimbs up, so the requirement
arises to locate the INS at the uppermost stage. Besides the benefits to spacecralt life and
payload mass, accuracy in INS, especially in initial level alignment, also provides safety to the
vehicle 16 clear the launch tower during vertical take-off keeping sufficient clearance from the
umbilical tower that is quite close. Ideally, the inertial sensors used in such missions should
have zero or negligible sensitivity to acceleration and vibration as these are quite significant
in these vehicles. Towards fulfilling these requirements, modemn solid state gyros, like ring
iaser gyre or hemisphgrical resonator gyro or fiber optic gyro, are found increasingly suitable.
When dynamically tuned gyro is used, extensive modeiling, calibration and compensation are
necessary to meet similar accuracy requirement, as this gyro has significant sensitivity to such
environments, Accelerometers are normally macro-sized torque to balance type but use of
vibrating beam accelerometers is also emerging.

IMNS outputs are used by gaidance, control, vehicle sequencing and telemetry as shown in
Figure 9.5, These are typical _ﬂutpﬁts and their use, but can change from mission to mission.
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Figure 8.5 INS ootputs and their use.

High reliability is needed as the cost of the mission is significantiy high and that the
performance is to be demonstraied uvnder vacuum, variable temperature, high vibration and
shock environment. Considering the simuitaneous requirements of accuracy and reliability,
a typical configuration for the INS quite ofien invokes in-flight sensor redundancy. This is
in addition to the use of mililary grade electronic components for reliability enhancement,
Reliability is also ensured by long hows and large number of days of pre flight-testing under
simulated launch environments to take cave of infant mortality failure regime. Additonally,
such long duration test provides data to be loaded for sensor error compensation and siatistical
data set for the sensor performance dispersions, which are then further vsed for predicting the
likely orbital errors. Such preflight prediction of orbital error is done either using Monte Carlo
simulation of by covariance simulation or sometimes by both the methods. IMNS meeting the
orbital accuracy and reliability criteria is only allowed to fly.

Initially, INS orthogonal body frame is aligned fo vehicle orthogonal body frame during
mounting of the INS on the equipment bay. Thereafter, the angular misalignment between the
INS orthogonal body frame and the navigation frame is established. While seif alignment is
a normal feature in such navigation systems for establishing misalignment angles, the mission
permits the use of optical azimuth alignment at launch pad in case the azimuth alignment
specification is too stringent for the gyros to ensure alignment specification through self
alignment process. Orbital errors show significant sensitivity to the alignment error and hence
the need for tight specification on alignment accuracy. Navigation frame typically uses Launch
Point Inertial (P frame or the more versatiie Earth Centred Tnertial (ECT) frame. Applicabie
spacecraft orbit and the launch vehicle trajectory constraints, determine the azimuth orientation
in the navigatiéa frame.

The resident navigation software in strapdown INS goes through detailed evaluation known
as hardware-in-loop simulation. The test bed permits simulation of vehicle trajectories, nominal
as well as dispersions in theni. Navigation software is normally configured to provide the
predicted spacecraft orbit using the trajeciory information available to it at satellite injection.
In the absence of any other information, this information becomes extremely important as the
injection information is requiréd by the tracking ground stations to lock onto the spacecraft after
injection into orbit. Later on, when the precise orbit is available from ground tracking of the
spacecraft, determination of INS error becomes a possibility and this is then further used for
comparison with the pre flight prediction. Calibration of sensor parameters at launch pad and
update of selected coefficients, if needed, are the features built into the system.
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9,2 Inertial Systems for Spacecraft

inertial systems for spacecraft are normally configured as Inertal Attitnde Reference System
(1ARS). It should be noted that spacecrafts are normally equipped with other types of attitude
reference systermns such as sun sengor, star sensor and earth sensor systems. Since orbiting
spacecrafts ave in freefall conditon, INS cannot be used to compute its position. Spacecraft
position is obtained by ground tracking and for lower earth orbils below the navigation satellite
orbif, a satellite navigation receiver onboard the spacecraft can compuie and transmit the
spacecrafll position. Requirements on IARS vary {0 some extent depending on the type of
spacecraft orbit. Two dominant orbits in use are the Geostationary Orbit (GS0) and the Sun
Synchronous Polar Orbit (58P0, where the former orbit is cireuldy over the eguator at an
aititude of nearly 36,000 km from earth, while the later orbit is also circular and nearly over the
poles at typical aftitades from 500 km to 1000 km. Typical functional requirements of IARS, at
different phases of orbit, are described in the subseguent paragraphs.

in a typical GTO Injection scenario, the vehicle initially injects a GSO spacecraft into a
GTO oibit, refer Figure 9.4, with a typical perigee aititude of around 200 fom along with the
required apogee altitude of 36,000 km and at an inclination, which primarily depends on launch
site latitude and secondarily, on a few more trajectory related parameters.

Once the spacecraft is separated from the vehicle, the propulsion system in the spacecraft
raises the perigee altitude to nearly 36,000 km and also corrects the inclination so that it is
brought to near zero. This 15 realised by a series of spacecraft thruster firings at the apogee poing
with precise spacecraft orientation needed to add the increraenial velocity eorrectiv. Inaccurate
pointing of spacecraft attitude, doring this phase of operation, leads o increased consumption
of fuel; which in tum reduces spacecraft life. Determination of the inifial spacecraft attitude
and subsequent holding of the spacecraft in the desired orientation during the thrusier firing,
are executed with the tow dnift inertial reference provided by the IARS. Typical requirement on
these two parameters can be as follows:

Initial attitude determination error 1 < 0.05°
Attitude drift : < 0.05%h

Additionally, the attitude data update rate in JARS is much faster and smoother compared to the
other attitude reference sensor packages like earth sensor and sun sensor which are aiso availabie
in the spacecraft. Use of IARS facilitates better closed loop control of spacecrafli orientation
during the thruster firing operation or during any subsequent payload operation phase,

To ensure accurate determination of the initial spacecraft attitude, the gyro drifts are
calibrated in orbif using troe attitude informations available from sarth sensor and for sun sensor
packages. Since nature of signals from the gyro and the sun sensor are complementary, Kalman
filter is used onboard to accurately estithate gyro drift and subsequently the drift compensation is
updated pricr to the orbit raising thruster firing operations. This indicates that the IARS should
be configured {0 provide for these periodic drift update operations.

Velocity increment measurement is often made real time during the thruster firing operation
to know the current status of the orbit being raised. This measurement requires an accelerometer
package that direcily outputs incremental velocity at a prefixed update interval. An accurate
accelerometer with dlg}tal ouiput often reduces the need for raised orbit determination using
ground tmckmg which inveives considerable observation time.
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Once the spacecraft is parked at its intended GBO orbital slot, the subsequent correction
is infrequent and primarily for north—south station keeping. In between, these operations, the
mertial system can be switched OFF to conserve spacecraft power, and if the gyro is rotating
wheel based, the switch OFF increases the gyro life.

Modern communication satellites, which are the dominant user of geostationary orbit, are
expected 1o have operational life from 160 years o 15 years, and this requirement needs that the
IARS is configured with redundant gyros along with electronics to avoid single point failure.
This is in addition to the use of military grade radistion hardened electronic components for
the gyro electronics. Space environment is not conducive to electronic components, and they
need 1o be qualified with total radiation doze before they can be used. Redundancy management
for spacecraft inertial system is not always configured like in-flight active mode as in launch
vehicle. Typical macro-sized gyros in use are HRG, DTG and [FOG.

Spacecrafts in sun synchronous polar orbits are directly injected at the intended orbit by
the launch vehicle. These orbits are primazily useful for remote sensing spacecrafts which are
to take clear and high-resolution pictures of the targeis on earih using cameras. The picture
quality requirement imposes accurate performance specification on the IARS for pointing and
for providing spacecraft attitude control with very low jitter during the imaging operation. A
typical performance can be expressed as:

Astitnde deternunation @ < 0.05°
Moise Do< 2.04%h (tms)
Attitude drift < 9.2%h

Periodically and prior to imaging operation, the gyro drifts are calibrated with atiitude
sensor packages such as earth sensor or digital sun sensor or star sensor and the drifts are
updated, if found necessary. Kalman filters are used during gyro drift cabibration process.
Since ihe imaging operations are frequent, gyros are always kept ON. Use of gyro data has
demonstrated extremely fow jitter spacecraft control for imaging operation in comparison with
other types of attitude sensors. The spacecraft life is expected 1o be greater than 7 years, which
means that gyro redundancy is needed as in a GEO spacecraft.

An extension to such gyro based accuraie payload pointing for spacecraft is seen in the
case of Hubble telescope which is required to be pointing to sky with very high accuracy and
very low jitter. Class of gyros which are typically used for the spacecraft operations discussed
earlier, is shown in Table 9.2

Table 2.2  Typical Gyro Accuracy Specification for Spacecrafts

Precision telescope/payload pointing High accuracy (< 0.001% N )
Orbit control and mission operations Medium accuracy (< 0.01% I

Orbit transter Low to medium {~0.05% JI; )

9.3 Accelerometer based INS

Conventionally, both gyros and accelerometers are needed in an inertial navigation system where
gyros provide inertial rotation information, while the accelerorueters provide measurement of
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specific Torce. In an all accelerometer based INS, inertial rotation as well as specific force
measurements are carried out wsing accelerometers oniy.

Earlier, a feasibility analysis of afl accelerometer based Inertial Measurement Unit (IMD)
in the navigation of spin stabilised artillery projectiles was reported by [Harking, 19941 The
requirements of high spin rate and compace IMAJ size, were not found suitable to the gyro
technology available at that titne, nearly two decades ago. Recently [Kasevich, 2002} reported
the development of all accelerometer based INS using cold atom accelerometer. The principle
and features of such INS 15 discussed further,

9.3.1 Measurement of Angular Rate with Accelerometer

There are two approaches to measuring angular rate with accelerometers: The first approach
measures the centrifugal force, whereas the second approach measures the tangential acceleration
when the proof mass is acted on by angular acceleration.

in the first approach, Figure 9.6 shows the scheme of measuring angular rate @, using
two single axis accelerometers A, and A, with their input axes 180" from each other and
along Y-axis. The distance from the axis of rotation to the centre of accelerometer proof mass
is assumed 1o be r for both the accelerometers. The cutputs of the two accelerometors with
wdentical bias can be written as follows:

4{y= 03_,3?‘ + Biag

A{yy= 592 {(~7) + Bias ($.1)
Taking a difference, we get:
iAd(vy— 4
Ty 2r
7z
Axis of rolation i
a, ,:/
Input axis : »L'h};mt axis
«Aﬁg O W) ;
; |
H i
r 7
| | | %
Ay mounted 180° from A, X, Y, Z: Orthogonal co-ordinate frame

Figure 9.6 Angular rate measurement using two accelerometers.

The difference operation improves measurement sensitivity and eliminates some common
mode errors like bias in the accelerometers. However, it will be noted that the scheme fails
to provide the polarity of applied rate, and this has led to the formulation based on angular
acceleration, which is the second scheme. This scheme is shown in Figure 9.7 with one
accelerometer A, whose output is given by

Ay = o, r 9.3)

where G): is the angular acceleration as measured by the linear accelerometer A5{x).
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Figure 9.7  Apgular acceleration measurement with one accelerometer.

The integration of accelerometer output then provides polarity sensitive angular rate,

9.3.2 Al Accelerometer based Navigation Confipuration

Combination of both the schemes, just described earlier, provides considerable algorithmic
flexibility in the extraction of angular rate and linear acceleration. Utilising this concept and
out of several schemes for an all accelerometer INS, Figure 9.8 shows a typical scherme, where
the configuration with nine single axis accelerometers distributed over six locations where each
box is a location, can provide sirultaneous determination of specific force, angular acceleration
and angular rates.

Figure 9.8 A nine-accelerometer configuration for an all accelerometer INS,

Angular rate accuracy as obtained from integration of angular acceleration is found o be
dependent on accelerometer resolution and accuracy. These errors in tumn will contribute to
infegrated angular rate to have time dependent drift as against extracted rate from Eq. (8.2).
Combining both the information provide improved rate estimation.

The scheme has gone through further development and a more recent version uses three
orthogonally mounted single-axis accelerometers at each of the four box type locations. The
twelve accelerometers based autonomous INS scheme is shown in Figure 9.9, Additional sensors
in the scheme provide redundancy for antonomous FDI also improvement in accuracy.
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Figure 9.9  Twelve accelerometers based antonomous and redundant INS configoration.

However, replacing gyros with accelerometers is not an easy proposition unless compelling
reasons for such choice exist. Some such pros amd cons are listed below,

{a) Angular rate needed is too high and which cannot be met by the available gyros, e.g.
experienced in a rol stabilised vehicle configuration. This situation than provides a
basis for choosing accelerometer for vate measurement.

{b) 3ince lever arm distance 13 important for improvement in rate exiraction accuracy, such
a system is feasible where adsquate space is available such as in locomotive.

{c) The presence of lever arm means that the system be compensated for size effect,

{dy Cost of accelerometers, macro or micro, I8 considerably less than gyros. In emerging
commercial applications, especially with MEMS, cost is a driving facior where such
schemes may be considered.

9.4 MEMS based Inertial Systems

Currently, MEMS based inertial systems are able to fultill the requirements in some serospace
systems where similar inertial systems, configured with macro-sized sensors, would have been
totally unsuitable. One typical application, where MEMSE technology has been found to be
suitable due to its low mass, micro size and lower cost but high reliability, is in the area of Gun
launch and guide advanced projectile weapon.

In this scheme, a projectile is launched from the barrel of a gun to hit a target. The projectile
is designed with the shape of a miniaturised rocket carrying munition with its own propulsion,
steering, navigation and guidance. It is required to guide the munition using the INS after the
launch of the projectile. Typical requirements for execution of such a mission are:

1. The INS to be electrically power OFF condition at the time of firing (launching) the
projectile. This means that the pre launch alignment of INS is of no use.
2. INS has to withstand the launch shock of more than 16,000 g.
Subsequent 1o launch, the flight time is typically less than 60 s.
4, During this short time, INS is (o be powered ON, to go through in-flight alignment, put
into flight mode and provide accurate navigation information for the steering program.

1
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3. Bpace available for the INS is extremely small.

6. The cost is low.

iKubn, 2805] has done analvsis of such demanding requirements and provides some
interesting aspect of inertal sysiem design requirements.

» Space is too small and lasunch shock oo high for use of macro inertial sensors leading
to cholee of MEMS, which has a very high shock withstandability due to #is method of
fabrication,

«  Since current MEMS based sensor cannot provide autonomous navigation performance,
integration with GPS becomes a necessiiy.

s Inertizl sensors cannot be calibraied prior fo lannch as the launch shock will most hkely
alter the parameter. The solution les in in-fight calibration in 2 short time of less than
twenty seconds during a phase called ballistic ascent.

= Initial alignment prior o launch is not possible due to power shut down during launch
requiring in-flight alignment within a similar short time.

= HRoll rates can become very high requiring gyros with high rate capability.

= Short flignt doration along with high projectile dynamics require a tight coupling with
75 and use of exiended Kalman filter scheme.

A view of the location of MEMS based IMU with integrated GPS for gun launched and
guided projectile is shown in Figure 9.10. This application poinis {0 extreme environmental
capability of MEMS based inertial sensors due to highly successful bulk fabrication process
emnpioyed in their manufacture. The application is also an indication of successful use of
mtegrated inertial navigation under tight coupling mode of operation, and a bost of such
aerospace usages are expected to emerge with MEMSE based ineriial systems.

Rﬁﬁkef motor MU with G?? location

: }

| =
7

Figure 218  Location of MEMS based INS for gun lavnched and guided pmjestilé.

9.5 Spaceborne Relative Navigation

Relative navigation i Used in schemes where two vehicles are in relative motion with each
other and where the motion and the position of one vehicle relative 1o the other are required
to be known. Landing of aircraft on an aircrafi carrier that is moving on sea or the mid air
refueling of one airoraft with.the help of another aircraft or the docking of spacecraft with the
International Space Station (ISS), are some of the examples of relative navigation. In general
terms, the bodies in relative motion with respect to each other, are identified as the Targer and
the Chaser. In the example of docking of spacecraft with I35, the space station is the Target,
while' the approaching spacecraft is the Chaser. There are schemes where the instrumented
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relative navigation is assisted by a mar in the loop, either in the Targer or in the Chaser or
in both. Docking with 153 is an example of such assisted scheme where there are men in the
ipop in both.

In spaceborne application, it can be said that inertial velative navigation is the process of
determining position, velocily and direction of a target spacecrail relative io those of an active,
chaser spacecraft. Taking the chaser spacecraft towards the target is the job of guidance and
controf.

There are new and emerging applications in space where such relative navigaton schemes
are needed where man in the loop is not possible. A typical scheme is described in the subseguent

section. -

2.5.% Inertial Relative Wavigation for Usmanned Spacecrafts

A relative pavigation scheme is described where one unmanned spacecrafl, the chaser, intends
to move closer o another unmanned spacecraft, the target. The configuration of the chaser that
is required to propel itself towards the target spacecraft, is shown in Figure .11,

The chaser spacecraft is equivped with a MEMS inertial sensor based INS along with 2 host
of other sensors, whose functions are described further.

Chaser spacecraft configuration

&[NS
@ Stay racker

Target spacecraft

= Imaging sensor

& Laser range finder
»GPS

+ Kalman filter

a Rate gvros

= Thrusters

Figure 831  Chaser spacecraft configuration fo approach a target.

_The imaging sensor and the laser range finder provide angle and relative range measurements
between the chaser and the target. The state vector of the Kalman filier consisis of inertial
position and velocity 'Qf the targel spacecraft governed by a high-fidelity nonlinear orbital
dynamics model, and a model of the navigation errors of the chaser spacecraft arising from the
iNS. The estimation error covariance matrix, on the other hand, is formulated in terms of the
estimation ervors in the relative position and velocity of the farget spacecrafi, consistent with
the relative measurements from the fmaging _'smfss{}r and the range finder. Inertial attitude for
pointing the imaging sensor at the target spacecraft and inertial rate commands for wacking it,
are determined using the inertial relative position and velocity estimates of the target spacecraft.
Inertial attitude of the chaser spacecraft is estimated by the INS. An auxiliary steady-state three-
axis attitude estimator Bends optimally the gyro and the star tracker attitude measurements,

- Reaciion wheels are used to rotate the spacecraft to realise the desired pointing to the target.
Similarly, thrusters are used to move chaser spacecraft fowards the target nsing appropriate olide
siope guidance scheme.
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Typical emerging space applications on relative navigation [Bauer ef al,, 1998] encompass
unmanned readezvous, repair of disabled spacecrafts, inspection of unfriendly satellites,
protection of high valued spacecrafts and station keeping of a cluster of sateliites in formation.

9.6 MEMS based Inertial Sensors in Autonmobiles

Use of inertial sensors in antomobiles was not an economically viable proposition not long age.
But the advent of MEMS based inertial sensors is changing that scemario with ever increasing
varieties of functions being witmessed in today’s automobiles. The functions, which are witnessed
til} recent past, can be categorised as follows [Weinberg, 2002].

(i) Safery

{il) Mavigation and

{iil) Securify.

Amongst the above three listed functions, safeiy systems have been the prime mover in
spreading the use of micro inertial sensors in automobiles where, currently, three sysiems are
seen as follows:

s {rash sensing

= Vehicle dynamic conirol

= Roll over detection

9.6.1 Crash Sensing

Crash sensing has been the earliest system to get deploved and is the most widely used
safety system in automobiles. Figure 9,12 shows a typical crash detection sysiem where two
accelerometers A, and A,, are used simultaneously to detect a crash by delecting abrupt change
{retardation) of the velocity. Two numbers of accelerometers are shown from the redundancy
point of view, but such configuration depends on the price of the automobile. A typical crash-
sensing requirement stipulates that a confirmed detection of crash is to be made within 20 ms.
Yarious signal processing schemes are employed to detect the crash but avoid false ajarms which
can Jead to unimtended deployment of airbags. {n order to reduce the probability of unintended
deployment, vartous processing schemes have emeiged. fo one such processing scheme, the
signatures of typical crashes are also loaded in the computer for making a proper decision. The
accelerometer range is around 100 g with bandwidth greater than | kHz. Inherent noise in high
bandwidih micro accelerometer output needs to be tackled through signal processing. The output
of the signal processing electronics is connected to the driver circuil, which in turn, fires the
squib € deploy the airbag. From the crash detection and confirmation of decision, the airbag
needs to be deploved within 30 ms.

Accelerometer A Signal Driver

Aceelerometer 4, Processing cireuit

To squib

Figure .12  Automobile crash detection system.



Application of Navigation and Inertial Sensors 283

All these indicate fast response along with high reliability, in the whole of crash sensing
system even though the accelerometer accuracy is low. The number of such detection cum
deployment systern depends on the number of occupants in the car {o be protected. Typical
airbag locations for a car with four-occupant protection are shown in Figure 2.13. Mostly, these
accelerometers are open loop but often these are configured with a forcer for seif-test purpose.

4 YVehicle lateral axis

IU—
Air bag :
Roll over yy
detection ® Ly
b @ Az
2o Air bag
_ 24,
v 4, ea I l—x
* G, : Vehicle
roll axis
Antitheft
15 # Ax GAN e
L SR - O e A —
S . Parking
SNS | 1 brake
Air bag
Ay
SHM8: Satellite navigation system

ES : Inertial system

Figure .13  Distributed inertial sensors in automobiles.

2.6.2 Vehicle Dynamic Control

Yehicle Dynamic Control (VX)) system helps the driver to regain control of the vehicle when
it starts to skid. VIC system consists of a single axis gyro, called yaw gyro, a low acceleration
range lateral accelerometer (refer Figure 9.13) and wheel speed sensors at each wheel. The wheel
speed data 1s used to compute and predict a safe yaw rate of iurn for the vehicle. If the gyro
{,) measured yaw rate exceeds from this predicted safe value or if the lateral accelerometer
(A,) detects sliding motion, single wheel braking or torgue reduction is automatically activated
to put the car back on the road line.

Currently, quartz vibrating tuning fork gyro or a silicon gyro is used for such application.
These micro gyros, coming under the category of Coriohis Vibrating Gyro (CVG), are sensitive
to road surface related vibration to appear as rate noise. Separating such noise from actual signal
18 a difficult design problem. As a result false alarm or missed detection can happen. Efforis are
underway to design gyros with more noise immunity and improved signal processing.
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2.6.3 Roll Over Detection

A roll over detection system, on detecting a possible roll over, passes information to the airbag
deployment system to deploy the side airbags to protect the occupanis. Vehicles, with higher
centre of gravity, have greater roll over possibility. The roil over detection system uses a gyro
along the vehicle roll axis {(refer Figure 9.13) along with an accelerometer (4,) along the vertical
{yaw} vehicle axis. Depending on the type of system configuration, typically dats from a fow
range lateral accelerometer (A} 15 also nsed o detect Tateral sliding or hitting, The gyro detects
the roil rate as well as the integrated roll angle, but these two may not be sufficient to predict a
roll over when travelling over a banked curve where large roll angle can raise a false alarm. The
vertical accelerometer data is used to assess the presence of such Banked curve. The gyro rate
range is usually higher than that needed in VDC systern requiring excellent tolerance to impact
shock, as quite often, roll over takes place afler hitting another vehicle or a siationary object.

89.6.4 UHavigation

Availability of two-dimensional navigadon facility in 2 car is of recent origin and currently it
is found in the higher priced segment of antomobiles. A sateliite navigation system, such as
GFS, constitutes the core of an automoebile navigation system, but such GPS, currently, does not
provide direction of travel known as heading information. Also, GPS signal blackout or drop
in strength is possible inside a tunnel or in the proximity of tail buildings. So, quite often GPS
data is used along with an Inertial System (I8} consisting of two accelerometers, A, and A, and
one veriical gyro G, Initial vehicle direction is set up using a magnetic compass to which the
gyro mertial reference is indtialised. Subsequently, the gyvo can provide divection of travel, also
catled vehicle attitude, information. A periodic update of gyro derived direction information is
obtained through the use of map. In the absence of GPS data, accelerometer data is used for
navigation in a dead reckoning mode where the velocity error can be periodically reset. Both
the acceleremeters are of low acceleration range.

Securily is a typical emerging function, where a low range accelerometer (4,) is used tw
assist an automated parking brake system, especially useful while parking on a slope, where the
accelerometer data s used in calculating the brake force necessary.

Similarly, another system against vehicle theft has emerged which can raise alarm in the
event a vehicle is stolen by towing it with another vehicle. Here, a low range accelerometer
is used to sémsé the tilt during the towing operation, The parking accelerometer can do this
fupction also.

Tn Figure 9.13, it is seen that the inertial sensors are distributed and catering for specific
functions as described above. A more elegant and cost effective scheme may emerge in the
shape of a three-axis IMU, which can do similar functions and expand the inertial system usage
in automobiles to include integrated navigation in the near future,
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The applications, described in this chapter, have highlighted the current divessity of usage
and some of their emerging scenario with particular relevance to aerospace. While standaione
srecision inertial navigation aerospace continues, gradual emergence and nsage of cost effective
satellite integrated inertial navigation are becoming quite noticeable. MEMS based inertial
systems with their low cost and lower size yei offeving high reliability, are extending the
application horizon where traditional inertial sensors would have been technically unsuitable.

Bauer, Frank H., Hartman, ¥., and Lightsey, EG.. Spaceborne GES—Current Status and Future
Visions, IEFE Aerospace Conference, 3, pp. 195-208, USA, 1998,

Harkins, Thomas H., Assessing the Feasibility of Accelerometer—Only Inertial Measurement
Units for Artillery Projecriles, ULS, Army Research Laboratory, June 18964,

Kasevich, Mark, Science and Technology Prespect for Ultra Cold Arom, Stanford University,
CAMOSE, November 2002,

Kuhn, T., In Flight Inirialisavion and Alignment of Launched Ammunitions, Symposium Gyro
Technology, Stuttgart, Germany, 2005,

Weinberg, H., MEMs Sensors are Driving the Automerive Industry, Sensors, February 2002






Appendix A

Laser Principle and Basic

Characteristics for Gyro

Laser Operation

The laser is an optical oscillator. The word laser is an acronym for ‘light ampiification by
stimulated emission of radiation’. This indicates that to make a laser, it is necessary to generate
stimulated radiation at the expense of spontanecus emission. An ordinary peon light emits
photons that are categorised as spontancous emission and the transformation of this wave to
stimulated emission, originally attributed to Einstein, converts it to laser.

Stimulated emission takes place when a photon encounters an excited atom and forces it to
emit another photon of the same frequency, in the same direction and in the same phase. The
photons go-off as coherent radiation. Thus coherency is an gssential feature of laser light beams
and the process is briefly described in the next pavagraph.

In the absence of external radiation, the ratio of the number of excited atoms ny to the
namber of unexcited atoms ng is very low. Now, if a radiation of frequency f that corresponds
with the energy difference £ is sent through the cell, it increases the ratio ng/ng. By increasing
the radiation if a condition can be created, known as population inversion, the rate of energy
radiation by stimulated emission may exceed the raie of absorption. The system then acts as
a source of radiation with photon energy E. Since the photons are the result of stimulated
emission, they all have same frequency, phase, polarisation and direction. The resulting radiation
is thus extremely coherent as compared o the light from neon where the emissions from the
atoms are not co-ordinated.

In a helium-neon gas laser, the population inversion is achieved by sealing the appropriate gas
mixture in a partiaily evacuated tube that is provided with electrodes, Application of sufficiently
high voltage between the electrodes then creates the condition for stimulated emission. To create

287
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the population inversion, which means laser transition in neon, mixing of neon with helium is
necessary because in this condition helium atoins get excited and pass energy (o the neon atoms.
A gas laser is thus a coherent light source. The degree of coherence, high or low, depends on
the length of time for which the phase is continuous.

Coherence

Coherenice is an important property in laser useful to ring laser gyro to provide optimum
performance, '

(Coherance is a measure of the ability of a light source to produce high contrast intesference
fringes when the light is interfered with itself in an interferometer. On the other extreme, a non-
coherent Tight such as ordinary lght will not provide visible fringes. Normally, the interference
pattern occurs when the light beam is divided and then recombined with phase difference
between the two paths. One method of creating the phase shifi is by introducing difference in
the path length waversed by the two beams. However, to ensure that path length difference alone
produces visible interference, it is guite important that the lght beam frequency is stable and
coherency is the property of the laser lighi that gives the stability.

There are two types of coherence—temporal and spatial. Temporal coherence describes the
corrslation or predictable relationship belween waves observed at different moments in time.
Spatial coherence describes the correlation between waves at different points in space. Temporal
coherence is quantified by the expression:

i.o=ct

_ < ¢
where
. = coherence time
¢ = light Velsciiy
L, = ¢oherence length
7, can be defined as the time duration for which the phase of the taser wave is siable.

Linear Resonator and Laser Modes

The optical waves within an optical resonant cavity are characterised by their resonant modes,
which are discrete resonant conditions governed by the dimensions of the cavity. The laser beam
radiated from the laser cavity is thus not arbitrary. Only the waves oscillating at modes that
match the oscillation modes of the faser cavity can be produced. The occumrence of longitadinal
modes is explained with a two-mirror Fabry—Perot resonator, also known as lnear resonator,

When a laser gain medium is inserted in a Fabry—Perot cavity with mirrors located at the
two ends, as shown in Figure A.1, modes in the form of standing wave patterns buiid up in
the cavity which are equally spaced in frequency. Various standing waves, each of a different
frequency, are known as longitudinal modes. These are called longitudinal as these modes are
associated with longitudinal direction of the light waves within the cavity.
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Figure A3 Two-mirror Fabry—Perot resonator.

Two conditions are needed to be satisfied for the resonator longitudinal modes 1o develop.

() The gain provided by the gain medium exceeds the iosses in the cavity at that frequency.
The losses are due to scattering, absorption or wrong velociv.

(il There exists an integral value m such that the specific freguency is satisfied by the

relation L = mA/Z, where A is wavelength and Z is the cavity length,

The longitudinal mode aumber will be very high for typical L and A. But the actual namber
of longitudinal mode in the laser output can be visualised when the gain curve is superimposed
as described further. The gain curve, resembling a Gaussian pattern, is shown in Figure A2, &
is a typical plot of cuiput light Intensity or power againsi freguency where cavity loss is shown
as consiang in the frequency band.

Intensity

Laser gain profile
-

N

/ AN

-

-

% Cavity losses
Frequency

Figure A2 Laser gain curve showing the loss.

Figure A.3 shows .Eﬁﬂgitudinai modes in a cavity with frequency separation given by of2L

where ¢ is the light velocity. |
===
ﬂ ﬂ L

e FERQRENCY
Figure A3 Typical longitudinal modes in a cavity.
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Figure A.4 shows the modes in the output power when the gain curve is superimposed to
show number of modes will be only four that actually fit in the gain curve and the comesponding
power associated with each mode.

For a 25-cm length Fabry--Perot resonator, frequency separation is computed as:

ax 108

2x0.25

With four number supporting longitudinal modes as shown in Figure A 4.
Possible gain bandwidth = 3 x 0.6 = 1.8 GHz

= % }{}8 Hz = 3.6 GHz

#

Intensity

|

Gain curve
rd

3 Cavity losses

Frequency

Figure 4.4 Longitudina! modes in the output power.

Ring Resonator

In contrast with the linear resonator, in a ring laser resonator, the CCW wave and the CW
wave circulate due o the reflection of the suitably positioned mirrors and can have different
amplitude and frequency of oscillation and so ne standing wave modes. To achieve the ring
resonator, minimum of three suitably positioned mirtors are necessary. In a gyro, the ring cavity
is tuned to have only one longitudinal mode to align with the maximum intensity point of the
gain curve shown in Figure 3.22 i{n Chapter 3. Demenstration of Sagnac effect is possible in
ring configuration and to optimise the performance as a Sagnac effect gyro, such resonator has
to eliminate quite a few errors through accurate understanding of the resonator error mechanism.

Langmuir flow

in active laser media, neuwtral atoms along the centre of the discharge move toward the cathode,
while the atorns mnear the walls move toward the anode. Since the lasing light is concentrated
in the centre of the tube, so it passes throngh the gas mixture flowing towards the cathode.
Two counter propagating beams see opposite motion for the lasing medium and hence different
index of refraction. This gas flow has been characterised as Langmuir flow that leads to Fresnel
drag, which is a source of bias. This drag effect is compensated by providing two anodes with
opposite polarities.

Mode competition between the Seams

Electrons within the gas are accelerated and excite helium atems, which in turn popuiate
metastable He energy levels. Some of this energy is transferred by atom collision to Ne atoms,
which populate energy levels having excitation energy similar to that of metastable He energy
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levels. Hxcited Me atoms radiatively decay to lower Ne energy states generating OW and CCW
optical beams. T'o ensure that the resonant modes co-exist in the active cavity and have the same
optical power level, the mode competition between them must be avoided.

A gain competition between the counter propagating beams is seen in He--Ne gas resonator
when only one Me isolone is presenti. In order (o avoid the gain competition in & He-MNe
transition with typical wavelength of .633 um, a combination Me,y, and Nes, isctopes in equal
proportion 1s used.

Mario, M. Armenia, Caterina, Ciminelli, Francesco, Dello’Ho, and Vittoria, M. Passaro, Advances
" in Gyroscope Technologies, Springer-Verlag, Berlin Heidelberg, 2010,

. Sears, Francis W., Zemansky, Marc W., and Young, Hugh 5., University Physics, indian
Student Edition, Marosa Publishing House, New Delhi, 1992,

Silvast, William T., Laser Fundamentals, 208 ed., Cambridge University Press, Mew York,
USA, 2003,



Appendix B

Fibre-Optics Features and
Basic Characteristics

The fibre-optics features and characieristics are brought out keeping in mind the use in an
interferometric gyro.

An optical fibre is a flexible, transparent fibre made of glass {silica), slightly thicker than a
human hair. It funciions as a waveguide or light pipe to transmit light between the twe ends of
the fibre. Optical fibres typically include a transparent core susrounded by a transparent cladding
material with a lower index of refraction. Light is kept in the core by toial internal reflection.
This causes the fibre to act as a waveguide. Figure B.1 shows a plane interface formed between
two media of refractive indices n; and n,. The incident light travelling in a medium of refractive
index ny and making an angle &, to the normal is partly refracted alsc into the medium with
refractive index n, and making angle £, with the normal as shown. Saell’s law defines the
relaiionsiip between the angles and the indices given by:

ny sin 6y =, sin &,

When the angle of incidence 8, is such that 8, is 90°, then, this incident angle is called eritical
angle, and any further increase in 8, will make the incident light totally reflected.

Refracted light
Reflected light
T
)
A
Incident light
ny o Fiy

Figure B.1  Tlustration of refraction of light.

302
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This effect is nsed in optical fibres 1o confine light in the core. Light travels through the fibre
core, bouncing back and forth off the boundary between the core and the cladding as shown in
Figure B.Z. The angle of incidence at the core-cladding interface remains same.

Air
Cladding p = n,
_________ | Cylindrical
Adrma=ny : axis of core
. . Cladding n= ”2/ \
Light ray entering - '
core from air Alr Angle of  Angle of

incidence  reflection

®

iy >Ry

Light is propagated by
total internal reﬂec_tion

Figare B2 Ilustration of light propagation in fibre-opiic cable.

In the case of bent fibre, as in the case of gyro coil, the same total internal reffaction takes
place. But in this case, the angle of incidence at the core—cladding interface changes, and this
leads to a possibility of the incident angle falling below the critical angle which allows loss of
Hight due to refraction. Sharp bends and kinks in the fibre lead to such loss. The typical refractive
index value for the cladding material of an optical Bbre is 1.52, and for the cove, the value is
typically 1.62. The most widely used material is silica.

Single Mode and Multimode Fibre

The feature of light propagation in the fibre core should be such that the phases of the reflecied
rays reinforce each other, so that the phase difference must be multiples of 2# There are
incident angles which allow the rays ic propagate, but they may be having different modes.
if the fibre size and index of refraction are appropriate, then it is possible to allow only one
mode at a particular wavelength io propagate. Such a fibre is called single mode with typteal
core diameter between 8 um-10 pm and clad diameter of around 125 pm. This type of optical
fibre has been found suitable for gyro. Multimode mode fibre, on the other hand, support many
spatial modes of light propagation each with its own modal velocity. Coupling between these
modes through light scattering creates non-reciprocity, which is a source of emror in the gyro.
Multimode mode fibres are bigger, typically the core diameter is around 50 pm.

Polarisation-maintaining Fibre

Polarisation-maintaining fibre is a specialty optical fibre with strong built-in birefringence,
preserving the properly oriented linear polarisation of an input beam. The word polarisation for
laser light is dealf in many books [Ghatak and Thyagaragan, 199%] which describe linearly
polarised light, circularly and elfipticaily polarised Bight waves and their characteristics and can
be referred for further insight. The word birefringence is the phenomenon of double rafraction,
or the polarisation dependence of the refractive index in a medinm.
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Optical fibres always exhibit some degree of birefringence, even if they have a circularly
symmetric design, because in practice there is always some amount of mechauical stress or
other effect which breaks the symmetry. As a consequence, the polarisation of light propagating
in the fibre gradually changes in an uncontrolled (and wavelength-dependent) way, which also
depends on any bending of the fibre and on its temperature.

This problem can be fixed by using a polarisation-mainiaining fibre, which is not a fibre
without birefringence, but on the contrary a fibre with a strong built-in birefringence {high-
birefringence PM fibre). Provided that the polarisation of light laonched into the fibre 1s aligned
with one of the birefringent axes, this polarisation state wiil be preserved even if the fibre is beal.

Attenuation in fibre-optics, also known as transmission loss, is the reduction in intensity
of the light beam (or signal) with respect to distance traveled throligh a transmission medium.
Attenuation coefficients in fibre-optics usually use units of dB/km through the medium dee o
the relatively high quality of transparency of modern optical transmission media. Research has
shown that attenuation in optical fibre is cansed primasily by both scattering and absorption.
Typical loss figure is around 0.2 dB/km at 1.55 pym wavelength of laser.

G’natééq, Ajay, and Thyég&ragzm, K.. fntroduction to Fiber Optics, Cambridge University Press,
First South Asian Edition. New Delhi, 1999,



Appendix C

The term Quality factor, normally abbreviated as (-factor, is an important parameter in the
design and operation of modemn inertial sensors and has appeared in the description of gyros,
accelerometers and MEMS based inertial sensors. The derivation and interpretation of {-factor,
especially when the O is extremely high, is presented here.

In an RLC circuit, the characteristic equation for a damped linear osciliator can be written
as: .

2. .

f«@%%}ég—'?-qtimf; €.
di dr L
in the case of less than critical damping and assuming an initial charge 4 on the capacitor, the
solution is given by

L

2
) . 1
g = R PN shere ;= Jzﬂﬁ €2

In the absence of the damping, the resonant frequency of the circuit is:
1
2
g {3
T Ic
Since ( is qualitatively defined as a measure of energy ioss in the circuit, ) is given by the
relation:

L
g= e (C.4)
Using this defined relation of ¢ and putting in the eguation for @, we have:
2
@y = ay il (—1—*) (C.3)
20

3408
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When O >> 1, then w; and @y are practically similar in magnitude, then the sclution for g can
be expressed in the form as:

g= (}ZAev(UZQ)wU:ejwu: {Cé}
Defining, the time constant 7 of the circult as:
2
=2 (C7
@y
Equation {{’.86) can be expressed as:
g = g’-;‘ée*(”’f}g.f‘%; *® (Cg}
Siater and Frank further showed that O can also be expressed as:
Total ener
g =2rx & .9

Decrease in energy in one period

Thus there are three forms of definitions for O given by Bgs. (C.4), (C.7) and (C.9) which
ave normally used as well as used in this book. For very high O resonators, Eg. (€.7) is
extrémely useful as it provides experimental measurement of . For electronically boosting the
¢, Eq. (C.9) is useful as it provides a clue that if the energy losses can be compensated, it is
possibie to raise the @ further,

Siater, John C. and Frank, Mathaniel H., Mechanics, MoGraw-Bill, Mew York and London,
1947,



Appendix D

Inertial Sensor Noise

Introduction

Moise characterisation of modern macro sized strapdown sensors is of particular relevance to
exiract its performance. It has been explained earlier in Chapter 3 that in a ring iaser gvro,
randomised dither is applied to the gyro o get rid of the probiem of lock-in dead band, but this
process generates noise in the gyro output known as angle random walk. Spontaneous emission
of photons in RLG resonator produces noise in the output or the detector current random
fluctuation creaies shot noise in a fibre-optic gyro that is characterised as random walk. Micro
gyros and accelerometers are exhibiting considerable magnitude of noise in its outpitt due to
thermo-mechanical effect.

Noise Classification

Some important noise pararneters, which are used to represent the inertial sensor noise, are
discussed as follows:

Guantisation noise

it is due to finite resolution in the sensor digital output when the output data pulse frequency
is not synchronised with the sampling frequency of the counter. The digital resolution is called
puise weightage. If, for example, g is the pulse weightage for a gyrc expressed in radfpulse,
the number of pulses N generated over an arbitrary sample time 7 at a constant angular rate
£2 radfs can be expressed as:

N=222 - @5
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Within the sampling interval N will consist of a whole number W and a fraction patt F. This
will mean that a defined number of the sampling intervals will record the whole number pulses
W, while an extra pulse will be recorded at a periodic interval of I/F. Mathematically, this is
equivalent to subtracting a uniformiy distributed random variable {7} from the true value of the
signal. The probability distribution of # 15 given as:

1
- ifbsnsg -
pnnl=1q (D.2)
0 Otherwise

) . . £ . .
where g is the sensor resolution, gyre or accelerometer. The guantisation noise can be assumed
1o be uncorrelated in tme and is given by

Z
i*'gm 8(r) (0.3)

where, $(1) is the delta function. The noise has a siope of ~1 in the Allan variance time domain
noise characierisation plot as shown in Figure D.1. Unit of guantisation error is in radian or
arc-s.

Random walk

It results in a sensor output due to integration of white noise process. A white noise process
usuaily has a zero mean and when stationary, it has a constant Power Spectral Density (PSD).
In the case of a gyro with white noise in the angular rate output, the integration gives rise io
Angle random walk. When a white noise angnlar rate ervor is integrated over time, the effect it
has on the integrated result i equal to:

_ Gp(T) = 07T {D4)
where ©,(7) = standard deviation of the integrated angular error, 7= integration time.
Angle Random Walk (ARW) coefficient is defined when the integration is done over a
period of 1 second, and we can writs:

ARW = 0i(1) @

Now we farther notice that the unit of ARW coefficient is given as °/\/Z . 80, the angular errog
due to gyro ARW can be expressed as:

Axngular error = ARW \[’E {136

For example, if it is required to know the angular error due to gyro ARW of 6.0tk over a
period of 100 s, then we can compute the angular error as 0.01 x Y100 = 0.4°

Random bias _

it is sometimes referved as instability i bias, It is an unpredictable random guantity with
constant but random amplitude. The characteristic condition of the noise is Gaussian with zero
mean and constant variance. If @y is standard deviation of bias error, then the variance of bias
error can be defined as:
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EY 2 = t
Elerp ] = constant 0.7
where ¥ ig the statistical expected value operator. In Allan variance plot, it has 2 slope of zero,

The unit of random bias in gyro is expressed as “/h.

Rondom walk in rate

Random wallt in rate is described as an exponentiatly cerre;ated noise wﬁh a very long correlation
sime. Rate biased RLG exhibits this noise term. If & is the rate random walk coefficiens, then

it can be represented in Allan variance form as:
&'t *
o) = 5 (D.8)

it has a slope of +1/2 in the characteristic shown in Figure D1, and the unit is expressed as

o/
\/Quzmtisation noise (-1}

o i1) Random walk {~1/2)

Randum walk
Random bias (0) intate (+1/2)

Sample averaging time Tin seconds
(Value in the bracket indicates siope)

Figure B2 Allan variance plot depicting sensor noise.

Total nolse egulvalent acceleration
In micro accelerometer, thermal energy causes random motion of mechanical coroponents known
as Brownian metion and its effect on the proof mass determines the fundamental noise Tt
Total Noise Equwaimt Acceleration (TNEA) with unit as [g/VHz], defines the magnitude of
noise in the accelerometer ouiput and is given by

TNEA = \/-mwﬂ- (D.9)

where
Ky = Boltzman’s constant .
T = absolute temperature in Kelvin
M = proof mass
(= quality factor
w, = natural frequency of acceierometer
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Analysis of Noise

There are two widely used methods for analysing the nocise terms:
1. Allan variance time domain methed.
2. Power Spectral Density (PSD} frequency domain method.

{iver the years, Allan variance method has been successfully ado};ﬁed in e:vamcﬂmg the sensor
noise terms, and this method is described further.

Aflan Variapoe -

The Allan variance, named after David W. Allan, was originally developed for precision
measurement of stability in clocks and osciliators. It is aiso known as the two-sample variance.
It is defined as one-haif of the time average of the sguares of the differences between successive
readings sampled over the sampling period, and so it is expressed as.

oty = %{yn,{.l -7 (D.10)

3
i

averaging period
average value of the ath sample over the time period

it

The samples are taken with no dead time between them. The Allan variance depends on the
time period used between samples, therefore, it is a function of the sampie period, as well
as the distribution being measured. and is displayed as a graph rather than 2 single number,
This method has been adopted for estimating the inertial sensor noise terms where precision is
impostant.

In practice, the sensor data will contain combination of such noise terms and when they
are statistically independent, the total variance is sum of the individual process variance. Thas,
io estimate the magnitude of the random noise at any sampling interval 7 needs knowledge of
other noise parameters in the same region. Cluster sampling technique is a method where finite
number of clusters can be generated from any f finite set of data, Allan varfance of any noise
term is estzmateé using the total number of clusters of a given length that can be created. In the
plot form, the noisé is defined as shown in Figufe D.1. The plot is between the averaging time
7 and the square root of Allan variance o*(7) and normally plotted on a log-log scale.

The plot clearty shows the separation of noise terms using appropriate sample averaging
time.

Generation of the Allan Variance Plot

Sensor data i3 accumulated at the desired sampling rate that should be high enough, typically
100400 Hz. A prior kno ledge on the frequency component of the noise helps in arriving at the
data sampling rate. The accomulated data is divided into a set of identical clusters based on the
averaging time 7 where each cluster will have sufficient data. Average the data in each cluster.
The averaging time v should start from the lowest and. the number of data points in a cluster
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must be > 9. Higher the number, better 18 the estimation accuracy. It is recommended IEER
Std 647-1995] that the data length should be around 3 orders of magnitude, which means that
for 7= 1 s, the data length should be for 1000 s. Thereafter, change 7 1o the next higher value
and repeat the process. Allan variance is estimated from the following equation:

2 i . -V .
SO =5 2{}’@);'9 - (%)) (D.11)
where

y, = average value of the measurement in the ith cluster
n = fotal number of clusters

w
" When the computed values of ¢,{7), known as square root of Allan variance, are piotted against
the corresponding values of 7, the patiern similar to that of Figure D.1 is obtained from where
the slopes can be estimated. As described earlier, angle random walk is obtained from the data
measured at 1 s averaging. Certain precautions such as environmental temperature control may
be needed if the sensor shows high temperature sensitivity.

IEHE §TD 647-1995 on IBEE Standard Specification Format Guide and Test Procedure for
Single-Axis Laser Gyros, Published by IBEE, New York, USA, May 15, 1996,
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I‘Eavigatimn

Aided Inertial Navigation: A scheme that corrects the time dependent growth of inertial
navigation errors by using data from a complementary sensor whose errors do not propagate
with time.

Attitude: Orentation of the body fixed co-ordinate system of a vehicie with respect to
reference co-ordinate frame.

Aﬁtimﬁe and Heading Reference System: An inertial system which measures the direction
of motion of the vehicle (mostly aircraft) with respect to the instrumented geographic north and
local level reference.

Astitude Reference Frame: The reference frame with respect to which the vehicle attitades
(pitch, yaw and roll) are measured.

Body Frame: It is a right handed frame to which inertial sensors are either physically or
computationally aligned in a navigation system.

Cireniar Ervor Probability: Tt is a statistical method of defining error in two-dimensional
navigation where the error is expected to be within a circle whose radius defines the error
magnitude.

Coriolis Force: It is the force that explains the changes in the motion of a particle when the
motion is viewed in a rotating co-ordinate frame as against viewing the same motion in an
inertial ¢o-ordinate frame.

Differential Operation: It is a method by which measurement errors inherent to the same
satelfites; particularly the ephemeris errors and those caused by reduction in the velocity of light
during travel through the atmospheric layers, are eliminated to a great exient. The terminology
is used in satellite navigation system.

313
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Ditution of Precision: A dimensionless number that defines degradation factor in satellite
navigation computation based on pseundo range measurement.

Earth Centred Inertial Frame: It is an inertial frame with origin located at the centre of
earth with one axXis pointing towards pole star, the second along vernal equinox and the third
conforming to right handed frame.

Efiipsoid Geometry of Earth: A mathematical model of the geometry of sarth that deseribes
the carth as an ellipsoid, which is frequently used in inertial navigation.

Errer Compensation Model: Mathematical model that defines inertial sensor error
characteristic which is used to compensate for navigation error.

Failure Detection and Iselation: A scheme incorporated in a redundant inertial navi gation
system, which detests sensor failure and then isolate it so that the failed sensor data is not used
in navigation,

False Alarm: The alarm raised in software when the level of signal, primarily due to short
duration noise, crosses the detection threshold. The terminology is mostly used in redundant
inertial system.

Frame of Referemce: The right handed orthogonal frame with respect to which all
measurements of position, velocily and attitudes are carried out in a navigation system.

Geographic Frame: A non inertial reference that mechanises local north direction and local
direction of gravity with the origin at the location of the navigation systerm. Latitude, longitude
and altitude are the position output of such a system.

Geometrical Dilution of Precision: A dimensionless number that relates error in navigation
with the geometry of the seasor Jayout used in inertial navigation system. The terminology is
aiso used to describe the effect of visible satellite geometry on the satellite navigation error.

Global Navigation Sateilite System: Multiple and independent satefiite navigation systems
comprising GPS, GLONASS and Galileo which will provide global navigation coverage.

Gravitation Ellipseid: A mathematical model of earth’s Newtoman gramtauop that aeﬂnes
gravitation based on the ellipsoid model of earth.

Gravity Gradiometer:  An instrument system based on accelerometers to measure grasj.;r*m of
gravity when mounted on a fiving vehicle.

Gyrocompassing:  An autonomous method of measurement of the angular reiammsth between
the sensor body frame and the navigation reference frame by using gyros and acceieismelers

Horizontal Ditution of Precision: The degradation factor in navigation while computing the
horizontal position from range measurement.

Inertial Frame: A non rotating and non accelerating frame of reference on which Newion’s
laws of motion are valid. For most operational inertial navigation, such a frame is conceived as
stationary with respect to fixed stars,

Inertial Measurement Unit: A system that measures specific force and angular rotation with
respect fo a predefined reference frame.
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Inertial Mavigation System: A system that messures position, velocity and orienmiation by
instrumenting any of the defined reference frames using gyros and accelerometers.

Ipnovation Seguensce: Defined as difference between actual measurement and predicted
measurement, which finds usage in integrated inertial navigation,

Integrated Imertial Navigation: A better estimate of navigation information derived from
independent measurements carried out by 2 set of complementary navigation sensors ons of
which is an inertial navigation sensor.

Local Gravity: It is the combined acceleration effect of Mewtonian gravity of the earth mass
and the inward ceniripetal aceeleration due to rotation of earth about its polar axis, which are
actiflg on a stationary mass. This is also referred as Plumb bob gravify.

Missed Detection: It is the inability of the failure detection algorithm to detect a soft failure.
The term is used in redundant inertial system.

Mavigation Update: It is the execution of onboard pavigation iask computation where the
digital computation is carried out and wpdated at predefined time intervals during the entire
navigation period.

Pseundo Range: Inaceurate raﬁgﬂ measurement obtained primarily due to synchronisation error
between the receiver clock and the navigation satellite clock.

Satellite Navigation System: A system that measures position and velocity of a vehicle using
measurement of ranges to the orbiting satellites.

Schuler Freguency: A frequency that is observed in geographic frame navigation error
propagation, which has a periodicity of 84.4 minptes that is similar to Schuler pendulum time
period of oscillation.

Self Alignment: It is a method of performing autonomous alignment in a strapdown navigation
system by using the inertial sensors meant for navigation during fight,

Skewed Seaser Configuration: ¥t is s configuration used in redundant strapdown sysiem
where the sensor input axes are preferentially skewed with respect to an orthogonal frame,

Soft Fallure: I describes a performance shift of the inertial sensor when such shift marginally
exceeds the allowable soft detection threshold in a redundant system.

Specific Force: - The acceleration that is sensed by a vehicle borne accelerometer, which does
not inciude gravitational acceleration.

Stabilised: Platformy System: A system that maintains ifs reference frame by isclating the
angular rates of the carrier vehicle using gyros and gimbals,

Strapdown Navigation System: A system that analytically maintains s reference frame and
derives navigation information using gyros and accelerometers which are strapped to the carrier
vehicle.

Time Dilution of Precision: The degradation factor in computing the receiver clock bias in
satellite navigation.

Vernal Eguinoex: i is the direction of the sun from the earth when the sun is crossing the
equator during March 21-23.
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Vertical Dilutien of Precislon: The degradation factor in computing vertical distance in
satellite navigation from pseudo range measurement.

Weorld Geoedetic Bystem 84:  Datum for the earth issued in the year 1984 that defines various
parameters such as reference cllipsoid, gravitational constants, rofation rate and ellipticity,

Inertiz]l Sensors

Agcelerometer: A sensor that senses the inestial acceleration of proof mass for measuring
linear acceleration that acts on its sensitive axis.

Atom Interferometer Inertial Sensors:  Interferometer that utilises the guantum mechanical
wavelike properties of atom which are made {0 counter propagate and interfere. Detection of
the phase difference of the interfered waves due to acceleration or angular rate resuits in either
an accelerometer or a gyro.

Bulk Micromachining: The term applied to a micromachining process when a part of the
substrate is etched to form the mechanical structure.

Captaring: It is a scheme that holds the gyro roior or the accelerometer proof mass at its
specified point through use of servo loop.

Circular Polarisation: 1t is the result of the superposition of two Binearly polarized light waves
having phase difference of #/2 or its odd mubtiples. The resuiting wave can be right circolarly
polarised if the sense of motion to an observer is clockwise and left circularly polarised when
the sense of motion o an observer is counterclockwise. These are the features seen in mudl-
frequency optical gyros.

Chuster (Ovthogonal): A machined siructure that provides three-dimensional orthogonal
mounting provision to assemble the gyros and the accelerometers.

Corlolis Acceleration: The increment of acceleration relative to inertial space, which arises
from the velocity of 2 mass relative 10 a rolating co-ordinate system.

Coriolis Vibrating Gyre: A vibrating gyro that measures inertinl rotation by sensing the
Coriolis force induced motion of the vibrating proof mass or the associated structure,

Degree of Freedom: An allowable freedom in a gyro spin axis with respect to the case, The
freedom number represents the number of orthogonal axes about which the spin axis is free to
rotaie.

Dithered Gyro: The ring laser gyro that overcomes lock-in effect using mechanical dither
about its input axis,

Drift Rate: The time rate of output deviation of gyro from the expected output and expressed
as an equivalent input angular displacement per unit time with respect to inertial space, ¥t is
normatly expressed as degrees per hour.

Dynamic Range: It is the ratio of maximum input operating range to minimum detectable
threshold. This term is used to describe an important characteristic of inertial sensor.
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Dynamically Tuned Gyro: A two-degree of freedom spinning rotor gyro that frees its rotor
from the angular motion of the case by tuning the gimbal flexure spring torgue with the negative
dynamically induced apring torgue.

Faraday Bias: Il is a magneto-optical bias introduced in a multifreguency ring laser gyro to
overcome the sffect of lock-in.

Gyre {Gyroscope)y: A device to sense angular motion with respect {o inertial space without
external reference.

Hemispherical Resonator Gyro: A gyro working on the principle of a Coriolis Vibrating
Gyro having the resonating structure shaped like a hemisphere.

Input Axis: The sensitive axis along or about which an input causes maximum output.

interferometric Fibre-optic Gyre: A gyro which instruments Sagnac effect by measuring the
. phase difference of two interfering counterpropagating light waves.

Lock~in: It is a characteristic seen in ring laser gyro due to frequency locking between the
counter propagating beams. This results in a dead band around zero angular input rate,

Mass Unbalance Coefficient: It is a characteristic in a spinning rotor gyro due to assembly
eiror that gives rise 1o 2 drift under acceleration. :

PMicre slectremechanical Inertial Sensor: Inemtial sensor that is produced using micro-
fabrication technigue which has been adapted from integrated circuit manufacturing.

Micromachining: A fabrication process that realises three-dimensional structures primarily
in silicon and quartz using process and the related facility, which has its origin in integrated
cirenit manufacturing.

Modeleble Residual: A term that is often used in inertial sensor model evaluation data
analysis to describe the siatistical residue in the model after the Atting process. The term
normally indicates the non compensatable part of sensor error compensation that will propagate
&§ navigation error.

Monolithic Integration: In micromechanical sensor fabrication when the sensor electronics is
realised along with the sensor structure, the process is called monolithic integration.

Multi-axis Sensor: A sensor that is designed io measure input acting along or about more
than one axis at a time.
Multisensor: A sensor that measures both linear acceleration as well as anguliar rate.

Null: It is the electrical output observed typicaily in a sensor when the physical input along
its sensitive axis i3 zero. :

Nutation Freguency: A frequency that is observed in a two-degree of freedom gyro that
characterises periodic wobbling motion of the rotor spin axis that results from a transient input
to the rotor.

Optical Gyra: A gyro that works on the principle of Sagnac effect by detecting the phase
difference or the frequency difference between the counter propagating light beams.
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Optical Path Length: The characteristic path length that i3 traversed In a single pass by
a optical beam, taking into account the index of refraction of the medium supporting the
propagation, :

Phetons: Light particles, which have no rest mass in the usual sense or which define guantum
of glectromagnetic wave energy.

£

Polarisation Maintaining Fibre: A single mode optical fibre that preserves the plane of
polarisation of light coupled into it as the light beam propagates throngh the fibre length.

Polarizer: This is an optical filter that converts unpolarised light into polarised type. This type
of filter finds use in fibre-optic gyro.

Precession: 1t is the rotation of the spin axis in a spinning rotor gyro when a torgue is applied
perpendicular to the spin vector. _
Paise Rebalance: A servo conitrol scheme that uses discrete torgue pulses for generating
rebalance torque in accelerometer or gyro.

{uantsation: The digital output of inertial sensor that changes in discrete steps as the input
is varied continuousiy.

Random Walk in Angle:  The angular ervor buiid up with time in 2 gyro due to white noise
in angular rate. The error is typically expressed as ¥/ i .

Peciprocal Path Lemgth: A reciprocal optical path length is one whose properties are
independent of the direction of propagation of light waves such as clockwise and counterclockwise
light waves in fibre coil gyro.

Fing Laser Gyro: A gyro that instroments Sagnac effect by measuring the freguency difference
of an active ring laser resonator.

Sagpas Effect: It is a rotation induced optical path length difference in inertial space between
electromagnetic waves that counter propagate around a closed path.

Shot Moise: It is the noise seen in the cutput carrent of a semiconductior based phot@detecmr
that Hmits the rate detection threshold in a fibre-optic gyro.

Shupe Effect: It is a thermal gradient effect across a fibre gyro coil to produce bias in the
£Yro output. -

Superluminescent Light Emitting Diede: 1t is a p-n junction semiconductor emiiter based
on stimulated emission with amplification, but insufficient for feedback oscillation to build up.
it is used. as a sowrce in fibre-optic gyro.

Surface Micromachining: The term applied to a micromachining process that involves the
use of sacrificial layers o produce elements largely confined to the vicinity of the silicon
surface. Silicon substrate acts as rigid support base.

Tunneling Effect Inertial Semsor: Inertial sensor that uses guantum electron tunneling
phenomencn to detect the sensing motion of the accelerometer or the gyro.

Vibrating Beam Accelerometer: A linear accelerometer whose no load beam vibrating
frequency changes under acceleration that is proportional to input acceleration.
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ineitial, 19

centripetal, 25, 26, 60, 315

Coriolis, 200, 318
Accelerometer

bias, 51

capacitive pick-off, 143

capacitive torquing, 147

closed loop, 142

cross coupling, 140, 141

darnping, 140

errors and model, 151

flexure, 198

forcer, 145

noa-pendulous, 139, 140

open loop, 139

optical pick-off, 144

pendulous, 139

penduium suspension, 147

rebalance servo, 142, 149

scale factor, 81, 91, 112

scale factor error, 151, 161

scale factor non-lineasity, 123, 126

shear resistance damping, 148

squeeze film damping, 149
Accelerometer based INS, 286
Alignment

arror, 47

optical, 49

self, 45, 313 g
Angular momentum conservation, 74
Apogee, 281, 282 :
Atom interferometry, 128
Atomice clock, 8, 106, 213, 227
Adttitude

Enler angles, 45

guaternions, 44
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Ball bearing, spin axis, 83
Binary pulse torguing, 272
Bryan’s discovery, 99

Bulk micromachining, 175, 177

Capacitive pick-off, 143
{old atom accelerometer, 104
Cold atom gyro, 130
Cold atom interferometry, 14, 74, 128
Complementary sensors, 4, 236
Co-ordinate frames
body, 34, 313
HECEF, 29
ECL 31
geographic, 60
EPI, 28,
right handed, 5
sensor, 35
Co-ordinate transformation
direction cosine, 41
Euler angle, 38
quaternion, 42
Co-ordinated waiversal time, UTC, 8
Coriolis acceleration, 200, 316
Coriolis fores, 92
Coriolis vibratory gyro, 92°
Covariance analysis, 51
Cross coupling, 140
coefficient, 141

Bamping
compressible fluid, 148
dynamic viscosity, 149
noncompressible Auid, 148
shear resistance, 148
squecze film, 148, 149, 197, 203, 205
de Broglic wavelength, 128, 129
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Dead reckoning, 294
Deflection of vertical, 26
Detector
differential capacitive detector, 197
inductive, 143
optical, 143
Differential GPS, DGR, 220
Diode laser, superluminescent, SLD, 124
Drift, gyro, 232, 236
Dynamically tuned gyro, DTG
dynamic negative spring, 86
gimbal flexures, 91
maodei, 81
quadtature mass unbalance, 91
rebalance loop, 150
torguer, 90

Earth's geometry and gravitation
defiection of vertical, 26
ellipsoid geometry, 24, 314
gravitation ellipsoid, 24, 314
gravitational acceleration, 24, 25, 34
local gravity modsl, 46, 315
plumb bob gravity, 25, 313
reference ellipsoid, 23, 61, 316
WS-84, 23, 24, 316

Earth's spin rate, 29

Fuler angle, 38

Failure detection and isolation, FDI, 64
Faraday bias, 118, 120, 317

Fibre optic gyro, interferometric, IRQG, 121
Fresnel drag, 114, 300

Galileo, SNS, 232, 314

Geoid, 26

Geometrical dilution of precision, GDOP, 68, 314

(lobal positioning system, GPS,
atomic clocks,
constellation, 212
CIA code, 214, 218,
differential operation, 220
geometric range, 215
navigation errozs, 10
navigation solution, 4, 227, 241
psewdo range, 217, 315
ranging error, 220
satellite ephemeris, 16, 214
satelite orbit, 229, 285
selective avatlabifity, 220

GLONASS, 227

Cravitation, 22

Gravity, 22

Gyro, 74-130

Helium—Meon gas laser, 287
Hemispherical resonator gyro, HRG, 99
Bryan’s discovery, 99
errors, 104
fundamental inextensional mode, 100
hemispherical resonator, 102, 103
operating principle, 100
precession of node, 76
Q-factor, 154, 305
guadrature drift, 103
resonator modes, 101
resonator with tines, 102
rotation sensing, 100
standing wave, l(fl 105
timne constant, 117, 306
Hinge, 147
Hysteresis, 80, 82, 173

Inertial frame, 5, 314
Inertial navigation, autonomous, 16
body frame, 34
co-ordipate transformation, 38
direction cosine matrix, 41
earth centred ineriial frame, 24, 27, 314
error propagation m strapdown ins, 58
Euler angles, 38
frames of reference, 27
geographic frame, 60
inertial frame, 4, §
initialisation, 28
Jaunch point inertial frame, 28
Newton's laws of motion, 5, 19, 314
quaternion, 42
right handed co-ordinate frame, 5, 27
self alignment principle, 47
sensor misalignment angles, 35
Integrated inertial navigation, 16
bagic GINES~INS fusion using Kalman filier, 237
complementary nature of sensors, 236
deep integration, 241, 246
discrete kalman filter implementation steps, 233
ensemble average, 234
exiended Kalman filter, BEF, 241
GNSS-IMS Integration Schemes, 240
innovation sequence, 240, 315
integrated performance, 247
loosely coupled scheme, 242
tightly coupled scheme, 243
uncoupled scheme, 241
interferometer Mach-Zehnder, 163
Interferomeiric fibre optic gyro, IFQG
all fibre gyra, 125
biasing of gyro, 118
broadband source, 124



closed loop gyro, 126

errors, 126

fibre coil, 126, 128

tight source, 107

open loop gyro performance, 123

operating principle of IFOG, 121

passive interferometer, 12, 107

phase modulator, 123

photo detector, 126

reciprocity, 123, 126

shupe effect, 126

single mode polarization maintaining, SMPM,
125

Yalman filter, 232, 233, 235, 237, 239.

- Lock-ig,
ring laser gyro, 113, 115, 116, 317
vibrating beam accelerometer, 161, 162
Loper, 100
Low coherence source, 124
Lynch, 100

Mach-Zehnder accelerometer, 163
Mass unbalance drift,
quadrature, 91
spin axis, 91
Mechanical dither, 117 )
MEMSE based inertial sensors in atfomobiles, 292
crash sensing, 292
roll over detection, 294
vehicle dyunamic control, 293
Micro-electro-mechanical inertial sensors, MEMS,
accelerometer, 194
anisotropic etching, 175, 178
anodic bonding, 185
aspect ratio in etching, 183
bulk micromachining, 175, 316
capacitive micro accelerometer, 197
damping factor, 2063
deep reactive ion etching, 183
dry etching, 175, 176, 178, 180
force balanced accelerometer, 199
isotropic etching, 175, 178
LIGA process, 188
plasma etching, 181
regctive ion etching, 181
silicor micromachining, 173
surface micromachining, 187
tuning fork gyro, 207
wafer bonding, 184
wet chemical etching, 175
Misalignment angles, seusor, 35

Index

Mavigation
dead reckoning, 294
inertial, 136, 193, 195, 206, 232
intpgrated, 232
radio, 3
satellite, 294
stellar, 2
¥-ray pulsers, 2
Moise model, sensor
random walk, 128, 308, 309
Matation frequency, DTG, 78

Open loop accelerometgy, 139
light propagation, 123
optical fibre
polarisation maintaining, 123
single mode, 125

Optical pick-off, 144

Path length, optical, 105, 106
Path length control, 115
Pendulous accelerometer, 139
Periges, 281, 182

Phase locked toop, 209

Phase modulator, IFOG, 122, 125
Photolithography, 176, 173, 174
Photon shot noise, 127
Piezoeleciric crystalline guartz beam, 136
Position error, navigation, 16, 18
Precession, 28, 75, 76
Pseudorange, 243

O-factor, 154, 303
Quaternion, 42, 44

Random walk, 120, 308, 309
Rate gyvo, 11, 80
Rate integrating gyro, 82
Redundant inertial systems, 64
BITE, 70
failure detection and isolation, FDI, 64
FODI with skewed configuration, 67
midvatue selection, 63
parity equations, 65
Reference elfipsoid, 23, 61, 316
Right handed orthogonal frame, 5, 27
Ring laser gyro, RLG, 113, 115, 116, 317
block material, 116
errors, 120
faraday bias, 120, 317
high frequency discharge, D, 114
lock-in problem, 116
mechanical dither, 117
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mirrors, 115

muli-frequency gyro, 118

paih length comirol, 115
reciprocal splitting, 119

ring resonator, 114

sagnac effect, 105

sagnac effect gyros, 105

scale factor of RLG, 120, 123
total reflecting prisms, 113, 115

Satellite Mavigation System, SNS, 4, 15, 315
Satellite orbits
Geostationary Orbit (GS0), 281, 285
Geostationary Transfer Orbit (GTO), 280
Navigation orbit, 280
Sun Synchronous Polar Crbit (88P0), 280, 285,
286
Shupe effect, 126
Signal processing, inertial sensors, 17
aliasing, 231, 252
baseband antialiasing filter, 253
convolution operation, 260
digital pulse rebalance, 271
digitisation, 250
sigma delta converier, 267
FIR filter, 257-262
1R fiker, 262
Myquist’s criteria, 251
oversamapling and decimation, 255
sampled data system, 250
successive approximation ADC, 265
voltage to frequency conversion, 270
window function, 262
Spaceborne relaiive navigation, 200
chaser, 290
refative navigation, 290
 target, 290
Specific force, 2, 9, 315
Spring-mass accelerometer, 20
Skew-symmetric matrix, 35, 42
Strapdown inertial navigation, 19
attitude computation, 45
BITE, 70
computationat frame, 35
ellipsoid geometry of earth, 23, 314
FDIL, 64

gravitation ellipsoid, 24, 314
gravity, 25
gravity anomaly, 26
hard and soft failure, 66
inertial frame, 21, 24, 26
inertial reference frames, 27
mid value selection, 65 ’
muitifrequency software tasks, 53
navigation in inertial frame, 21
navigation update, 54, 315
Mewion®s laws of motion, 19
optimal skewed configuration, §7
parity equations, 63, 67, 69
rotating frames of reference, 29
self alignment, 45
sensor frame, 35
specific force, 36-38
vehicle body frame, 34

Surface micromackining, 187

Timation, 3

Torsion bar, 80-82

TRANSIT, 3

Tuning fork gvro, 98, 207

Two degrees of freedom gyro, 77, 78

Ure. 8

Vernal equinox, 27, 318

Vibrating beam accelerometer, VBA, 13, 152
beam material, 155
double-ended wning fork, 163
dual beam resonaior, 155, 156
duai proof mass, 159
figure of merit, 157
force to fiequency conversion, 152
frequency lock, 163
push-pull operation of VBA, 157
quartz resomator electrical ansalog, 156
resonator §-factor, 157
schemnatic and operation, 160
suspension, 160

WGS-84, 23, 24, 316

Young's modufos, 138, 173



